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ABSTRACT 

The static correlation functions in macroionic solution are 
calculated in the Hypernetted-chain approximation. The effect of 
the polarization of highly charged macroionic dielectric by other 
ions in solution is considered and it is found that the effect is 
significant only in non-spherical macroions. The method of 
calculation of energy terms arising from the polarization of the 
macroion is discussed in detail to make the underlying physics 
clear. The effect of polarization is taken into account by making 
the screening constant of Coulombic interaction dependent on 
distance. This is the content of Chapter II. 

The cluster theoretic method that leads to the Allnatt 
equation for the treatment of ionic fluids in the hypernetted 
chain approximation is described in Chapter III. It is extended 
(Section 9) to the treatment of systems where polarization effect 
is important, i.e. screening constant is a function of r. 

Systems with angle-dependent potential are considered in 
Chapter IV. The method of Jepsen and Friedman is described. It 
is extended to the treatment of ion-dipole mixtures at finite 
concentrations of both. It is pointed out that the Allnatt 
equation holds for angle-dependent potential also. The method 
for the calculation of correlation function in these systems is 
described. The question of convergence of cluster expansion is 


discussed. 
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In Chapter V, the numerical results on macroion-macroion 
pair correlation function of charged non-polar macroions as a 
function of size, charge density and concentration of macroion 
and background electrolyte present in solution are given and the 
trends are discussed. It is found that the use of Allnatt 
equation makes the HNC theory applicable to asymmetric 
electrolytes having a particle charge and a packing fraction much 
larger than that found possible in recent investigations . As 
compared to recent work, calculations reported in this thesis, 
can handle particle charges almost an order of magnitude larger 
at a packing farction 1.5 times larger. The calculation on a 
charged polar macroionic system could not be done 
extensively. A single graph is given to show that the program 
works and dipole moment of the macroion affects the correlation 
function. 



Vlll 


CONTENTS 

PAGE 

Chapter I 

Introduction 1 

1.1 Forces between Macromolecular Assemblies : 

Relevance 2 

1.2 Experiments : Hydration Forces 4 

1.3 Dispersive Forces 5 

1.4 Measurement of Dispersive and Inductive Forces: 

Role of Theory 14 

1.5 Particle Size, Polarization Effect, Dipolar 

Interaction 16 

1.6 Macromolecular Suspension as an Inhomogeneous 

Dielectric 18 

1.7 Integral Equation Theories 19 

1.8 Highly Assyminetric Electrolytes : Polarizable Ions . 21 

1.9 Effect of Long Range Correlation in Charged 

Micelles 22 

1.10 Correlation Function Calculations : Models 26 

1.11 Essential Role of Integral Equation Theories 28 

1.12 MSA : Measure of Macroion Charges 29 

1.13 HNC Calculation on Polyelectrolytes 35 

1.14 Ion-Dipole Mixture 44 

1.15 Bridge Functions 49 

1.16 Integral Equation in Treatment of External Field 

and Planar Interface 51 

1.17 Molecular Recognition at a Distance 51 

1.18 Structure of this Thesis 52 

References 54 

Chapter II 

Coulombic Interaction in Macrionic Solution : 

Effect of Polarization of Macroionic 

Dielectric 65 

2.1 Introduction 66 

2.2 Screening Constant of a System of Two Point 

Ions 75 

2.3 Energy of a System of Charges in the Presence 

of a Dielectric 78 

2.4 Screening Constant of a System of an Ion and 

a Macroion 83 

2.5 Point ion-Macroion Interaction, viewed from 

the Macroion and the Point ion 93 



ix 

2 . 6 Screening Constant of a System of Two 

Interacting Macroions 97 

2.7 Numerical Estimates of Effective Screening 
Constant ; Significant Modification of the 

Screening Constant for a Nonspherical Particle 98 

2.8 Polarized Charge Distribution at the Macroion 

Surface 101 

References 102 

Chapter III 

HNC Theory of Macromolecules Interacting 

Through Central Potential 104 

Introduction 105 

3 . 1 Statistical Mechanical Preliminaries 105 

3.2 Distribution Fucntion 107 

3.3 Potential of Average Force Ill 

3.4 Clusters 112 

3.5 Topological Classification 115 

3.6 Theory of Ionic Solution 118 

3.7 Cluster Summation of Potential of 
Average Force and Radial Distribution 

Fucntion 125 

3.8 Solution of Integral Equation 157 

3.9 Calculation of q-function for an Ionic 

System with Distance Dependent Screen- 
ing Constant 160 

3.10 The Question of Convergence 172 

3.11 Problems in Calculation of the Transform 

of the Coulomb Potential 176 

References 179 

Chapter IV 

HNC Calculations on Macroionic Solution: 

Angle Dependent Potential 180 

Introduction 181 

4.1 Jepsen and Friedman Theory 181 

4.2 Extension of Friedman- Jepsen Method 

to Mixtures 214 

4.3 Calculation of Initial value of t 243 

4.4 Calculation of g(r,r) 253 

4.5 Calculation of q for a Mixture of Ions 

only from the Equations Derived Above 270 

4.6 Problem of Convergence of the Cluster 

Expansion of Angle Dependent q .- 271 



X 


4.7 Validity of Allnatt Equation for 

Angle Dependent Potential 274 

Appendix 275 

References 282 

Chapter V 

Numerical Results 283 

5 . 1 Calculation of Convolution Integrals 

a*b 284 

5.2 Niamber of Points in F.T. Operations 292 

5.3 The Problem of Nonconvergent Iteration 

in Solution of HNC Equation 294 

5.4 Features of the g(r) versus r Plots 298 

5.5 Calculation of Transform of Coulomb 
Potential for Systems with Distance- 

Dependent Screening Constant 315 

5.6 Systems with Angle-dependent Inter- 
action 317 

References 394 

Appendix-1 396 

Appendix-2 413 

J^peAdix-3 435 



CHAPTER I 
INTRODUCTION 



1.1 Forces between Macromolecular Assemblies: Relevance 

Force between macroions and their association is an 
important quantity in Molecular Biology and Biotechnology. The 
nature of forces determine strong and specific association under 
exquisite control and is a key to the understanding of the 
regulation of cellular activity. Fusion of cells is at the root 
of many biological processes viz. fertilization. It has also 
found technological application in the production of plant seeds 
of high yielding variety and in the production of monoclonal 

antibodies, an important product in medicine and pharmaceutical 

. . . . 2 + 
industry. Fusion can be induced- by chemical agents viz. Ca ion 

and polyethylene glycol. More recently, electric fields have 

been used. Use of electric field is definitely going to have a 

major impact in fusion technology. It is more amenable to control 

and does not modify the cell on a chemical level. It is 

important to be able to calculate the effect of electric field on 

the forces between cells to make it possible for the experimenter 

to design a fusion experiment that will have high yield for a 

given system. The field of membrane fusion has been reviewed 

extensively. A recent collection of articles has most of the 

relevant information and literature references (1) . A good 

introduction to forces in membrane systems can be found in a text 

book by Silver (2) . 

Forces between highly charged macroions introduce very long 
range correlations between particles. The usual chemical 
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molecules do not have such long correlation lengths. A 
macromolecular solution, as will be discussed below can be 
treated as an equivalent gas of macroions, interacting through a 
mean effective potential. The gas can show highly interesting 
phenomena arising from very long range interparticle correlation 
including phase transitions. The study of macroionic solution is 
of interest in understanding of fluids, in general, apart from 
being of intrinsic interest in macromolecular physical chemistry. 
At the other end, the dispersive and inductive forces of shorter 
range between macromolecules , of interest in cell fusion research, 
assume importance also in the context of understanding them. 
Quantitative measure of the dependence of dispersive and 
inductive interaction on chemical nature, shape and size of 
macroions, will lead to improved understanding of these forces. 
Small molecules, by virtue of their smallness, do not show many 
features, that become amenable to investigation only in the study 
of macromolecular suspensions. 

An understanding of the forces in biomolecular systems may 
be crucial in deciphering the details of biological specificity 
and bimolecular recognition. Recognition of a molecule by a cell 
surface or a macromolecular assembly may not be a process that 
requires intimate contact at distances where valence forces 
become operative as is known in great detail in enzyme-substrate 
interaction. It may operate even at larger distances. In the 
case of angle dependent forces, it is possible that a dipolar 
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molecule (almost all biological molecules carry dipole moment) 
may have favoured direction of approach, which allow them to land 
at specific sites on a cell surface. 

1.2 Experiments; Hydration Forces 

Theoretical studies on forces between membranes has received 
strong impetus from the ingenius experiments of Parsegian and 
Israelachvili, in which direct measurement of forces between 
membrane bilayers and between mica surfaces have been measured. 
The forces between mica surfaces show interesting oscillations at 
distances of a few nanometers (2) . Neutral bilayers such as 
DPPC, DPLC and DMPC separated by small distances repel each other 
with an enormous force that obeys an exponential law given by 

P = P^ exp [- , (1) 

9 2 O 

where P^ = 7x10 dynes/cm and X = 2.56 A (2). The relationship 
holds for separation d^ of ~3 to 25 A° and for a wide variety of 
phospholipids. This large repulsive forces at short distances 
are balanced by attractive Vander Waal's forces at short 
distances and result in an equilibrium distance between neutral 
bilayers in crystals. It is known that the distance increases to 
a maximum value with addition of water (2) . The proportion of 
lipid and water determines the equilibrium distances because the 
repulsive forces owe their origin to water. Qualitatively this 
so called structural or hydration force originates from the 
detailed microscopic solvent structure and its modification due 
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to the presence of bilayers at close proximity. At a larger 
distance than a few nanometers this force disappears and a 
description of solvent as a continuum holds. Interesting recent 
papers have appeared on direct force measurement between 
counter-ion condensed DNA double helices (3,4), that between 
linear polysaccharides (5) and on the. origin of hydration force 
(6,7). A recent review has appeared (8). 

1.3 Dispersive Forces 

Vender Waal's force between atoms as well as macroscopic 
bodies, has been thoroughly investigated (9,10). This force 
owes its origin to fluctuating multipoles of two atoms or 
molecules interacting through the electromagnetic field that they 
emit. For larger molecular assemblies the forces are not pairwise 
additive, because the fluctuations of different particles in 
these assemblies are correlated. It is a complicated many body 
problem. A complete quantum electrodynamical theory has been 
worked out by Lifshitz (11) . Its application requires a knowledge 
of only the macroscopic properties of the bodies and the 
intervening medium. The microscopic details are not necessary. 
Whereas the pre-Lifshitz theories, that ignore correlation 
between fluctuations, predict attraction under all circumstances, 
Lifshitz theory predicts new effects viz. repulsion, deviation 

— g 

from r law, forces of extraordinary strength at large 
distances. The theory is based on interaction between 
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fluctuating dipoles and the fluctuation-dissipation theorem. 

Two isotropic nonpolar molecules interact in vacuum, through 
Vander Waals forces. Since permanent electric multipole moments 
are all zero, interaction owes its origin to fluctuating 
multipoles. The fluctuating multipoles on one molecule is 
correlated to that on another in such a way that their mutual 
orientations are not random. The mutual orientations that release 
energy are preferred, as in the case of permanent dipoles. The 
net effect is a favourable energy of interaction, called Vander 
Waals bond. The strength of the interaction depends on the 
magnitude of the fluctuating dipole that generates field, as well 
as on its frequency distribution. The response of the other 
molecule depends on its electric polarizability at the 
frequencies of the electromagnetic field emitted by the 
fluctuating dipoles. Thus we anticipate that polarizability will 
appear in the expression of Van der Waals forces. Just as a 
tuning fork transmits best at the frequency at which it resonates 
best, molecules fluctuate spontaneously with a frequency 
distribution exactly paralleling those at which it responds most 
effectively. Polarizability controls the fluctuations and through 
them the frequency spectrum of the transmitted radiation. 

A quantitative calculation of Vander Waals force requires 
values of polarizability as a function of frequency. For free 
molecules in vacuum, one needs polarizability in vacuum and this 
is obtainable from spectroscopic data. All one does in 
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of all functions g(r,a) which reduce to g(r) in the limit a >0 

2 

need not give 1 /t when it is applied on the transform of g(r,a). 

It has not been proven in general that for all g(r,a), we will 

have Lt g(t,a) = 1/t . Such proofs exist for other cases and 
a >0 

are called Tauberian theorems in mathematics. Friedman (2) has 

1 

derived g(t) = — 5 — starting from Gauss's Law of electrostatics, 

t^ 

using divergence theorem and then Fourier transforming the 
resulting equation. g(r) is then obtained from g(t) to be . 

The procedure is reverse of what was done earlier, i.e., to 
obtain g(t) from g(r) . Possible "physical” interpretations of the 
convergence factor e has been discussed by Friedman (2) and 
are shown to be unsatisfactory. Thus, it is a purely 
mathematical device and its success is entirely dependent on 
agreement of results so derived with experiments. 

In Chapter 4, we derive expressions of q(t) for ion-dipole 
mixtures, starting from Coulomb g bonds following a method of 
Friedman and Jepsen (15) . The procedure adopted by Friedman a: 
Jepsen (15) avoids the divergence problem by assuming that 
Coulomb potential is zero within a sphere of small radius a and 
is the usual Coulomb potential outside this sphere and then 

letting a > 0. We will show there that in a system containing 

only positive and negative ions (and no dipoles) , q(t) once 
again turns out to be 1 /t as a > 0 . 
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spectroscopy is to probe the system with oscillating 
electromagnetic field. The peaks in spectra appear when the 
characteristic frequency of the molecule is in resonance with the 
frequency of the incident field. Our interest is in large 
assemblies of importance in biology. Their spontaneous thermal 
fluctuations have a frequency spectrum. Fluctuation-Dissipation 
theorem tells us that the response of a system to an external 
disturbance, in the limit of linear response, can be predicted 
from the characteristics of its spontaneous thermal fluctuations 
at thermal equilibrium. This connection is parallel to the tuning 
fork analogy given earlier. The response of a system to an 
electromagnetic field allows us to determine the nature of the 
electrical (and magnetic) fluctuations within the system in the 
absence of the field. The response is manifested by the 
conventional spectral characteristics and at low frequencies by 
the dielectric permeability. The tools needed for calculating 
Vander Waals force are conventional optical spectroscopic and 
dielectric spectroscopy. 

McLachlan (12,13) has derived the expression of free energy 
of interaction between two isotropic bodies in free space 
separated by a distance r large compared with their dimensions 

G = - ^ I’ “2 <“n> 

^ n=0 

The prime on the summation sign indicates that the n=0 term is 
multiplied by 1/2. = n (27rkT/h) and ot^ obtained 
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by taking the expression of frequency ' dependent polarizability 
and replacing to by ito, where i = (-1)^'^^. For atoms, a good 

approximation for electronic polarizability is 

a^(w^) = fe^/m (to^ “ , 

where to is the frequency of electromagnetic radiation, e and m 

the charge and mass of the electron and f the effective number of 

oscillating electrons. The polarizability has a maximum at to = 

to^. Thus tXg ~ fe^/m (to^ + to^) . Numerical estimates show 

that for atoms the values of a (ico ) that contribute most to G 

e n 

will be in the ultraviolet and the static polarizability plays a 
negligible role. The term in n=0 does not contribute to the 
dispersion energy since it contains only the static polarization. 
The sum over the terms for n > 0 can be shown under normal 
physical conditions to give 


n>0 


3h ‘*^le‘^2e 

.6 (w, “ie^°^“2e^°^ 


(3) 


2r ' le 2e' 

This is London's formula for dispersion energy of two atoms 
in vacuum. If two isotropic particles are separated by a medium 
rather than a vacuum. McLachlan's formula is modified to 


° ^ I “l <i“n> “2 

n=0 

(the prime has the same significance as the prime in Eq.(2)). 
C 2 (iw) is the dielectric permeability of the medium at imaginary 
frequencies. At w = 0, is the static dielectric constant. 

Formulae for c(iw) at nonzero frequency are known in terms of 
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( 20 ) 


<p — > charge distribution of molecule i and the axes of 
integration coordinates are fixed to molecule. 


(17) 
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A function of the coordinates of two molecules i and j 
depends on only six coordinates rather than twelve implied by 
their dependence on (i) and (j) separately. The coordinates are 


^ij / 

a(rij 
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ID 

ij 


3r(ri. 

r(rij 


the distance between their centres 
— > i) - a(r^j — > j ) 

— > i) 


— > j) 
— > i) 
— > j ) 


Such functions of the coordinates of two molecules which 
depend on six coordinates are called invariant pairwise functions, 
since they do not change if the pair of molecules are translated 
or rotated as a whole. Hence it is applied to assemblies of 
molecules in the absence of external field. 

Fourier transform of such functions is done in two steps. 

(i) In the first step dependence on rotational coordinates is 
eliminated. 

(ii) In the second step, dependence on the distance r ^2 
eliminated. 
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experimentally measured dielectric constant values (9) . The 
expression of the retarded dispersion energies given by Casimir 
and Polder (14) are similar in appearance to London's formulae 
for atoms (Eg. (3) above) given aLove, but have a r~^ dependence 
on distance 

4Trr^ le 2e e 

(o) is the polarizability of particle 1 due to electronic 
displacements only. The distance at which the onset of 
retardation becomes significant depends on Since a particle 

may have appreciable spontaneous fluctuations at a variety of 
frequencies, it follows that for each frequency there is a 
nonretarded and a retarded range of distances for the dispersion 
force and that the larger the frequency the shorter is the 

distance at which one range passes into the other. Because of 

€ 7 

the 1/r dependence of the non-retarded term and the 1/r 

dependence of the retarded terms, the distance dependence of 

Vander Waals energy is complicated. When two small isotropic 

particles are immersed in a medium, rather than a vacuum, the 

retarded energy is given by (12,13) 

G = - 23h c a* (o) a*(o)/47r r^ (6) 

In the expressions of free energy of interaction in the presence 
of a dielectric medium, we notice that the intensity of the 
electric field of the radiation is lowered by 1/Cg and since both 
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(ii) Invariant Pairwise Function 

f ^2 ^ invariant pairwise function. This is 

independent of r^ at fixed (i.e. this is a function of 

^12 = J ’*'<!> ^12 ^^2> (<2})d{l} d{2} 
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When "t = = € , ? = - r. 

^ » 4b X 


If we use the expression for in terms of f ^2 from 

equation (25) with the S coordinate system to coincide with the L 
coordinate system, then 
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The function exp (i^ . ir) is expanded in the following way 


exp (it.?) (-i)^[(21+l)]j^(rt) (r >t) 
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(45) 
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= ^XY I ^PxY 

1 ^ 2:1 

and its full transform 

ixY^^) = f^y I *^PxY 


MAYER* S Rearrangement 

The cluster function y({i}), {j}), is defined as 

y({i). {j}) = exp |^-^u({i}, {j})j - 1 (64) 

and is a pairwise invariant function. 

The graphs occurring in the expansion of potential of 
average force described in the definition of S(X,Y,;n) contains 
chains and rings of y-bonds and they can be integrated the same 
way as above if the mathematical operations leading to find the 
transform of y-bond can be carried out successfully. This is 
possible if the expansion of y given in equation (26) can be 
terminated after finite number of teinas without any error. 
However, the long range nature of the angle dependent force 
makes it possible to sum over infinite set of graphs. This is 
done by following Mayer's procedure which applies cluster theory 
to ionic solution. The only difference is that here the 
convolution theorem for angle dependent forces is used instead of 
that for central forces. 

Here the pairwise potential is divided into two parts: 

(i) One is the potential at long range. This is denoted as u^^ 
and is the potential of interaction of the two 

nonoverlapping charge distribution having the same net 
charge, dipole and quadrupole moment as molecule 1 and 2. 
This is defined in such a way that u ^2 vanishes for r^^ 
a^ 2 / where a ^2 cutoff distance where the two charge 


208 



the transmitted and reflected waves are affected; a factor of 
2 . 

1/c (ici) ) appears in Eq. (4). Also, the polarizability now 

S il 

• . * , . 
carries an asterik^oc is an excess polarizability of the particle 

•fg 

over that of the medium, a can be zero or can have either sign. 
Whereas for atoms in vacuum a is the polarizability of the 
particle alone (the polarizability of vacuum is zero) , the a 
that appears in Eq. (4) and (6) depend on the polarizability of 
the solvent also. a* for the same particle is different in 

different solvent media. The retarded energy sets in at shorter 
distances, since light is slowed down by the medium by a factor 


For a small isotropic particle interacting with a single 
interface from which it is separated by a medium 3 , the 
nonretarded free energy is given by (15,16) 


G = - 


kT 


2r n=0 


/ * 

I «1 <i“n) ^23/^3 <i“n> 


where 


23 




( 7 ) 


Prime has the same meaning as in Eg. (2) and r is the distance 
between the particle and the interface. This expression, which 
applies to a body with small dimensions compared with r, contains 
a term with n=0 that is very small for nonpolar molecules and 
for polar molecules depends on the permanent dipole moment 
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primarily. Terms with n > 0 give the dispersion energy since 

they are the terms that arise from *0 , that is from 

fluctuations. The application of the formula requires a 

* 

determination of the excess permeability of the particle in 

the medium. For small spherical particles, for example large 
macromolecules, macromolecular assemblies viz. cells, organelles, 
membrane vesicles, which can be approximated as a continuous 
medium of permeability e^, expressions for have been derived 
(17) and lead to the following formula for the nonretarded 
energies of interaction with an interface (R is the radius of the 
particle) 


G = - 


hR' 


00 e, - c. 


Anx' 


f ‘'1 

J + 


2e, 


X 


“=2 “=3 


dw 


for particle 1 in medium 3 and 


hR' 


00 e, - e. 


4Trr' 


r ‘'1 

J + 


2e. 


X 


=^3 - 


*=3 + '^2 


do) 


( 8 ) 


(9) 


for particle 1 in medium 2. In these formulas c = e (iw). 
since, F(r) = -dG/dx, the particle is attracted to the 
interface if the integral in equation (8) is positive at a 
certain distance. If the interaction disappears, 

obviously because the interface disappears. The particle is then 
an isolated particle in an infinite homogeneous medium. The 
interaction disappears if = c^. The interaction arises 

because of polarization and only at the interface, differential 
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The values of h, , (t,n) are evaluated according to eqn. (76) and 

12 

are given in the Appendix. 

Calculation of needs calculation of the matrix 
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polarization leads to accumulation of net charge, because of 
uncancelled induced electric moments. Silver in a highly 
readable account of forces in membrane systems given in his book 
(2) , calls the disappearance of interaction with as the 
dielectric analog of Archimedas Principle, the disappearance of 
force of buoyancy on a particle immersed in a medium having the 
same specific gravity as that of the medium. It is interesting 
that if the particle with is placed in the medium with 
dielectric permittivity the particle-interface force is not 
zero, even though, as noted above it is zero if it is in medium 
with dielectric permittivity c^. There is no unique 
particle-interface interaction. It depends on which side of the 
interface the particle is located. Also, for, over 
the whole range of frequency, G of Eq. (8) is negative and that 
of Eq. (9) is positive. This means that a particle originally 
placed in medium 2 will be attracted toward the interface and if 
its momentum carries it through to medium 3, it will be repelled 
from the interface. We thus can have repulsive Vender Waals 
force, in addition to the more well known Vender Waals attractive 
force. It all depends on the relative magnitudes of dielectric 
permittivity of the particles (and/or interfaces) and the medium 
over the whole range of frequency. The inequality conditions on 
the values of relative permittivity given above need not hold 
over the whole range of frequency. These are written in this way, 
only for purposes of convenience of expression. The important 
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is gero, but we have not done so. Integrals in Eq. 114(a) and (b) 
yield 6-functions at r=0 because P 22 (n=l,- 1 ) spread indefinitely 

along the t-axis as a >0. All other integrals do not contribute 

for identical reasons. 
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quantity is the value of the integral of Eqs. (8) or (9) , which 
depend on relative values of permittivity over the whole range of 
frequency. Similar expressions exist for interaction between two 
planar membrane surfaces (18-20) . 

The interesting phenomenon mentioned above that the same 
particle senses different forces on two sides of an interface is 
known in simpler systems, viz. an ion interacting with an 
infinite planar membrane because of static polarization induced 
in the membrane dielectric by the charge. The effect of 
polarization is manifested as an induced charge at the interface. 
The field outside a polarized dielectric is equivalent to that 
due to surface charge (P.n) and volume charge (-V.P), where n is 
the unit vector along the normal at the interface and P is 
polarization density. Here the planar dielectric is polarized by 
the ion and the ion interacts with the surface charge at the 
interface since V.P = 0 in a homogeneous dielectric. This 

interaction is equivalent to that between the source charge and 
image charge on the other side of the dielectric. The magnitude 
of the image charge is (2) 

*=2 ■ ^3 

Q. = — = Q, 

'^image 

where point charge Q is in a medium of dielectric permittivity 
and that of the other side of the interface is If Q is 

positive Q. is positive if e. > c_, but it is negative if c- 

< c^. The energy of interaction is repulsive if the ion is in 
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the aqueous phase and is attractive if it is in the membrane 
phase. We also come across this phenomenon in Chapter II. The 
similarity exists because both the image force and the Vander 
Waal's force owe their origin to polarization, the former 
considers the polarization due to static fields only. 

Dispersive forces play an important role in structural 
organization of macromolecular assembles. It has been shown 
that the interaction between rods tend to align themselves so 
that they are adjacent and parallel. This result has been used 
as the basis for one theoretic approach to the behaviour of the 
lipid chains in the liquid crystal state of hydrated bilayers 
( 21 ). 

In this thesis, we have not studied dispersive forces, but 
have studied (Chapter II) the effect of static polarization of 
macroionic dielectric by ions in solution. Our interest in 
polarization effects started with an original interest in 
dispersive forces, inspired by McLachlan's papers (12,13). The 
review given above is a reflection of this early interest in a 
subject, which is extremely important in Biophysical Chemistry, 
but has not yet received the attention it deserves. 

1.4 Measurement of Dispersive and Inductive Forces; Role of 

Theory 

The recent cell fusion experiments focus on the importance 
of measurement of dispersive and inductive forces. These forces 
are operative mostly at short distances and cell fusion also 
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we get the value of ^ function of 

Other integrals in this section are evaluated in the same 

way. 

(iii) The integrals given in (iii) are evaluated as follows : 
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occurs only when particles come close. The cells or vesicles are 
usually charged. Thus electrostatic forces screened by 
electrolytes present in solution, dominate. Dispersive and 
inductive forces are difficult to measure directly in the 
presence of stronger electrostatic forces. In these systems, one 
therefore has to calculate (and not measure directly) dispersive 
and inductive forces. Direct measurements are possible only with 
neutral systems or with systems with low charge density. The 
measurement of hydration forces between charged bi layers by 
osmotic stress technique of Parsegian is also difficult (8) . 
This is one of those situation where theory is useful because one 
is able to theoretically calculate a quantity (from experimental 
data of different kinds) which one cannot measure experimentally. 
The focus is therefore on the effect of dielectric permittivity 
(static and frequency dependent) of macromolecular particles in 
solution on observable properties. Macromolecules isolated from 
the solvent are not amenable to experimental investigation. Their 
dielectric permittivity must be obtained from the measurements 
on properties of suspensions. Since experimentally measured 
quantities are expressed in terms of correlation functions 
defined in Statistical Mechanics it is important to investigate 
the interactions that depend on dielectric permittivity of 
suspended particles. These interactions, through the already 
known theoretical framework will influence correlation functions. 


t 
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J d{3} dr^ ‘ 313(^^)312 

J ‘ 313 ^ 32^22 ^^3 ‘^^2}dr2 = Jd{ 3 } dr3 q33 |x33h22 d{2}dr2 

= J d{ 3 } dr3 qj^ 3 (xh )322 = (‘ 3 Xh) 3332 

(xh )332 / (^^)322 evaluated as ^33 * ^33 and (qxh) 3332 , 

(qxh )3322 ar® also evaluated as (j>^^ * ^33 in 4.3 above. 
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~ J d{ 3 } dr 3 q 33 (xh) 33,2 = (qxh) 333^2 

(xh) 33,2 is evaluated the same way as ^33 * ^33 and (qxh) 333,3 is 
evaluated the same way as ^33 * ^33 in 4.3 above. 

(iii) Calculation of r 33 


'13 
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Consider the first term: 


i =‘11 * “is = =1 f =‘ll*'l3 + S J =‘l2*'23 <5(=)'3r2 

i=l 

+ C3 I x^3, 113,3 ■5 '^') '*^ 3 ' 

The first two integrals are evaluated the same way as ^2^^* ^13 
and X ^13/ ^3/3 dr3, is evaluated the same way as ^33 * ^33 

in 4.3 above. 

The second term 


Z %i * ^i3 evaluated as ^ X3^ * hj^3 
i i 


Finally consider the third term. 



1.5 Particle Size, Polarization Effects, Dipolar Interaction 

Size, shape, curvature and packing considerations in 
physical organization of membrane assemblies have been of 
considerable interest to physical chemists (22) . The 
thermodynamics of small systems has been an interesting area of 
investigation (23) . Fusion characteristics (24-27) and phase 
transition characteristics (28,29) of membrane vesicles are 
known to be dependent on size. Macromolecules, proteins, lipid 
vesicles, cellular particles and cells carry significant 
permanent dipole moment (30,31). There exists significant 
contributions from peptide units in. proteins, oriented acyl 
chains in lipids, oriented water of hydration at the 
macromolecule-solvent interface, partially dissociated ionizable 
groups distributed on the surface. The magnitude of permanent 
dipole moment will in general increase with size. In addition, 
dipole moments can be induced by external electric field. The 
solution of the electrostatic problem of a dielectric particle 
suspended in a solvent of a different dielectric constant in the 
presence of an uniform electric field is derived in text books 
(32) . The values of the polarizabilities depend on the size of 
the macroion as well as its dielectric permittivity. Thus 
external electric field turns on interactions that depend on size 
and on relative permittivity of the macromolecular particles. The 
ionic interactions in solution that polarizes the macroionic 
dielectric also turn on interactions that depend on the size and 
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dielectric permittivity of the particles. This is discussed in 
Chapter II. The effects of these interactions on correlation 
function are not linearly superposable. The interaction between 
permanent dipoles, ions and permanent dipoles, ions and induced 
dipoles, induced dipoles and induced dipoles through their 
interplay will determine the correlation function from which all 
measured properties can be calculated. The correlation function 
(static and time dependent) depends on permittivity (static and 

frequency dependent) of these particles. So, these 

permittivities become calculable. The dielectric constant of 
these suspensions over a range of frequency can be one of the 
experimentally measured quantities from which one may calculate 
dielectric permittivity of the particles. Friedman (33) has 
expressed static dielectric constant of solutions in terras of 
correlation functions. Light scattering and small angle neutron 

scattering has been used in conjunction with theories of 

correlation function to measure properties , in particular, the 
charge of micellar particles in suspensions. These are 

discussed later in this chapter. We have mentioned earlier that 
angle-dependent interactions can play an important role in 
molecular recognition at a distance larger than that at which 
valence forces operate and can determine trajectories of 
bimolecules that land them on specific sites. 
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1.6 Macromolecular Suspension as an Inhomogeneous Dielectric 

A suspension of dielectric particles in a dielectric 
continuum can be viewed as an ionic solution or as an 
inhomogeneous but uniform mixtures of dielectrics. The principal 
aim of the theory of uniform dielectric mixtures is to calculate 
an effective dielectric permittivity f) r ^ quantity that can 
be defined as the ratio of the capacitance of a capacitor that 
contains the mixture in between the plates to that with no 
material contained in it (32) . The of an uniform suspension 
of concentric spheres of different dielectric permittivity of the 
inner and the outer sphere, embedded in a dielectric continuum, 
has been calculated by Wagner, using Maxwell's method for 
calculating effective conductivity of the same system. The 
system is identical to suspension of membrane vesicles in aqueous 
medium. Rayleigh has discussed of simple cubic arrangement 
of dielectric spheres in a dielectric continuum (32) . Lam has 
given an improved theory recently (34) . Generalization of 
Rayleigh's theory to a disordered arrangement of identical 
dielectric spheres in a dielectric continuum has been given by 
Gunther and Heinrich (35) . There are recent papers on cluster 
theory of effective dielectric constant of a polarizable 
suspension (36,37), bounds on the values of effective dielectric 
constant (38,39), effective dielectric constant of a dispersion 
of spheres (40) and on dielectric constant of a suspension of 
spherical inclusion (41) . Effect of double layers in 
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heterogeneous systems is given by Dukhin and Shilov (42) . 
Attempts to calculate electrical properties of suspended 
particles from those of suspensions have been made (43) . The 
theory has been admirably summarized by Scaife (32) . These 
theories are developed for uncharged dielectrics and the solution 
does not contain ions. We were initially interested in these 
line of research, in relation to our problem, but did not 
eventually pursue them in this thesis. 

Now, we discuss a macroionic solution as an ionic solution. 

1.7 Integral Equation Theories: 

The theory of ionic solution and that of electrical double 
layer has undergone significant change in the last three decades 
under the influence of the development of statistical mechanics 
of liquids, particularly the methods of computer simulation and 
integral equation theories (44-54) . A development of the cluster 
theory of ionic solution leading to Allnatt's HNC integral 
equation for calculation of correlation function is given in 
Chapter III. Even though the integral equations viz. Hypernetted 
chain (HNC) and Percus Yevick (PY) equations were first derived 
from cluster theory they have been derived later by functional 
differentiation methods (46) . The former derivation has 
difficult questions about range of validity, depending on 
convergence of series summation. They do not remain valid for 
dipoles at liquid densities. The latter derivation holds even at 
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5.4 Features of the g(r) versus r Plots {Figs. 5.1-5.73) 

The objective of a detailed study of g(r) vs. r graphs as a 

function of macroion size, charge density, macroion concentration 

and ionic strength is to be able to think of the macroion gas as 

an one-component interacting system. This is necessary for an 

easy intuitive access to their behaviour. Several attempts have 

^ ^ 

been made to obtain expressions of V (r) (6,21,22). An 
examination of these, particularly that of Belloni (22) shows a 
complicated nonmonotonic dependence on all parameters, size, 
charge density and concentration of macroion and background 

electrolyte. We also observe quite complicated affects and 
summarize qualitative features below: 

Effect of Macroion Concentration and Ionic Strength: 

(i) r^j^ = 300, cdnst = 4800 (Figs.5.1-5.6) . 

. —6 —5 

Consider r_. = 300, cdnst = 4800, c = 1x10 , c- =1x10 

m in 

(Fig. 5.2). This system gives a highly attractive g(r) at small 

dj^, which becomes weakly repulsive at d^ - 2.2 and then slowly 

—7 

levels off to g(r) = 1 at d - 3. In contrast, at c = 1x10 , 

r m 

g(r) is highly repulsive at all d^. upto 3.20, only to level off 

to g(r) = 1 at d^ - 3.33, i.e., r = 1000 The range of 

interaction is roughly the same in the two cases (-1000 A°) , but 

there is significant difference in features, the attractive 

region being totally absent at lower c^ and being predominant at 

“8 

higher c_. When c_ is reduced to 1x10 , g(r) is even more 

m m 

repulsive and stays near 0.0 over the whole range of r=0 to 1000 

A° (this graph is not plotted) . The trend shown in going from 

—6 “7 **8 

= 1x10 to 1x10 accentuates at c_ = 1x10 - When c- is raised 

Itl 

to Ixio”^ (Fig. 5. 3) the qualitative nature of the dependence of 



repulsion, a little more so compared to r^^^ = 200 at large 

distances. The values of g at the maximum of r = 300 system 

m 

falls as c- increases, otherwise the shapes remain unaltered. 
Figs. 5.61-5.63 share the parameters of 5.58 to 5.60 except that 
cdnst = 19200. At this lower charge density r^ = 200 graph shows 
less repulsive correlation than r = 300 at all r values. 

3X1 

Effects of size at c^ = lxlo“^ are shown in Figs. 5.64 to 5.67 at 
cdnst = 4800, c- = 0 (Fig. 5.64), lo“^ (Fig. 5.65), lO”'^ (Fig. 
5.66). r^j^ = 200 shows less repulsive feature compared to r^^ = 300 
in all of the graphs. The repulsive correlation decrease and 
distinction between the two sizes increase as c- increases. At c- 
= 1x10 (Fig. 5.67), = 300 shows a large attractive peak in 

sharp contrast to a predominantly repulsive correlation at r^ = 
200. The distinction between the two sizes is very clear in this 

case. We note that g = 88 is equivalent to w » -4.606 kT. Similar 

. . . -7 

trends are seen in Figs. 5.68 to 5.70, for which c^^ = 1x10 , 

-4 -3 

cdnst = 19200, c- = 0.0, 10 ,10 . At lower c- values, r_ = 200 

Tn 

shows less repulsive correlation than = 300 at lower values of 
-4 —3 

c- (0, 10 ) but at c- = 10 , r_ = 300 shows attractive 
correlation at larger r and the graphs pushes itself above that 
of r = 200, which shows repulsive correlation at all r. Fig. 

IQ 

-7 

5.71 to Fig. 5.73 show macroionic size dependence at c^ = 1x10 , 

—4 —3 

cdnst = 600, c- = 0, 10 ,10 . r = 300 shows a graph with 

attractive correlation at hard sphere contact, which has a 

slightly repulsive dip before levelling off to g=l. = 200 

. -4 

graphs show weakly attractive peaks at c- = 0, 10 (nearly 

—4 

equal, with small shift towards hard sphere contact at 10 M) 
and a larger attractive peak, closer to hard sphere contact at c- 



liquid densities and show the generality of the results obtained 
under more restrictive conditions. Powerful algorithms exist for 
solving the HNC equation (55-57) . A slightly older review 
provides a systematic introduction to numerical methods of 
integral equation solving" (58) . Comparison of different methods 
is given in a recent paper (59) . These methods directly solve 
the integral equation and does not require the cluster theoretic 
development or the g bond sums (introduced in Chapter III) , and 
converge without much problem at liquid densities, virtually 
independent of the guess value. The problem of long range of 
coulombic interaction is handled in cluster theory by summation 
of diagram to obtain screened potentials of shorter range. The 
problem of long range of potential is handled numerically in the 
methods that do not use diagram summation techniques (55-57) . Of 
the various integral equations, HNC equation has been most 
successful in the treatment of ionic solutions. The Mean 
Spherical Approximation (MSA) , though not as successful as HNC 
theory can be analytically solved and for this reason has 
received significant attention, HNC calculations on 1:1 
electrolytes have been highly successful (60-65) . Problems with 
numerical methods arise for weakly screened ionic systems, i.e., 
at low ionic strengths, but these problems have been solved (70) . 
The calculated distribution function perhaps underestimates 
repulsion between like charges at short distances, and 
overestimates the number of ion pairs with same charge (71,72) .It 
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has been pointed out that this overestimate arises from the 
approximations inherent in HNC theory, i.e., neglect of some 
highly connected diagrams in the cluster expansion (71,73). 
These diagrams called the bridge diagrams were ignored only 
because of the difficulty in calculating them. Recent 
developments make it possible to incorporate them (74,75) and the 
modified theory is called RHNC or MHNC theory. Incorporation of 
these diagrams should introduce additional short range repulsion. 
This aspect is discused in greater detail later. Some attempts 
have been made to incorporate these diagrams in calculation of 
macromolecular systems (71,76). They suggest that indeed, short 
range repulsive forces enter and the problem of overestimate of 
like charge pairs at short distances disappears . There are also 
reports where the theory has not been very successful (77,78) in 
interpreting properties, e.g. in calculating X-ray scattering 
functions for models of aqueous Ph^AsCl which fit the osmotic 
coefficient data. 

1.8 Highly Asymmetrical Electrolytes; Polarizable Ions 

Macroionic solutions are different from solutions of 
symmetrical electrolytes of ions of comparable and small size 
and charge (viz. NaCl or CaSO^) on two counts. Firstly, there is 
a huge asymmetry in charge and in size between the macroion and 
the small ion. This asymmetry has made the techniques of 
computer simulation of polyelectrolytes difficult and 
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difference. The graph in this case calculates an average of g 
over allangles to obtain g as a function of r only. This system 
could not be studied further because of long computer time 
needed. That is why only one iteration was done only to check 
that the programme works. Detailed study is now being 
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error-prones. The theoretical techniques e.g. integral equation 
methods, also require considerable development beyond those used 
for symmetrical electrolytes, to handle these highly asymmetric 
system. We discuss these problems later in this chapter. 
Secondly macroions produce a dielectric heterogeneity of a 
significant size in solution. A sphere of several hundred 
Angstrom radius of dielectric permittivity of 2-30 (30) suspended 
in a dielectric continuum of relative permittivity of 80 has 
significant polarizability. Ions in solution produce electric 
fields that induce multipole moments in the macroion. This 
effect has been considered in developing theory of electrolytes 
near a planar dielectric wall. The recent papers related to this 
effect are summarized in Section 1 of Chapter II. 

1.9 Effect of Long Range Correlation in Charged Micelles 

Due to repulsive Coulombic interaction, charged 
macromolecules exhibit long range order considerably greater 
than particle diameter. For sufficiently long range 
interactions, solid-like structures can be formed, where each 
particle is constrained by interparticle forces to a particular 
lattice site. Such structures have been observed with Tipula 
Iridescent virus (79) and certain polymer colloids (80-81) . More 
recently Schaefer and Berne (82) using photon correlation 
spectroscopy studied a solution of R-17 virus at low ionic 
strength. When these data are normalized with respect to those at 
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high ionic strength, where the charge is shielded, they find that 
the scattered intensity and the decay rate of field correlation 
function show a strong dependence on angle, indicating incipient 
translational ordering. The range of interparticle interaction 
is about half of the mean interparticle distance. Schaefer and 
Ackerson (83) study using inelastic light scattering a suspension 
of polystyrene particles so highly charged that the repulsive 
forces between the particles lead to a transition between 
liquid-like to solid-like structures. The system displays 
features analogous to melting of atomic crystals, but it is 
unique in that the structure results from repulsive forces and 
the interparticle spacing is such that the structure can be 
probed by visible light sources. They confirm the earlier 
observation of Williams and Crandell (84) that the suspension is 
ordered into a cubic lattice structure. The inelastic light 
scattering studies give information about particle motion near 
the freezing transition. Clark et al (85) developed methods for 
growing colloid crystals and point out that they offer unique 
opportunity for the study of the collective static and dynamic 
behaviour of strongly interacting spherical particles whose 
structure is well defined, rather than statistically defined 
structures of atomic solids and liquids. The distinct 
theoretical and experimental advantages of studying them over 
atomic solids and liquids for testing theoretical models is 
given. Williams (84) measure the melting temperatures of 
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crystallized suspensions of polystyrene spheres as a function of 
concentration. In a colloidal crystal, interaction between 
charged colloidal particles with sufficient strength to cause 
crystallization is describable by Debye-Hiickel theory but with a 
renormalized charge, which is a parameter of the theory. The 
relation between renormalized charge and actual charge is 
obtained by solving Poisson-Boltzmann equation, numerically in 
Wigner-Seitz cell (86) . This relationship is not yet fully 
understood for colloidal suspensions. Lindsay and Chaiken (87) 
report the phenomenon of glass transition in these systems. 
Recent reviews of interest are by Pieranski (88) and Pusey (89) . 
Clark and Ackerson (90, 91) report experimental results on the 
coupling of concentration fluctuations to steady state shear flow 
in a colloidal system of strongly coupled charged plastic 
spheres . 

When interparticle interaction is weak, long range order is 
destroyed but considerable short range order persists to give a 
liquid like structure. Various biological materials which show 
such effects have been studied by X-ray scattering (92-94) and 
light scattering (95) . Aqueous dispersion of Agl particles at low 
ionic strength show a definite maximum in measurements of 
scattered light intensity as a function of scattering angle. 
These maxima indicate a well defined first co-ordination shell of 
particles of Agl at a distance of at least 10 particle diameters. 
Brown (96) use conventional light scattering and photon 
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correlation spectroscopy of aqueous dispersions of charged 
spherical polystyrene particles (radius -250 A°) at low ionic 
strength. A first and sometimes a second diffraction maxima are 
found. Considerable liquid like structure is maintained at a 
distance of -10^ A°, about 20 times the diameter. Schaefer (97) 
studied dilute suspensions of polystyrene spheres (radius 436 A°) 
by light scattering to obtain similar results. Apart from light 
scattering, small angle neutron scattering has also been used in 
studying micelles, a subclass of macroions. The experiments show 
that long-range interparticle interaction plays a dominant role 
in determining the equilibrium properties . of these systems 
(98-102) . The intensity of radiation scattered from micellar 
solution may be written as I(Q) = P(Q) S(Q), where S(Q) is the 
intermicellar structure factor describing intermi cellar 
correlation and P(Q) is the intramicellar structure factor where 
Q is the Bragg number. Methods of obtaining P(Q) in protein 
solutions and micellar solution, experimentally and assuming 
models is discussed by Bendedouch et al (100). S(Q) can be 
calculated from statistical mechanical theory, given the 
interaction potential between macroions. It has been possible to 
obtain and fit scattering data with only two variable parameters 
of a simple theory (discussed below) , the micellar aggregation 
number and the effective charge of the micelle (98-102). The 
development of methods for calculation of correlation function in 
macromolecular systems is thus necessary for extracting molecular 
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1.10 Correlation Function Calculations: Models 

In order to calculate correlation function, the input 
needed is potential energy between particles. A full theory 
would have to include, macroion-macroion, macroion-small ion, 
small ion-small ion interaction potentials, as well as 
interaction potential between solvent molecule and each of these 
ions. This is too tall an order. A widely used approximation is 
not to explicitly recognise solvent structure on a molecular 
level. Their effect shows up only through the presence of 
static dielectric constant as the screening constant of 
electrostatic interaction. This reduction in complexity is 
reasonable because of the small size of the solvent molecules 
compared to that of macroions and to the Debye screening length 
of the microscopic ions. The adiabatic approximation which in 
Quantum theory of molecules is known as Born-Oppenheimer 
approximation is used here. This adiabatic model of solution is 
called the McMillan-Mayer model . A further reduction of the 
initially many component system may be achieved by taking 
advantage of the large asymmetry of size to eliminate the degrees 
of freedom of microscopic ions and derive effective interaction 
between "dressed''macroions . The interaction potential, then 
includes interaction between double layers. The most widely used 
dressed macroion potential is the Derjaguin-Landau-Verwey-Over- 


26 



Kacro lon-J^’acro !on Corre'.etion;g(r) 


®fOOO®PPP.®P 

• * • , • . V -^1 m tn 




'’A 

c \ 


o -f n o 2 2 

•*•• 0-133 
U) 0 > 3 

g o « O •- Jg 

fi • • d 


O O « O 2 

S B ^ ® 

Tl Tj TO O • 

ti)~ ►- 3 B B 


►- 3 ■ B 

jPiP a ^ * 


PE- I I g ^ \ ~ 

ii. § 5 

IT *\i m ^ \ - 

- n> 4^ V.- 

fflDinlmihiidiiitliuilt***!*****”^**””^”**^*"'^*'”***"’***’*””***”***"*'”'^"*’*^^*^ 



Distance in Rngstrom 



®cs}*-roti>-fe.uio)cn'Ma) 



Correlation Function Vs. Distance p.5 ^c| 





beek (DLVO) potential (103). The parameters of this potential 
are Debye screening parameter k, a surface charge Z* and macroion 
size a. This potential also includes Vander Waal's interactions 
between colloidal particles. Recently, several authors have 
reported studies using integral equation theories to calculate 
correlation functions with DLVO potential. Such attempts treat 
the macromolecular suspension as an one-component system with 
electrolyte and solvent "smeared out” and appearing as parameters 
in the effective potential between macroions, the only 
constituent of the one component model (OCM) system. Since 
macroions are charged, the one component system is a plasma. One 
may also consider the small counter-ions explicitly. Then, DLVO 
potential is not used. The unscreened Coulombic potential is 
used instead. The screening of the DLVO potential arises as a 
result of correlation function calculation, which takes the 
effect of all constituent ions. The solvent is still in the 
background, showing up only through its dielectric constant 
appearing as the screening constant. If the counterion of the 
macroion is the only other ion present, then it is a two 
component model system. In the presence of an added electrolyte, 
which shares the counterion of the macroion, we obtain a three 
component system. In this thesis, we have studied a three 
component system. 
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1.11 Essential Role of Integral Equation Theories 

As noted earlier, in the study of macroionic solutions, the 
integral equation theory has an essential role. In systems with 
symmetric electrolyte with small charges, the computer simulation 
results are highly accurate. The results obtained from the 
integral equation theories are easier l^o obtain and are usually 
verified for correctness against the simulation results. For 
highly charged asymmetric electrolytes, that treat all ions on 
equal footing, computer simulation is difficult because there 
must be a relatively large total number of ions in the basic cell 
in order to have enough polyions so that polyion-polyion 
correlation is not destroyed by boundary effects (104) .A minimum 
of 50 polyions is needed for simulation studies. If charge 
dissymmetry is 100, electroneutrality demands the presence of 
about 5000 ions (polyions + counterions) . In addition, the small 
and large particles move on very different time scales, 
necessitating too large a number of elementary steps (105) . The 
attainment of convergence in simulation studies irrespective of 
simulation technique is slow. In Monte Carlo (MC) simulation, a 
low acceptance is obtained for attempted moves of a colloid due 
to accumulation of counterions close to it. Similarlly, in 
molecular dynamics (MD) and Brownian dynamics (BD) , the 
counterions generate a narrow and deep potential well in which 
the colloid is trapped, resulting in a low diffusional motion. 
This is a physically correct effect, but it hampers the 
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convergence of the simulation. The problems in simulation 
arising from long ranged Coulombic force also causes partly 
unresolved methodological problems. Simulation studies in these 
systems are more difficult and more error-prone than in solution 
of small ions. 

1.12 MSA: Measure of Macroion Charge 

Amongst the various integral equation theories the mean 
spherical approximation (MSA) has attracted attention before 
others because analytic solutions to these models are known. MSA 
applied to ionic systems has the following properties (104) (i) 
in the high charge high density limit, it becomes identical to 
the HNC approximation and (ii) the long range (r — >») part of the 
direct correlation functions is asymptotically correct. However, 
when the charges are not too high and the concentration is low, 
as in micellar systems, the MSA pair correlation functions become 
increasingly inaccurate at small interionic separation. For the 
case of ionic colloids, a simple way to correct this deficiency 
is to redefine the polyion diameter and charge. The model takes 
into account the fact that because of strong repulsion, the 
spheres repel so strongly that the effective diameter is larger 
than the actual diameter. The renormalized charges, i.e. , the 
redefined charges are different from the actual charges because 
of screening by ions that are so effectively shielding the 
polyion that they can be considered as part of the polyion, i.e.. 
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c(l,l)=(e2/el)*c(2,2)+(e3/el)*c(3,3) 

nnn=nn+l 

xn=dfloat (n) 

suin=0 . 0 

do i=l,m 

do j=l,l 

suin=sum+ (c(i, j) * (e( j) **2) ) 
end do 
end do 

kp=sqrt ( (4 . 0d0*3 . 14d0*sum) / (dc*bc*temp) ) 

write ( 6 , * ) kp 

mg=2 . OdO* (tmax-tmin) 

tbn=rng/xn 

do i=l,l 

do j=l,m 

r(i, j ,l)=tinin 

end do 

end do 


c********************************************* **************** 

c CALCULATION OF q and phi FUNCTIONS 

c******************************* ********** ******************** 
do i=l,l 
do j=l,m 
do k=l , nn 

q(i, j/k) = (-e(i)*e(j)*dexp(-kp*r(i, j,k)) )/(dc*r(i, j,k)*bc*teinp) 

if ( (i.ne.3) .and. ( j .ne. 3) ) then 

if ( i . ne . j ) then 

if (r(i, j ,k) .le. (rl+r2) )then 

phi(i,j,k)=-1.0 

else 

phi ( i , j , k) =dexp (q ( i , j , k) ) -1 . OdO 
end if 
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end do 
end do 
jd=jd+l 
write(6, *) jd 

c CALCULATION OF THE CONVOLUTION INTEGRAL q*x , x*h , q*X*h 

do i=l,l 
do j=l,m 
do k=l,nn 

xh(i, j,k)=h(i,j,k)*r(i,j,k) 

yh(i, j ,k)=O.OdO 

xx(i, j,k)=x{i, j,k)*r(i, j,k) 

yx(i, j,k)=O.OdO 

hh(k)=h(i, j,k)*(r(i, j,k)**2) 

xxd(k)=x(i,j,k)*(r(i,j,k)**2) 

rd(k) =r(i, j,k) 

end do 

ifail*l 

call do Igaf ( rd , hh , nn , ad , error , if ail ) 
ansh(i, j)=ad 

call dOlgaf (rd,xxd,nn,ad,error,ifail) 

ansx ( i , j ) =ad 

end do 

end do 

do k=nnn,n 

do i=l,l 

do j=l,m 

xh(i,j,k)=-xh(i, j, (n+2-k) ) 

yh(i, j ,k)=O.OdO 

xx(i, j ,k)=-xx(i, j, (n+2-k) ) 

yx(i, j ,k)=0. OdO 

end do 

end do 

end do 

do i=l,l 

do j=l,m 
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may be considered to be bound by the polyion. Thus the 

renormalized charges of the MSA can be interpreted to distinguish 
between charges "bound” to the polyion and those that are 

"loose” in the diffuse layer. This model is called the rescaled 
MSA or RMSA. Medina-Noyola and McQuarrie (106) have treated a 
three component system of macroion, its counterion and the coion y'' 
with well defined hard sphere radii, in a dielectric continuun^ 
(the primitive model) and have solved the Ornstein-Zernike 
equation under MSA closure. They show that in the limit where 
diameters of the counterions and coions are negligible compared 
to that of the macroionic particles (the Debye-Hiickel limit) , the 
primitive model is reduced to an one component problem with 
effective screened interaction between "dressed" macroions. In 
the limit of low concentration of macroions the DLVO potential is 
recovered. This result shows that if any integral equation theory 
with DLVO potential is used to calculate S(Q), the parameters of 
fit, in particular the "charge of the macroion" that appears in 
the DLVO potential will be affected by the finite size of small 
ions and by the macroion concentration. The calculated charge is 
the actual charge only in the limit of zero size of small i 9 ns 
and infinite dilution of macroions. The Z of DLVO potential is 
thus a parameter of fit and its physical meaning is related to 
the actual charge in a complicated way. The charge that appears 
in RMSA theory that treats coions and counterions explicitly has 
more direct physical meaning, as pointed out above. It appears 
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in theory in the expression of unscreened Couloinbic interaction 
of the macroion with other ions. This renormalized charge is not 
the actual charge that the macroion would have had if counterions 
and coions were absent. Thus this charge will depend on nature of 
coions and counterions, temperature, charge of the macroion, 
nature of binding sites etc. It is however a physically 
interpretable parameter of considerable information content. As 
will be mentioned later, when both one component model with DLVO 
potential and multicomponent model in the RMSA theory have also 
been used in data analysis, the charge of the one component model 
is either less or equal to that obtained from multicomponent 
model (107-109) . The charge of the RMSA multicomponent model 
agrees with that estimated from other theories of micelles (110) . 
The aggregation number, the other parameter calculated, is 
however the same in results obtained from both models. 

The MSA for a system of charged hard spheres, has been 
solved by Waisman and Lebowitz (111, 112) . The solution for an 
arbitrary mixture of hard spheres of arbitrary size and charge, 
the model of an ionic mixtures has been solved by Blum (113) and 
Blum and Hoye (114). A note by Hiroike (115) is a supplement to 
Blum's theory (113). MSA for DLVO (Yukawa) potential has been 
solved by Waisman (116) for a monodisperse solution. The 
corresponding solution for a polydisperse solution was given by 
Blum and Hoye (117) and Bl\im (118) . The solution for a binary 
mixture of charged hard spheres and point ions has been treated 
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xq2t(i)=q2t(i)*td(i)*sin(r(l,l,j)*td(i) ) 
xq3t(i)=q3t{i)*td(i)*sin(r(l,l,j)*td(i) ) 
xqllt(i)=qllt(i)*td(i)*sin(r(l,l,j)*td(i)) 
xq21t(i)=q21t(i)*td(i)*sin(r(l,l,j)*td(i) ) 
xq31t(i)=q31t(i)*td(i)*sin(r(l,l, j)*td(i) ) 
end do 

c******************************************************* 
c CALCULATION OF q(r) FROM q(t) BY NUMERICAL INTEGRATION 
c********* ************** ******* ******** ***************** 
ifail=l 

call dOlgaf (td, xqlt,nn, ad, error, ifail) 
yqlt ( j )=epc*fp*ad* (1. 0/r (1, 1, j ) ) 
ifail=l 

call dOlgaf (td,xq2t,nn, ad, error, ifail) 
yq2t ( j ) =epc*f p*ad* (1.0/r(l,l,j)) 
ifail=l 

call dOlgaf (td,xq3t,nn, ad, error, ifail) 
yq3t ( j ) =epc*f p*ad* ( 1 . 0/r ( 1 , 1 , j ) ) 
ifail=l 

call do Igaf ( td , xql It , nn , ad , error , if ail ) 
yqllt(j)=epc*fp*ad*(1.0/r(l,l, j) ) 
ifail=l 

call d 0 Iga f ( td , xq2 It , nn , ad , error , i f a i 1 ) 
yq21t ( j ) =epc*fp*ad* ( 1 . 0/r (1 , 1, j ) ) 
ifail=l 

call do Igaf ( td , xq3 It , nn , ad , error , if ail ) 
yq31t(j)=epc*fp*ad*(1.0/r(l,l, j) ) 
end do 
do i=l,nn 

q(l,l,i)=e(l)*e(l)*yqlt(i) 

q(l, 2 ,i)=e(l)*e( 2 )*yq 2 t(i) 

q( 2 ,l,i)=e( 2 )*e(l)*yqlt(i) 

q( 2 , 2 ,i)=e( 2 )*e( 2 )*yq 2 t(i) 

q(l,3,i)=e(l)*e(3)*yq3t(i) 

q(2,3,i)=e(2)*e(3)*yq3t(i) 

q(3,l,i)=e(3)*e(l)*yqllt(i) 
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if (r{i, j;k) .le. (rl+nn))then 

h(i,j,lc)=-1.0 

else 

h(i/j,k)=exp(q(i,j,k)+ytao{i,j,k))-i.OdO 

endif 
end if 

if ( (i.eq.3) .and. (j .eq.2) ) then 
if (r(i, j,k) .le. (r2+rm) )then 
h(i,j,k)=-1.0 
else 

h(i, j,k)=exp(q(i, j,k) +ytao(i, j ,k) ) -1. odo 

endif 

endif 

x(i, j,k)=h(i,j,k)-q(i, j,k)-ytao(i, j,k) 
end do 
end do 
end do 

c************************************************************* 

C CALCULATION OF THE CONVOLUTION INTEGRAL q*X , X*h , q*h*X 

0* ********************************************* **********:fc*iir** 

jd=jd+l 
write(6,*) jd 
do i=l,l 
do j=l,m 
do k=l,nn 

xh(i, j,k)=h(i, j,k)*r(i, j,k) 

yh(i, j ,k)=O.OdO 

xx(i, j,k)=x(i, j,k)*r(i, j,k) 

yx ( i , j , k) =0 . OdO 

hh(k)=h(i,j,k)*(r(i,j,k)**2) 

xxd(k)=x(i, j,k)*(r(i, j,k)**2) 

rd(k)=r{i,j,k) 

end do 

ifail=l 

call dOlgaf (rd,hh,nn, ad, error, ifail) 

ansh(i, j)=ad 
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by Gillan et al (119). Waisman's solution (116) was simplified 
by Hoye and Stell (120), Hoye and Blum (121) and by Cummins and 
Smith (122). The solution was used by Hayter and Penfold (123) 
to describe the structure factor of a macroion solution. The 
solution of MSA for a sum of two Yukawa potential terms has been 
given by Hoye et al (124) . The Hayter-Penfold solution (123) has 
been obtained in a slightly different form by Pastore et al 
(125). In the limit of no screening an analytic solution of MSA 
is given by Palmer and Weeks (126) . 

The MSA solution of Hayter and Penfold (123) has been used 
to interpret their own experimental neutron scattering results on 
a micellar solution (98) . The calculated structure factor 
enabled them to obtain micellar charge and aggregation number. 
This and other early reports on analysis of neutron scattering 
data are done in the oAe component model (OCM) (99--101) . The 
Hayter-Penfold MSA solutions are extended to arbitrarily low 
densities of highly charged colloids using a rescaling argument 
by Hansen and Hayter (127,128). Triolo et al (102) use the 
rescaled theory as well as the Hayter-Penfold theory to analyse 
their neutron scattering data on micelles. The OCM analysis 
suffers from the fact that only small ions are counted in 
calculating Debye screening length. This becomes increasingly 
unacceptable at high concentrations of micelles used in micellar 
experiments. This is, in addition to the difficulty in 
interpreting the calculated charge parameter. These problems 
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inspired workers to consider the macroions and small ions on an 
equal footing, the solvent still remaining in the background. 
This is the so-called primitive model (PM) and is explicitly 
multicomponent. Belloni (129) and Beresford-Smith et al (130) 
consider a multicomponent PM and then construct an OCM whose 
equations incorporate the terms of the multicomponent model. Such 
a transformation, say in the MSA leads to an expression of the 
direct correlation function of the OCM; C®^^(r) in terms of the 
Cfj^s, ion sizes, charges and concentrations of the 

multicomponent PM. The V(r) of the one component MSA theory, in 

» ^ 
reality an effective V(r), called V (r) is related naturally 

to c'^"-"-(r) by the MSA closure -/3 v®-^^(r) = C ^ (r) (/S = 1/kT) . 

Belloni (129) derives, for example, 

eff 2 2 e”^^ 

p V®^^(r) = zl Lg x2 r > 

where cr^ is twice the macroion radius; index o refers to polyion; 

index 1 and greater than 1 to small ions; is charge on 

. 2 

polyion; = e /4TTe^GkT, 

Jd O 

2 1/2 

K = (47rLo Z p. Z.) / the Debye screening parameter 

B i_l 1 1 

calculated from small ions only; p^'s are number densities, 

3 

X = ch(Ka) + U (xa ch(Ka)- sh(Ka)) and U = (Z/(Ka) )“(r/xa), ch 
and sh are hyperbolic cosine and sine functions; a = cr^/2,the 
macroion radius. r = (Pa+Z)/ (l+Fa+Z) , where Z = 3^/(l-0), <p = 
Tip^cr^/e, the volume fraction of macroion; r, the MSA screeing 
parameter is given by 


33 



double precision yxh333 (mind, n,n,nd) ,yi333 (mad, n) , 

1 y2333(mmd,n),yqx333(mmd,n,n,nd),y3313(mnd,n,n,nd), 

1 y3323(mmd,n,n,nd) ,y3333 (mind,n,n,nd) 

double precision yxh313 (mmd,n,n,nd) ,yxh323 (mmd,n,n,nd) , 

1 yqx313 (inmd,n,n) ,yqx323 (mmd,n,n) ,yl313 (inmd,n) ,yl323 
1 (mmd,n) ,y2313(mmd,n) ,y2323(mmd,n) 
double precision yl312 (mmd) ,yl322 (mmd) ,yl332(inmd) , 

1 y2312 (mmd) ,y2322 (mmd) ,y2332(mffid) 

double precision yxh312 (mmd,n) ,yxh322 (mmd,n) ,yxh332 (mmd,n) , 

1 yqx312 (mmd,n) ,yqx322 (mmd,n) ,yqx332 (mmd,n) ,y3312 (mmd,n) , 
1 y3322(mmd,n) ,y3332(mmd,n) 

double precision yl311(mmd) ,yl32l(mmd) ,yl33l(mmd) , 

1 y2311(mmd) ,y2321(mmd) ,y2331(mmd) 

double precision yxh311(mmd,n) ,yxh321(mmd,n) ,yxh331(mmd,n) , 

1 yqx311(mmd,n) ,yqx321(mmd,n) ,yqx331(mmd,n) ,y33ll(mmd,n) , 
1 y3321 (mmd,n) ,y3331(mmd,n) 

double precision yxh213 (mmd,n) ,y3di223 (mmd,n) ,yxh233 (mmd,n) , 

1 yqx213 (mmd,n) ,yqx223 (mmd,n) ,yqx233 (mmd,n) ,yl213 (mmd,n) , 
1 yl223 (mmd,n) ,yl233(mmd,n) ,y2213 (mmd,n) ,y2223 (mmd,n) 

1 ,y2233 (mmd,n) ,y3213 (mmd,n,n) ,y3223 (ffimd,n,n) , 

1 y3233 (mmd,n,n) 

double precision yl 212 (md) ,yl222 (md) ,yl232 (md) , 

1 y2212 (md) ,y2222 (md) ,y2232 (md) ,y3212 (mmd,n) , 

1 y3222 (mmd,n) ,y3232(mmd,n) 

double precision yxh212 (md) ,yxh222 (md) ,yxh232 (mmd) ,yqx212 (md) , 
1 yqx222 (md) ,yqx232 (mmd) 
double precision yl 211 (md) ,yl221(md) ,yl231(md) , 

1 y2211(md),y2221(md),y2231(md) 

double precision yxh211(md) ,yxh221(md) ,yxh231(mmd) ,yqx211(md) , 
1 yqx221(md) ,yqx231(mmd) ,y3211(mmd,n) ,y3221(mmd,n) , 

1 y3231(mmd,n) 

double precision yxhll3(mmd,n),yxhl23(mmd,n) ,yxhl33(mmd,n) , 

1 yqxll3(mmd,n) ,yqxl 23 (mmd,n) ,yqxl33(ffimd,n) ,ylll3(mmd,n) , 
1 yii23(mmd,n) ,yll33(mmd,n),y2113(mmd,n) , 

1 y2123 (mmd,n) ,y2133 (mmd,n) ,y3113 (mmd,n,n) ,y3l23 

1 (mmd,n,n) ,y3133(mmd,n,n) 
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(1 + ra+Z)^ 

where <3^ = (471 Z^. This is derived using MSA with 

point-like ions. Belloni also treats MSA with finite ion size 
and RMSA. In the limit of infinite dilution, DLVO potentials are 
recovered. Use of these OCM potentials in the RMSA, obtains 
polyion-polyion structure factors nearly identical to those 
obtained in TCM (PM) in MSA. The effective potential presents a 
larger electrostatic repulsion than the classical DLVO potential. 
This means that the use of DLVO induces an overestimate of the 
colloidal charge. The- HNC integral equation in the PM compared 
to the RMSA equation, produces a larger accumulation of 
counterions on the colloidal surface and thus a lower effective 

repulsion between macroions. Beresford-Smith et al (130) 

• 0 f f 

consider a less complete model to calculate V (r) . The ion-ion 

direct correlation functions that appear in V (r) are treated 

by Debye-Hiickel theory and the polyion-ion direct correlation 

function is calculated in the "jellium" approximation, which 

assumes that the distribution of colloids is uniform. 

Medina-Noyola (131) studied MSA in the primitive model of an 
asymmetric two-component electrolyte in the limit of negligible 
size of the latter. The explicit calculations in the limit of 
negligible charge ratio show that the simple theory reproduces 
the main features of the liquid like structure obtained from 
scattering experiments. Nagele et al (132) study the primitive 
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call iiro(phil3 ,phil2,yph213,r,k,tbn3,tbn4,w, lw,inind,n,md, 
1 xtempl , ytempi , yteinp2 , xi j kdd , eps) 
call iiro(phi23 ,phi22,yph223 ,r,k, tbn3 ,tbn4 ,w, lw,Tnind, n,ind, 
1 xtempl , ytempi , ytemp2 , xi j kdd , eps) 

(phi 3 1 f phill , yph311 , r , k / tbn3 , tbn4 / w, IW/mmd , md , 
1 xtempl , ytempi , ytemp2 , xi j kdd , eps) 
call iim(phi32,phil2,yph321,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , ytemp2 , xi j kdd , eps) 
call iim(phi31,phil2,yph312,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl, ytempi ;ytemp2,xij kdd, eps) 
call iim(phi32,phi22,yph322,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtemp 1 , ytemp 1 , ytemp2 , xi j kdd , eps ) 


call xint 2 ( q3 3 , alpha , mmd , n , nd , f 33 , xx , ans , error, al ) 
call imm(ql3,f33,yql33,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error ) 

call imm(q23,f33,yq233,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , xi jkd , tmp , ans , error ) 
call xint 1 ( q3 3 , alpha , mmd , n , nd , f 3 3 , xx , ans , error , al ) 

call imm(q31,f33,yq331,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi jkdd, xi jkd, tmp, ans , error) 

call iram(q32,f33,yq332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error ) 


call xint2(phi33, alpha, mmd, n,nd,f33, XX, ans, error, al) 

call imm (phil3 , f 3 3 , yphl33 , beta , r , k, tbn3 , tbn4 , w, Iw, mmd , n , md , 
1 xtempl , ytempi , ytemp2 , xijkdd, xi jkd, tmp, ans , error) 
call imm (phi23 , f 33 , yph233 ,beta , r , k, tbn3 , tbn4 , w, Iw, mmd , n, md, 
1 xtempl , ytempi , ytemp2 , xi j kdd , xi jkd , tmp , ans , error) 

call xintl (phi33, alpha, mmd, n,nd,f 33, XX, ans, error, al) 

call imm(phi31,f33,yph331,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl,ytempl,ytemp 2 ,xijkdd,xijkd,tmp,ans, error) 
call imm(phi32,f33,yph332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xijkdd , xi jkd , tmp , ans , error) 

cairmlm(q31,ql3,yq313,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtem^^ 
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call iini (*3l3,yxh311,yi3ii^be,ta,r,k,tbn3,tbn4,w,lw,inind,n,ind, 

1 xtempl , yteinpl , ytenip 2 ,xijkdd,yxijkd,tmp,ans, error) 
call iroi(ql3,yxh321,yi321, beta, r,k,tbn3,tbn4,w,lw, mind, n,ind, 

1 X‘templ,ytempl,ytemp 2 ,xijkdd,yxijkd,tmp,ans, error) 
call inii (ql3 ,yxh331,yl331,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytei[ip2 , xijkdd , yxijkd, tmp, ans , error) 

do i*=l,iitmd 

templ=(cl*yxhlll(i)) + (c2*yxhl21(i)) + (c3*fps*yxhl31(i)) 
temp3= (cl*cl*yllll ( i) ) + (cl*c2*yii21(i) ) + (cl*c3* 

1 fps*yll31(i) ) + (c 2 *cl*yi 211 (i)) + (c2*c2*yl221 
1 (i) ) + (c2*c3*fps*yl231(i) ) + (c3*cl*fps*yl311(i) ) + (c3*c2* 

1 fps*yl321(i) ) + (c3*c3*epc*yl331{i)) 
taoll=templ+qxll ( i ) +temp3 
if (r(i) .le. (2.0*rl) ) then 
hll(i)=-1.0 
else 

hll ( i) =dexp (qll ( i) +taoll) ~1 . OdO 
end if 

xll(i)=hll(i)-qll(i)-taoll 
end do 


call iii(qll,yxhll2,ylll2,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw, xtempl, eps) 

call iii(qll,yxhl22,yll22,yxij,yxjk,r,K,tbn3,tbn4,md,nmd,w, 

1 Iw, xtempl, eps) 

call iii(qll,yxhl32,yll32,yxij,YxjX,r,K,tbn3,tbn4,ad,mBd,w, 

1 Iw, Xtempl, eps) 

call iii(ql2,yxh212,yl212,yxij /yxjk,r,k,tbn3,tbn4,md,nffiid, 

1 Iw, xtempl, eps) 

. , . , . . jv r ]c,tbn3,tbn4,md,romd,w, 

call Iii(ql 2 ,yxh 222 ,yl 222 ,yxi 3 ,yx 3 k,r,x, 

1 Iw, xtempl, eps) ^ . 

• v r k tbn3,tbn4,md,mmd,w, 

call iii(ql2,yxh232,yl232,yxi3 ,yx3K/’^'^' 

1 lw,xte»pl,eps) ^,„ 4 ,„,l„,M.d,n.a.d, 

call “^'9“.y=<h312,yl312,beta,r,K,tt 
1 Xtempl , ytempl , y temp2 , xi^ kdd , yx-^J 
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model in the MSA with nonvanishing size of the ions of the 
electrolyte. The effect of this size is studied particularly at 
high ionic strength by comparison with the results of an one 
component model. The calculated macroion charge in the two 
component model differ from that in the one component model. The 
double layer is also different in the two models. It is pointed 
out that the one component model assumes Debye-Hiickel 
distribution around macroion, which is assumed to remain 
unchanged even as other macroions apparoach. This is certainly 
not the case. The primitive model does not make this assumption 
and calculates macroion-small ion correlation explicitly in the 
presence of other macroions. It is found that macroion-coion 
distribution does not obey Debye-Hiickel distribution. Senators 
and Blum (178) treat a polydisperse micellar system in the 
primitive multicomponent ionic fluid model in the MSA. 

1.13 HNC Calculations on Polyelectrolytes 

Patey (72) carried out the first HNC calculations on 
spherical macroions, at infinite dilution in the presence of 
coions and counter ions in a dielectric continuum. He treats all 
ions on an equal footing. He reports data on macroion-macroion 
potential of mean force and finds significant dependence on 
macroion size and charge density. Heobserves, for certain values 
of parameters, a peak in the macroion-macroion correlation 
function (g >1)# i.e., finds an attractive force between 
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end do 

Q****************************** ****** *********************** 
c FINAL VALUE OF tao AND SUBSEQUENT VALUES OF h AND X FUNCTION 
C ARE CALCULATED. 

Cic’k'kici(ititicicit-k'kici(is':kic-kicicici(-k'kici(iciciciciti(ic-kicicieicici(ici(‘kicicic’ieic-kieic'kicic*iciei('k 

if (nitr.ne.nu)go to 300 
continue 

Q 

Qit’k'k^kifiticic’k'^'k^^fe^’kit'k'kicic'kicic'kic'kifkic'kic’kif’kicic'k'k’k’kicicicicieificic'kicitit'kie'k’kic'k 

C CALCULATIN OF THE h VALUES AVERAGED OVER THE ANGLES. 

Q************ *********************************************** 

do i=l,inind 

if (r(i) .le. (2.0*rl) )hll(i)=-1.0 
if (r(i) .le. (2.0*r2) )h22(i)=-1.0 
if{r(i) .le. (rl+r2) )hl2 (i)=-1.0 
if (r(i) .le. (rl+r2) )h21(i)=-1.0 
end do 
do i=l,inind 

if (r(i) .le. (rl+r3) )then 

hl3d(i)=-1.0 

else 

• do j»=l,n 

tmp{j)=hl3(i, j)*sin(beta(j) ) 

end do 

ifail=l 

call dOlgaf (beta, trap, n,hl3d(i) , error, ifail) 

hl3d(i)*0.5*hl3d(i) 

end if 

end do 

do i=l,inmd 

if {r(i) .le. (r2+r3) )then 

h23d(i)=-1.0 

else 

do j=l,n 

■tmp(j)=h23(i, j)*sin(beta(j) ) 
end do 
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similarly charged macroions, which is contrary to the usual 
belief in colloid chemistry that the forces are repulsive at all 
distances. He interprets it as a macroion dimer held together by 
piled up counterion density. This attractive force has been 
observed by later workers also, in integral equation studies as 
well as in computer simulation studies. Teubner (73) uses 
analytic methods to calculate potential of average force between 
colloidal particles in the HNC approximation in the two limitting 
cases (i) small potentials and (ii) limiting case of large 
spheres with arbitrary charges. The maxima in g versus r plot is 
obtained as in numerical studies of Patey. An expression of the 
force between two identical charged spherical particles has been 
derived by Bell and Levine, (177) and the force is always 
repulsive. The assumptions on which this result is based are no 
more than those inherent in the classical model for the mobile 
ions and their interaction with charged particles, i.e., 
point-like ions with Debye-Hiickel interaction, Poisson-Boltzmann 
theory for ion-colloid correlation. In particular, no assumption 
is made for interaction of colloid particles with themselves. 
Instead, their free energy is obtained rigorously by a charging 
process. Thus the classical theory equivalent to HNC theory for 
ion-colloid interaction circumvents the approximations of HNC 
theory to study colloid-colloid interaction and provides a direct 
test of the latter. On the basis of this argument, Teubner 
concludes that the attraction shown in HNC calculations is an 
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call fft(r,k, tbn3 , xteinpl , ytempl , md , mmd , w , Iw) 
do i=l,inind 

xl{i,l)=ytempl(i) 
end do 
end do 
do jdd=l,n 

do 1=1, nd 
do i=l,mind 

yteinp2(i)=xjk(i, jd, jdd,l) 
end do 

call fft(r,k, tbn3,xteinpl,yteinp2,ind,inind,w,lw) 
do i=l,romd 

x2 { i , 1 ) =yteinp2 ( i ) 
end do 
end do 
do i=l,injnd 
do 1=1, nd 
xtmprl (l)=xl (i, 1) 
ytinprl(l)=0.0 
xtmpr 2 ( 1 ) =x2 { i , 1 ) 
y tinpr2 ( 1 ) =0 . 0 
end do 

c do l=(nd/2}+l,nd 

c xtmpr 1 ( 1 ) =0 . 0 

c ytmprl(l)=0.0 

c xtmpr2 ( 1 ) =0 . 0 

c ytmpr2 (1)=0.0 

c end do 

ndfn(ndiro)=nd 

nfn=ndfn(ndim) 

ifail*0 

call c06f j f (ndim, ndfn, nf n, xtmprl , ytmprl , wl , Iwl , if ail ) 

ndfn(ndira)=nd 

nf n=ndf n (ndim) 

ifail=0 

call c06f j f (ndim, ndfn, nfn , xtmpr2 , ytmpr2 , wl , Iwl , if ail ) 
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of the approximations made in assuming HNC closure, 
i.e., neglect of highly connected bridge diagrams. 

Rosenfeld and Ashcroft (74) showed that within the accuracy 
of present day computer simulation studies, bridge functions 
constitute the same universal family of curves, irrespective of 
the assumed pair potential. Since computer simulation results 
for hard spheres are known accurately, these results can be used 
to handle any potential. The authors suggest that a modified HNC 
equation be solved with one parameter bridge function family 
appropriate to hard spheres and the single parameter (the hard 
sphere packing fraction) can be determined by appealing to the 
requirement of thermodynamic consistency. The assertion of 
universality is demonstrated via the application of this new 
method to a wide class of different potentials including Coulomb 
and Yukawa potential of importance in this thesis. Malijevsky 
and Labik (75) have now carried out this parameterization and 
provided an easy to use formula B(r) , which has to be merely 
added to the interaction potential. Teubner (73) points out on 
the basis of the work of Rosenfeld and Ashcroft (74) that the 
addition of bridge functions is equivalent to adding short range 
repulsive forces and it will nullify the "spurious" short range 
attractive forces. Rossky et al (71) have made similar 

observations in their study of 2:2 electrolytes. 

Khan et al (133) used HNC approximation for 

macroion-macroion correlations and MSA for macro ion-small ion 
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and small ion-small ion correlations. The point ion limit of the 
counter- ions yield an analytic solution for the counter-ion part 
of the problem. This maps the macroion part of the problem onto 
an one-component problem where the macroion interacts via a 
screened Coulomb potential with Guoy-Chapman form of screening 
length and an effective charge that depends on the 
macroion-macroion pair correlations. Khan et al. are constructing 
an one-component model very much the way it is done in the MSA in 
Refs. 129 and 130, excepting that here macroion-macroion 
correlation is treated in the HNC and the rest in the MSA. 
Numerical solutions of the effective one component equation in 
the HNC approximation are presented and in particular the effects 
of macroion charge, non additive core diameters, and added 
electrolyte are examined. There is a strong renormalization of 
the effective macroion charge. At very high charge a second 
melting of colloidal crystals is predicted. A colloidal particle 
of total charge 11000 e (e = electronic charge) has been studied. 
This is the highest charged colloid studied so far . Studies on 
highly charged electrolytes with all ions treated on equal 
footing in the HNC approximation have also been reported. 
Elkoubi et al (134) have applied the HNC theory to asymmetric 
electrolytes (charge ratio -6;+l, size ratio 2:1) to obtain 
information about correlation function and number of ion pairs. 
The study presumably also tests the applicability of the full HNC 
treatment to polyelectrolytes. Rogers (135) study systems with 
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ions of the same size and charge asymmetry upto 20:1. 
Beresford-Smith and Chan (136) treat a dilute but strongly 
interacting colloidal system as an asymmetric electrolyte (radius 
500 A°, charge ratio -120: +1) in the HNC approximation and 
obtain an effective pair potential between macroions which depend 
on the density of the macroion. This is in a spirit similar to 
Refs. 129-130. The colloid-colloid radial distribution function 
can be fitted by an one component model provided the charge is 
treated as an adjustable parameter. The concentration dependence 
is consistent with the presence of many body effects. 
Logarithmic distribution of points in the Fourier transform 
algorithm as used by Rossky and Friedman (70) has been tried, 
but gives no difference from those obtained using the usual even 
spacing of points. Belloni (137) treats a charge asymmetry of 1: 
-40 and size asymmetry of 5:50 A° in the full HNC formulation. 
The value of effective charge is obtained by comparing the 
solution of the full system and the polyion-polyion structure 
factor of the equivalent effective one component system. The 
charge parameter of the dressed macroion model, that gives the 
best fit is the effective charge. A three component system is 
studied by addition of salt to show the effects of screening. 
The +2: -20 electrolyte is also studied briefly, Bratko et al 
(138,104) study colloidal suspensions as asymmetric electrolyte 
in the primitive model and solve Ornstein-Zernike equation mostly 
with the conventional HNC closure as well as with HNC-PY closure 
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(HNC for macroion-macroion, py for the rest) . A itiacroion charge 

as large as 40 and 64 have been studied. Agreement with Monte 

Carlo simulation result is good. The correlation function between 

two macroions show a peak at a distance of 4-5 nm for a macroion 

radius of 1 nm. The conventional HNC closure gives results 

similar to HNC-PY closure, but the convergence is obtained with 

HNC-PY closure in systems, where HNC closure did not give 

convergence. An important difficulty in treating asymmetric 

electrolytes in the HNC approximation is the difficulty of 

obtaining convergence by the usual method, if one uses the two 

component model in the PM. The choice of the closure may improve 

matters, as it seems to do if HNC-PY closure is used. This 

important difficulty is reported in our work in Chapter V, as 

well as by other workers (56,137,138). Abernethy and Gillan (56) 

2 . Z^e 

use a potential of the form (r) = — — r- — + <t> (r /r) , 

r^, m are constants, in particular m = 9. They define two 

parameters tj = | tt p r^(^^/KgT) and F = e^/a^cKgT, p is the 

total ion density and a^ is the ion sphere radius, aQ= 

(3/47Tp) . They solve HNC equation for ionic mixtures, according 

to Gillan 's algorithm (55) , developed for single component 

neutral liquid and find that there is a boundary in the tj, F 

plane, i.e., a region of high density and high charges (low 

temperature) in which solutions to the HNC equations cannot be 

obtained. Linse and Jonsson (139) have done Monte Carlo and HNC 

o 2 

calculations on micelles at a charge density of le/100 A , 
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micellar radius 10A°, i.e.,net charge on the micelle is ~12 
electronic charges, counterion radius 1 A°. Both Monte Carlo and 
HNC fresults show similar features in plots of correlation 
function versus r. In calculation of properties HNC, MSA and 
Poisson Boltzmann theories give about the same error. The 
authors conclude that the additional effort needed for HNC theory 
is not really very meaningful. 

Linse (140, 141) study a two component asymmetric 
electrolyte (1:20) by HNC theory in the two component primitive 
model (TCM) and molecular dynamics simulation. He demonstrates 
that the inherent approximations of MSA and HNC theories make the 
micellar charge values calculated from experimental neutron 
scattering data using these theories less than their nominal 
values. He points out that a smaller value does not indicate 
incomplete ionization. The calculated charge is merely a fitting 
parameter. The HNC theoretic values improves upon the MSA 
theoretic value but are still not correct. Like other workers, 
Linse also explores the possibility of working out an 
one-component potential. One approach is to calculate 
correlation function from OCM using DLVO potential, with variable 
parameters A and B (u(r) = A exp(-r/B)/r, at r greater than hard 
sphere diameter) , and accept those A and B which generates a 
correlation function (in OCM) that fit the TCM data best. The 
other approach, is to fit the TCM data directly with an one 
component 0-Z equation with an HNC closure using effective direct 
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correlation function and an effective potential appearing in 
place of C(r) and U(r), in the same way Belloni (129) and 
Beresford-Smith et al (130) have done in MSA theories and 
Beresford-Smith and Chan (136) in HNC theory. Linse adopts the 
second approach. The V®^^(r) differs from the screened Coulomb 
DLVO potential. The experimental data is to be fitted with 
parameters of the theory either in OCM or in TCM and the 
optimized parameters of fit are the macroion charge (Zj^) and 
micellar aggregation number (n) (number of micellar particles 
being equal to (concentration of the salt minus critical micelles 
concentration) divided by n) . As in the case of MSA theories 
of TCM is physically more meaningful and is different in 
magnitude from that of OCM. Rogers-Young closure is studied and 
is found to give the most accurate structure factor in OCM. On 
comparison with simulation data, HNC theory is found to 

overestimate micelle-ion and ion-ion correlation which results in 
too weak an effective micelle-micelle repulsion. Linse (142) 
uses the effective potentials of OCM and the TCM in PM for 
computer simulation to obtain triplet correlations and find that 
effective potentials underestimate triplet correlation at small 
distances. 

The central problem that makes the use of TCM in the HNC 
closure a difficult proposition is that convergence of the usual 
iterative scheme fails at high particle density and charge of the 
polyion. One possible solution of this problem is to use 
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alternative closures for the solution of O-Z equation. Belloni 
(105) applies mixed integral equation proposed by Zerah and 
Hansen (ZH) a closure that interpolates continuously between the 
Percus-Yevick (PY) and HNC closures for charges of the same sign 
and between HNC and MSA for charges of opposite sign. The 
thermodynamic consistency between the virial and compressibility 
equations of state is obtained by varying the single parameter 
in the switching function. Several methods of choosing this 
parameter are discussed. In weakly screened and highly charged 
suspensions, the ZH equation improves appreciably the HNC 
results. Convergent solutions are obtained at poly ion charge 
inaccessible in the usual HNC theory. The region of divergent 
solutions now shifts to higher charge. In the absence of 
simulation data ZH equation is useful in quantifying the accuracy 
of HNC closure. Fushiki (143) attempts to remove the instability 
of the ordinary iterative method by modifying the iteration 
process. They use a certain distribution of colloids (instead of 
Jellium approximation used in Ref. 130) and calculate C^j(r) (i * 
0, index 0 is for polyion). On the other hand, the colloidal 
distribution is determined from the effective potential 
constructed from (r) (i 0). When both calculations are 
performed with the HNC approximation, it becomes simply the 
multicomponent HNC approximation separated into two parts . In 
each part, one of the two groups of correlation functions namely 
(a) the colloid-colloid correlation function or (b) the 
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colloid-ion and ion-ion correlation functions, are iterated, when 
those of the other group are fixed. The separative method 
removes the instability of an ordinary iterative method to some 
extent. Moreover, it shows that the colloid-colloid correlation 
fucntion is slowly convergent. Fushiki applies Newton-Raphson 
(NR) method to improve the convergence. The separative NR method 
successfully enhances the convergence rate in the large charge 
region. Very much in the spirit of Refs. 129, 130, 136, 140, 
Fushiki derives a V (r) in the one component HNC theory. 
Henderson and Lozada-Cassou (188) have solved the MSA for large 
hard macroions in a -hard sphere dipolar solvent in a dielectric 
continuum whose dielectric constant equals that of the solvent. 
This result shows oscillations in force as a function of 
distance, as has been seen in the direct force measurements 
between mica surfaces by Israelachvili and his group (2) . Lowen 
et al (143) have recently proposed that MD for the macroions be 
combined with density functional description of the microscopic 
ions. 

1.14 Ion-dipole mixture: 

The primitive model which treats the ions explicitly but 
ignores the discrete molecular structure of the solvent, 
including its effect only through the appearance of the solvent 
dielectric constant as the screening constant of Coulombic 
interaction, is clearly an oversimplified model. Friedman and his 


44 



group have made systematic efforts to improve upon the primitive 
model (62,63,66-69) by considerations of classical electrostatics 
in terms of cavity and Gurney terms. The first and a remarkably 
thorough investigation that attempts to consider dipoles 
explicitly by methods of statistical mechanics is due to Jepsen 
and Friedman (145) . It aims to modify the primitive model. It 
also develops the techniques of handling angle-dependent 
potential. We have made extensive use of the Jepsen-Friedman 
method in this thesis. Jepsen and Friedman develop methods for 
calculating the sums of g-bond chain diagrams and thus makes it 
possible to solve HNC equation of an ion-dipole mixture. We 
describe the results in Chapter IV. 

Of the various integral equation theories, MSA received a 
lot of early attention because an analytic solution is possible. 
Wertheim solved MSA for pure fluids of hard spheres with embedded 
dipoles (146). Adelman and Deutsch (147) extended Weitherm's 
method to solve MSA for simple polar mixtures and for mixtures of 
polar and nonpolar molecules. Blum and Torruella (148) developed 
methods of invariant expansion of two body statistical 
correlation functions, which has been extensively used in later 
work on angle-dependent potential. Blum (149,150) extended 
Wertheim' s method of hard spheres with embedded point dipole to 
an arbitrary charge distribution. Adelman and Deutsch (151) , Blum 
(152-154), Chan et al (155) solve MSA for a mixture of ions and 
dipoles. Hoye et al. (156) solved generalized MSA for polar and 
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ionic fluids. Stell (157) has reviewed this method. Patey 
(158) summarize the contributions of MSA, but points out that 
quantitatively it is a poor description of the structural and 
thermodynamic properties. The basis for this conclusion is the 
poor agreement of the MSA results with the results of Monte Carlo 
simulation. Patey used the linearized and quadratic hypernetted 
chain approximation (LHNC, QHNC) to solve the Ornstein-Zernicke 
equation for hard spheres with pure dipoles (158,159) and those 
with pure linear quadrupoles (160) and obtained good agreement 
with Monte-Carlo results. When fluids with both dipoles and 
quadrupoles embedded in the same sphere were studied, the 
agreement with Monte Carlo results was not so good (161) . Patey 
et al (159) solved LHNC and QHNC approximations for fluids of 
dipolar hard spheres and Stockmayer particles. Dependence of 

pair correlation functions and dielectric constant on density and 
dipole moment is studied. The LHNC theory is found to be poor, 
whereas the QHNC theory is found to be excellent. A nonlinear 
truncated HNC (THNC) approximation for dipolar fluids has been 
considered by Chan and Walker (162). Levesque et al (163) have 
studied ion-dipole mixtures in LHNC and QHNC approximation and 
find features in ion-ion correlation not found in the primitive 
model. Solvent separated ion-pairs are found to be important in 
some solutions. Patey et al (164) calculate potential of mean 
force between ions embedded in a dipolar solvent by LHNC 
approximation. The results are in good agreement with Monte 
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Carlo results. The MSA results are poor and unphysical at low 
concentration and small r. The full HNC and RHNC theory for 
systems with angle-dependent potential have been developed by 
Fries and Patey (165) . These theories solve the integral 
equation without using cluster theoretic diagram summations. It 
improves upon RLHNC and RQHNC methods for both dipolar hard 
sphere (165) and Stockmayer (dipolar-Lennard Jones) fluids (166) . 
This is particularly true of static dielectric constant for which 
an accurate theory is difficult to obtain. Perkyns et al (167) 
have applied the RHNC theory to hard spheres with dipoles and 
axially symmetrical quadrupoles and compare the resuls with Monte 
Carlo results and find significant improvement over RLHNC and 
RQHNC results. 

Caillol et al, (168) apply RHNC and RLHNC theory to 1:1 
electrolyte solutions (ion-dipole mixture) and compare the 
results with molecular dynamics simulation results. It is shown 
that the theoretical results and molecular dynamics calculations 
are generally in good agreement for the solvent-solvent and 
ion-solvent correlation functions. The RHNC theory gives much 
better results compared to RLHNC theory for ion-solvent 
correlations and dielectric constant. Unambiguous evaluation of 
ion-ion structure is not possible because of convergence 
difficulties in the molecular dynamics simulations. 

Kusalik and Patey (169-171) apply RHNC theory to ion-dipole 
mixtures. They find that in univalent ions in water like dipolar 
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solvent, inclusion of octupole moment of water affects 

properties, ion solvation and ion-ion and ion-solvent 

distribution functions. Polarizable dipole-tetrahedral 

quadrupole solvent molecules in mixture with ions are studied. 

Solvent polarizability affects properties significantly. Patey's 

group, equipped with the experience gained on RHNC theory of 

mixtures of small ions and dipoles, have treated macroionic 

solution as an ion-dipole mixture in the RHNC theory (172-175) . 

Large sizes could not be handled. In the first study (172) with 

only the macroion and the dipole, the solvent structure was found 

resistant to alteration due to surface charge. Oscillatory 

behaviour of polarization density and mean electrostatic 

potential is observed. In the second paper of this series, 

counter ion response to macroion surface charge (173) is 

studied and significant size effect is observed. The 

relationship that potential of mean force equals charge 

multiplied by mean electrostatic potential is found to be no 

where near the calculated values. Calculated potential of mean 

force shows oscillatory behaviour as a function of distance. 

Patey and his group then proceed (174) to study a mixture of 

macroion, counterion, coion and solvent dipoles (Macroion, KCl, 

H-0) as a function of size and surface charge density (largest 

o2 

charge density 91 A /electronic charge) and obtain results on 
ion and dipole distribution around macroions. Torrie et al (175) 
extend these studies on KCl solution to NaCl solution. The 
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solvent structure around macroion surface is very different from 
that near a planar surface. The ice-like ordering known to occur 
near flat surfaces is seen around macroion surface also, once the 
size exceeds a critical value. All these four papers from 
Patey's group study an infinitely dilute macroion solution and do 
not study macroion-macroion correlation function. Non spherical 
macroion shape has also been studied in RHNC theory of ion-dipole 
mixture (176). 

1.15 Bridge Functions 

It has been mentioned earlier that .HNC theory has assumed 
central importance in the theory of asymmetric electrolytes 
because of the difficulty of carrying out simulation studies. 
Efforts to take into account the bridge diagrams (set equal to 
zero in the HNC closure) and improve the HNC theory have gained 
momentum in recent years. The suggestion of Rosenfeld and 
Ashcroft (74) that bridge diagrams evaluated from hard sphere 
simulation results will apply universally, if true, makes it a 
simple matter to incorporate bridge diagrams (75) . This 
modification is the basis of the so called RHNC (R for Reference) 
or MHNC (M for modified) theories. It gives excellent results 
for simple concentrated systems which are close to hard sphere 
system, but its extension to charged mixtures is not considered 
to be straightforward. Belloni (105) has obtained poor results 
with MHNC in charged mixtures. Good results have also been 
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obtained in several studies (168-171,179). Recent papers have 
appeared that try to include bridge functions, in description of 
ionic systems (180-185). A recent modification of the HNC theory, 
called the three point extension of HNC theory has been developed 
by Lozada-Cassou and his colleagues (186,187,76). In this 
theory, one considers two particles of an one species bulk fluid 
to be joined by an imaginary rigid bar, hence forming a dumb 
bell. This diatomic particle is considered to be one species 
in a two species system, where the other species is a monatomic 
particle. A two particle correlation function between these two 
different particles is calculated as a function of the length of 
the dumb bell, to obtain three particle distribution function, 
which yields through exact Born-Green -Yvon equation the two 
particle distribution function. The two particle distribution 
function so calculated is different from its counter part 
calculated by the usual method because the bridge diagrams for 
the interaction of the two particles joined by the dumb bell are 
taken into account. This is therefore an improved correlation 
function. Some recent reports (188-192) have appeared on 
theoretical calculation of force between macroions in an 
electrolyte using specific models of solvent, which reproduce 
oscillations in force as a function of distance between 
macroions, as observed experimentally by Israelachvili and his 
group (2) . 
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1.16 Integral Equation in Treatment of External Field and Planar 
Interface 

In statistical mechanics of fluids, a set of particles can 
be taken as a source of an external field. Thus if a spherical 
particle in the fluid is taken as a source of an external field, 
then by taking the limit of infinite radius of this particle, in 
an integral equation theory of a bulk fluid, one obtains the 
corresponding theory for a fluid in an external field of planar 
geometry. HNC theory has been modified in this way to study the 
structure of electrolytes near a planar interface, i.e., that of 
the double layer by Henderson and others. The subject has 
recently been reviewed by Henderson and Blum in Chapter 6 of Ref. 
53. HNC theory has not been as successful in handling double 
layer as it has been in the treatment of bulk electrolytes 
indicating need for caution and need for all possible 
improvements in its application to macroionic solutions. If a 
particle can be treated as an external field, the external field 
can also be treated as a particle in the fluid. This approach 
has been used in the treatment of a fluid in an external 
field of planar, cylindrical and spherical geometries (193-196). 
Treatment of external field and older references are also given 
by Percus (48) and Stell (49) . 

17 Molecular Recognition at a Distance 

There are several recent reports in the literature that 
study the orientation of polypeptide hormones directed towards a 
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charged membrane interface. The molecular conformation is found 
to be simultaneously modified and adapted to the receptor 
site. The technique used is Monte Carlo simulation (197,198). 
These effects are basic to molecular recognition at longer range 
than that at which valence forces operate, a theme referred to 
earlier. 

1.18 Structure of this Thesis 

In this background, we describe our investigations in this 
area in the chapters that follow. Chapter II considers Coulombic 
interactions arising from polarization of the macroion dielectric 
in a macroionic solution. We find that the effect will be 
significant only if the charge on the macroion is small, 
otherwise interaction between permanent charges dominate and more 
importantly, if the macroion is nonspherical, then polarization 
effects will show up even if interaction between permanent 
charges are present. chapter III presents the cluster theoretic 
approach to HNC equation, which results in Allnatt's integral 
equation. This equation differs from the usual HNC equation in a 
subtle way. The summation of g-bond chains are carried out to 
obtain convergent sums before highly connected bridge diagrams 
are ignored in the HNC closure. The equation of closure is 
different from that in the general HNC theory developed for 
non-ionic fluids. since, the indication in the literature 
(104,105,133,138,143) is that the choice of suitable closure may 
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reduce the 


t^t'obiem of not obtaining convergence in solution of 
HNC equation, prompted to investigate if the use of 

Allnatt's equation will reduce problem of convergence. All 
existing literature reports (viz. 104 , 105, 133, 138, 140, 141, 143) 
solve the more general HNC equation (not Allnatt equation) using 
powerful numerical algorithms (55,56), which handle the problem 
of long range forces numerically rather than by diagrammatic 

summation. solved Allnatt 's integral equation 

numerically following standard methods developed by other 
workers, in Chapter V and find that the range of macroionic 
charge over which convergent solution of HNC eqution is not 
obtained shifts and macroions of higher charge can be handled. 
The problem does not disappear but becomes less intense. In 
chapter III,we also modify cluster theory of g-bond summation in 
electrolytes and obtain expression of q-bond in systems that have 
substantial effect arising from polarization of macroion 
dielectric by other ions present in solution, small ions and 

macroions. in Chapter IV, we obtain expressions of g-bond sums 
for ion-dipole mixture following the method of Jepsen and 
Friedman (145) and use them to numerically solve Allnatt ^s 

equation for ion-dipole mixture. The theory holds for solutes 
that carry charge and dipole moment both and is easier to program 
compared to RHNC theory of Patey and his group, described above 
(158—176) . It does not hold at liquid densities (however, see 
chapter IV section 6 ) and therefore can applied only to 
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solution in the primitive model, i.e., solvent has to be treated 
a continuum. In Chapter V, we describe numerical methods used 
-the results of numerical calculation. The effect of macroion 
dipole moment, not reported yet, in the literature is found to be 
®i9nificant. We could not however obtain extensive numerical 
data on ion-dipole mixtures, because of very long computation 
time. This work is now being carried out. 
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CHAPTER II 


COULOMBIC INTERACTION IN MACROIONIC SOLUTION 

EFFECT OF POLARIZATION OF MACROION DIELECTRIC 



2.1 Introduction 


When an ion approaches a dielectric d iscontinuity as is 
present on the interface between a macroion and the solvent, it 
induces bound charge at the interface. The ion differentially 
polarizes the two media, because their dielectric constant and 
polarizability are different. The different density of induced 
dipole moments do not cancel off at the interface. The 
interaction between the point charge and the bound charge on the 
macroion-solvent interface gives rise to terms in the energy of 
interaction which are absent in the expression of interaction 
between two point charges. These interactions can also be 
thought of as arising due to the presence of fictitious charges 
called image charges that lie inside in the macroion dielectric, 
while the point ion lies in the solvent medium outside the 
macroion. The formula of energy of a charge distribution near a 
dielectric is a standard problem in electrostatics, yet a closer 
examination of the textbook presentations suggest need for 
further clarification of the physics behind the mathematical 
equations (1-5) . The statistical mechanics of ions near a 
dielectric discontinuity provided by a planar dielectric surface 
has been considered by several authors (6-23) . The problem is of 
interest in the theory of surface tension of electrolytes 
(6,7). An ion senses a repulsive force due to the image charge 
located in air, when it approaches the air water interface from 
the aqueous solvent side. The force would have been attractive if 
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the ion was approaching from the air side of the interface. This 
repulsion decreases ionic concentration at the interface and 
increases surface tension. The planar geometry is also the 
geometry of choice when dielectric constant of macromqlecular 
media have been taken into account in theory because of its 
simplicity. The experiments on forces between bilayers has also 
inspired these theoretical estimates, which makes a realistic 
calculation of forces between bilayers possible. In calculations 
on macromolecular spheres, the image charge has been ignored 
( 24 ) . 

The problem of taking image charges into account is a 
difficult one. An ion induces polarized bound charges in the 
dielectric. The potential arising from the bound charges is 
proportional to the charge of the ion and is a function of the 
spatial co-ordinates. In the ease of the planar dielectric, 
cylindrical co-ordinate is used. The distance z from the surface 
and the (r,0) on the xy plane at z = z^ (z-axis being the line 
perpendicular to the surface passing through the location of the 
point ion) are used to specify potential arising from bound 
charges. The process of polarization by the point ion does not 
create any net charge, by the principle of conservation of 
charge, but reorganizes charge, i.e., creates induced multipole 
moments, whose potential is angle dependent. The polarising 
charge (Q) senses the potential created by virtue of its own 
polarization giving rise to terms in potential energy 
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. 2 

proportional to Q . It also senses the potential created by 
polarization by other charges (Q*), giving rise to terms in 
proportional to QQ'. The potential energy of a system of ions 
near two closely spaced dielectric interface is given by (.10) 
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where 

IS the ion-ion core potential. 

<l>^^ (R , R^) is the potential at R„ created by image effects 

Ir A V 

associated with a unit charge at is the dielectric 

permittivity of the solvent. 

©xt • sh 

{z^) contains the short range wall potentials (V^ ) and 

(if present) the interaction with the uniform surface charge or 

S— s 

the homogeneous background charge and V is the direct 

interaction between two surfaces. Kjellander and Marcel j a 
(10-12) prefer to use image potentials, i.e., potential due to 
bound charges, rather than explicitly considering image charges. 
The potential at a point (^j^f z^) due to a unit point charge 

located at (r^^, Zj^) and the associated induced surface charge at 
the plane of dielectric discontinuity 
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N 

^ factor of half in the 

i/>X=l 

expression of self image potential is to be noted and will be 
discussed in detail in section 2.3. The self image term is the 
term proportional to Q referred to above and the pairwise term 
have been called the term proportional to QQ' above. In the case 
of ions near a wall, the self image term is a function only of 
the z-coordinate of the ion. Thus it is natural to consider it 
as arising from the surface. The surface is not part of the 

system of ions and this potential ”due to the surface" is called 

0vt im , 

V (2„) • The term u,, (r - , z,. z,) when grouped with the 

direct charge-charge interaction potential gives rise to a term 

that is dependent on r^^^^ and therefore is called net interaction 

potential. Unlike the usual pairwise additive Coulomb potential 

in the absence of a surface, this potential although pairwise 

additive for a given configuration of ions, is dependent on z^ 

and z^, i.e., are not translationally invariant. The two terms 
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both arise because of image potential and are therefore coupled, 
r ,z, .z^ cannot be independently varied. The difficulty of 
handling image effect ariseshere. Much of liquid state physics 
formalism has been developed assuming that the external potential 
and the internal many body potentials can be varied independently 
and that the latter are translationally invariant. 

In our system of a macroion and point ions (with size) in a 
dielectric continuum, the macroion is, in a natural way, a 
component, part of the system. We therefore have no external 
potential, as is found in the treatment of planar dielectrics. 
For a system of a macroion and two ions the potential energy of 


interaction is a sum of (a) three two particle charge-charge pair 


potentials ( 




®m®2 




) which depend on the distance 


between three pairs, (b) image charge interactions of and 


with their own respective image potentials (due to bound charges 


polarized by itself) and (c) with image potentials due to the 


other charge (Q^ ^im* 


^1^2 ^im ^2 ^im ‘ ^im 


and are potentials generated by an unit charge that depend 

on coordinates of particles 1 and particle 2. It is shown in 


section 3 , that the terms 




contain terms 


inversely proportional to integral powers of distance bfetween the 


charge and the macroion. These terms can be added to the 


®l®2'^^s^l2 static relative permittivity of the 

solvent term) give an expression ^^12^ ^12 * terms 

®l®2^im^ and QiQ2^im^ depend on and (^2m^ where the 
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origin is the center of the macroion. A similar situation exists 
in interaction with a planar dielectric where u^^ is a function 
of Zj,/ We can write it as terms 

depending on co-ordinates of three particles exist for all other 
pairs. A system of two macroions and one point ion will have the 
added complication of interaction between the polarized bound 
charge distributions on the two macroions. This is in addition 
to the usual charge-charge interaction between the three pairs 
formed by the ion and the two macroions, the interaction between 
ion and the bound charges on the two macroions and the 
interaction between one macroion and the induced bound charge on 
he other. The interaction between the polarized charges is 
called in the image charge language formation of multiple images. 
Further if we ignore these, the potential energy of a system of 
two ions and two macroions will have © 2^02 terms multiplied by a 
function of r^ of one macroion in a coordinate system fixed at 
the origin of the other as well as more complex 

configurations with more macroions, the number of co-ordinates 
increase. It is, a complex many body problem. 

Kjellander and Marcel j a (13,14), for a system of ions near a 
planar interface and between two planar interfaces show that the 
grand canonical partition function and the distribution function 
of the system is equivalent to that of a two dimensional M 
component mixture. A particular layer, i.e., a particular value 
of the co-ordinate z corresponds to a particular "species" in a 
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two dimensional mixture. The theory of an inhomogeneous three 
dimensional fluid near a planar wall can be strictly mapped onto 
the theory for a two dimensional multicomponent homogeneous 
fluid. They have applied this theory to several systems ,(15-18) 
with excellent results. This mapping has become possible because 

of the geometry of the system. At a given z, the wall potential, 

. . . . . 2 
which includes charge-self image interaction (Q terms) , depends 

only on z and the potential between a pair of ions has 

translational invariance on a X-Y plane. 

In some studies (19-21) , the interaction energy between a 
charge and the bound charge polarized by all other ions, which 
depends on the coordinates of all ions in solution is replaced by 
an effective potential energy dependent on the coordinate of only 
this particular charge. The expression of the effective 
potential energy was first given by Onsager and Samaras (6) 
(hereafter called OS potential) and later has been rederived in 
different contexts by other authors (7-12) . It is the 
charge-image interaction energy multiplied by a screening term 
due to the presence of all other charges, the screening term 
being e , where x is the distance of the ion from the 
interface and k is the well known Debye screening constant, 
calculated from bulk ion densities. It is easy to handle this 
term, since it depends only on the coordinate of a single ion, 
effectively an external field due to the wall. The potential has 
been used in Monte Carlo calculations (19,20) ,HNC, as well as in 
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Born-Green-Yvon (BGY) theory (21) . The agreement of HNC 
calculation with OS potential with simulation results, that use 
OS potential and that consider the system of all image charges 
explicitly is good according Torrie et al (19,20) but .is not 
found to be satisfactory by Croxton et al (21) . 

Nicholls and Pratt (7) in their studies on surface tension 
of ionic solutions have treated the system of chai:*ge and image 
charges as an interacting system of charges 
charge-image charge interaction potential, i.e., unscreened OS 
potential, is the usual Coulomb potential; i = image-charge, 

r = real-charge) have used cluster theory under low ionic 
strength limiting condition to derive integral equations 
applicable near a surface and rederive Onsager-Samaras equation 
as the potential of mean force, the screening resulting from 
interaction in the system of image-charges and real charges. In 
contrast to Kjellander and Marcel j a (13,14) they use 
image-charges explicitly. 

Another approach to handling image charges has been the use 
of Modified Poisson-Boltzmann equation (22,23). This theory arose 
out of Kirkwood's early work (25) . Outhwaite has applied lowest 
order Born-Green-Yvon integral equation to the double layer 
problem and has derived a modified Poisson-Boltzmann equation 
(26) . In this approach, a fluctuation potential describes the 
electrostatic potential in the presence of a fixed ion and the 
mean potential that arises from the solution of the 
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Poisson-Boltzmann equation. It has been possible to include 
image forces in the fluctuation potential (22,23). Torrie et al 
(19) find excellent agreement between Monte Carlo calculation 
that includes all image charges explicitly and the prediction of 
modified Poisson-Boltzmann theory and call this theory an 
unqualified success. In all these calculations, only planar 
geometry has been handled. 

In the theory of dielectric constant of a system of polar 
polarizable molecular spheres, the effect of polarizability has 
been considered by many workers (27-33) . Wertheim (28-30) , in 
particular has developded graph theoretical analysis using 
topological reduction and resummation to obtain expressions of 
correlation function in a system of polarizable molecules. We 
have not worked out the relationship of these techniques to the 
topological reduction and resummation methods discussed in 
Chapter III. They are apparently different. It is possible that 
Wertheim' s methods can be used in this problem also. The system 
studied by them are not charged. Wertheim' s method (28-30) and 
that of Hoye and Stell (31) replace the many body forces by 
effective two body angle-dependent forces. Computer experiments 
(34,35) show that such replacements give correct results. 
Polarization effects in ionic systems, with specific reference to 
computer simulation studies are discussed in a recent paper by 
Wilson and Madden (36) . 
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In order to understand effects of polarization of the 
macroion dielectric by a point ion in solution, we found it 
necessary to understand certain standard text book material from 
first principles. This is given in sections 2.2 and 2.3. . 


2.2 Screening Constant of a System of Two Point Ions 

A standard book theorem (1-5) in electrostatics states that 
the field due to a polarized dielectic, outside as well as inside 
a dielectric is given by the field due to a bound surface charge 
density (where n is the outward normal to the surface) and a 
bound volume charge density -V.P, where P is the polarization 
density, i.e., dipole moment per unit volume. The field due to 
the charges that cause polarization has to be superimposed on it 
to obtain the total field. A standard solved example in 
textbooks (3) is that of a point charge at the center of a 
spherical dielectric of relative dielectric permittivity c and 
radius R. The polarization on the surface (the direction of the 
polarization vector is the same as that of the outward pointing 
normal) is given by 


47rR' 


(1 


1 A .V O 

—)n, Since D = — f-n (by Gauss's law using 


spherical symmetry) 




and using D = e E, E = — we obtain P.n = — _ 

® C R"' 47TR^'^ 

s 


at 


all points on the surface. The total surface charge is 
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Q = J ^.n = q| — — j (J da = 47rR^) . It is obvious that this 


result holds even if the surface is not spherical. By 




divergence theorem, for any vector we have Jp.n.da =J div ^ dv 


where V is the volume enclosed by the surface. The enclosed 
dielectric is homogeneous, i.e., div is zero everywhere 
excepting the origin where the free point charge is located (3) . 
This follows from 


D - E 


471 ^ 


("s - 


In a homogeneous dielectric is not a function of position 


div P 




div D 




free 


bound 


= -div ^ 


^bound 


-(^s - 


free 


in a homogeneous dielectric. In addition using spherical 




symmetry of D,E,P, 


divP = i r^P = 0 


. 2 2 
since is constant, P is a function of r alone and r P is 

independent of r. The volume integral of div^ located at the 

origin is calculated by considering a sphere of radius 5 (no 

material inside) around Q, calculate J ^.n'da for this sphere 
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(now the vectors are opposite to n at the outer surface, S' is 
the surface of the sphere of radius 6) and let 5 >0. For the 

C “1 

inner surface, ^.it'da = - Q — ^ (negative sign arises 

because P due to the charge is still pointing radially outward 
and it' points radially inward) . I ^.it d^ = 0 as it should be, 


because the enclosed dielectric is homogeneous and no point 
charge is embedded in the dielectric (V.P = 0 everywhere in the 




enclosed volume) . As 


0, J P.n'da' becomes J div P dv, 


because the inner surface now becomes a point, the origin where Q 
is located. Thus the charge on the inner surface becomes a 
concentrated volume charge at the center of a magnitude 


"s-1 


j . The net charge at the originis “ Q “ Q ] 


The dielectric is then replaced by a polarized point charge 




■j at the origin and a distributed total surface charge 
■] at the surface. The original field generating charge 


Q is also at the origin. The field inside the dielectric is due 


to a net charge = Q - Q ( 




at the origin, if the 


surface is sufficiently far away to make the effect of surface 


charge inconsequential , 


Now that the dielectric has been 


replaced by only polarized charges there is no material left to 
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worry about. Now we bring a second point charge from infinity to 

a point at a distance, r from the origin. The potential energy 

. . . . 00 ^ 
of interaction is given by V(r) = The charge that comes 

in does not cause any additional polarization, because there is 
no matter to polarize. In addition we note that the field 
generating charge is held fixed. The work done on it by the 
charge being brought is not counted, because even though F* 0, 
there is no displacement. One requires external agency to hold 
it in position. But work done by them is not counted as 
electrostatic energy. 

2.3 Energy of a system of charges in the presence of a dielectric 
It is a standard textbook result (1,2) that the work done in 
assembling a system of fixed charges in the presence of a 
dielectric, that they polarize is given by 

1 r 

W = E . D dv, where the integration runs over all space. 

It is easily shown (3) that this expression equals | X p^V dv, 
where the integration has to go over the location of the free 
charge distribution. The V of this expression arises from free 
charges and polarized bound charges. The formula looks similar 
to that of a system of free charges in the absence of the 
dielectric, but it cannot be taken over in the treatment in the 
presence of a dielectric without further justification, because, 
for one, the work done on the polarized body to bring it from an 
unpolarized to a polarized state has to be taken into account. 
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The energy of a system of free charges in the presence of 
dielectrics is at first sight given by 

U = ^ i dv + i Vj^ dv, 

where is the potential at the location of a free charge due to 
other free charges and Vj^ is the potential due to polarized bound 
charges. The factor of a 1/2 in front of the first term is to 
avoid double counting. The second term has no such factor. 
However, the above equation is not quite correct since it holds 
if the dielectric is already polarized. Evidently we must 
consider the energy spent by the system of free charges in 
polarizing the dielectric. The energy of a dielectric body placed 
in an electric field whose sources are located in vacuum and are 
held fixed is given in textbooks (1,2). It is this energy that 
we must subtract from the expression of U given above to obtain 
total energy of the system of free charges. This expression of 
energy of a dielectric body in vacuum in the field of fixed 
charges is - t / P . E dv, where P is the polarisation of the 

V 

dielectric body and is the electric field due to fixed charges 

only, in the absence of dielectric (the polarized dielectric 

modifies this field to E, but we have only E^ in the formula) . 

The integral goes only over the volume of the body, because P = 

1 

0 outside the body. It is easily shown that - r / P . E dv 

2^0 

= + I X Pf Vb dv. This is the work done by the fixed electric 
charges on the dielectric. The charge distribution does work on 
the dielectric by separating charges in the dielectric and 
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, n 

thereby reduces their own energy by ^ X Vj^ dv. Thus, the 
energy of the system of free charges (held fixed) in presence of 
a dielectric is given by 

“total ' i i Pf + ( P, Vfc dv - i 1 pj Vj, dv 

= I X Pf(Vj+Vj^) dv = i X Pf V dv; 

in textbooks (3) starting from — 5 — X E.D. dv. 

o7T 

We now sketch the equivalence used above. 


- i X P.E^ dv = -i X P.E dv (* * P = 0 outside V) 

^ V ° ^ all space 

= + I X P.7 dv= + I X (7.VjP)dv - 5 X (7.P)V^dv 


=+ I X (VjP).n da+i X PfaV'' <”® recall -V.P = Pi,ound'Pb> 
s all space 

at infinity 

1 . 

= 0 + 2 <^b "'^f ^ zero outside V) . 


+ I X p 

V 


b ^f 





dv 


(since it is immaterial, whether the free charges are considered 
as field generating and bound charges as field sensing or vice 
versa) . 

The formula of the energy of the polarized body is obtained 
in the presence of fixed charges. When the dielectric is 
introduced in the presence of already assembled charges, vrork is 
done on the dielectric to bring it to a state of polarization. 
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The polarized body exerts force on the fixed charges, but no work 
is done on them because the source charges are kept in fixed 
location, with the aid of external agencies. The difference in 
energy in the presence and in the absence of the dielectric (i.e. 
change in -5— J" E.D dv) is thus solely due to work done on the 

V 

dielectric to separate the charges, i.e., to polarize it and this 

temn for a dielectric in a vacuum is - :r i P.E dv. If the 

2 o 

dielectric is not in vacuum, but is embedded in another 
dielectric of different permittivity, P is not the polarization, 
but the difference in polarization. This is all about the energy 
stored in the bound charges in the dielectric. However, as the 
bound charges get created, they interact with the sources that 
produce them. This interaction can be equivalently viewed from 
two different angles. In one view, we assemble the source 

charges in the presence of already polarized dielectric. (To 
assume that the dielectric is already polarized is in keeping 
with the spirit of electrostatics, where all field generating 
charges, must be held fixed) . In the other equivalent view, the 
source charges are held fixed. The bound charges, when 

absent, i.e., before polarization, can be thought to be at 

infinity. Polarization process ''assembles''them at their final 
location, in the field of the fixed source charges. The energy 
of this interaction is thus / Vj^ dv and equivalently S Pj^ 
dv. 


81 



In the presentation given above, we assemble the free 
charges in the presence of an already polarized dielectric (U = | 
i dv + J then again polarize the dielectric in 

the presence of already assembled free charges (U = - ^ X p^ Vj^ 
dv) ) . This sequence is a little complex since it is not clear 
whether free charges are assembled first or the dielectric is 
polarized first. 

An equivalent simpler way to assemble the configuration of 
free charges and the dielectric is to first assemble the free 
charges, work done by the external agency being Pf 
then one inserts the dielectric keeping the free charges fixed. 
In doing so, the free charges spend an energy |x p^ ^b^^’ 
external agency replenishes this to keep the free charges fixed. 
Total work done by the external agency = | i p£ V dv, where V = 
+ Vj^. This is the total energy of the system of free charges 
in the presence of a dielectric. 


The result obtained by a mathematical transformation of 
1 ^ ^ 1 

■= — X E.D.dv to r X p^ V dv IS the same as that obtained 
OTT 2 t 

above, but the identification of different contributions to 
I X p^ V dv makes the physics clearer. Amongst textbooks Jackson 
(1) mentions the mathematical equivalence of the two, Corson and 
Lorrain (3) assumes that the energy is | X p^ V dv without 
justification and Griffiths (4) identifies ^ijQ-tal “ ^free 


'^bound 


+ W 


spring * 


His W 


sorina 


is the energy stored in the 


dielectric. But he states, without proof that Wj^Q^nd 
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W a statement, which as we understand, is incorrect. 

spring 

The problem of the calculation of energy of two interacting 
point charges in a dieiectric medium (section 2.2) is more easily 

handled using this formula. The Poisson's equation of a point 

. . . . . 2 ... 

ion Q in a dielectric (e ) is c V ^ = Q. This xs equivalent to 

5 5 

2 

7 ^ = Q/e , i.e. the mathematical equivalent of being able to 
replace the dielectric, by merely reducing the charge by a factor 
of 1/c to get the effect of the dielectric polarization. A bound 

charge -Q( — - — ) is thus created at the location of the point 


ion. 


Two ions of charge Q^, 


Q 2 at a distance r in the 


dielectric, are both replaced by Q,/e_ and Q^/c in vacuum. 

X s ^ s 


. 1 1 ( 
Energy calculation uses the formula ~ Ip^Vdv = 2 1^1 

^ AN V 


^1^2 


+Q- - 
c r 2 c 
s s 




2.4 Screening Constant of a System of an Ion and a Macroion 

Let us now consider a system of a point ion and a macroion 
(surface charge density cr, radius r^, relative dielectric 
permittivity , embedded in the solvent dielectric (of infinite 
extent) of relative dielectric permittivity e . (The following 
development on electrostatics follows Landau and Lifshitz (2)). 
We combine three equations D = cE, divD =0, E = 7^, to obtain 

div (e 7 <p) =0 

The equation becomes the ordinary Laplace's equation only in a 
homogeneous dielectric medium. The boundary conditions on the 
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surface separating two isotropic dielectrics written in terms of 


potential are <p^ = <p^, (d<p^/dn) = (d4>^/dn)+4n(T, where 

d<(>/dn is the component of in the direction outward normal, to 

the interface between 1 and 2, pointing from 1 to 2 and a is the 

charge density at the interface. This equation becomes the 

ordinary Laplaces equation 7^ = 0, if c is not a function of 

position, i.e., if the dielectric is homogeneous. If a 

dielectric medium is piecewise homogeneous, then it reduces to 

V <f> = 0 in each homogeneous region, so that the dielectric 

permeability appears only through the boundary conditions and in 

the Poisson's equation that holds at the location of the- point 

charge. The charge Q is located in the homogeneous dielectric 

2 

continuum of permittivity e . So Poisson's equation is c V (f> =Q 

s s 

2 

or, V <f> = Q/c_- The boundary conditions, as is easily seen 

above, involve only the ratio of the dielectric peirmeabilities of 
the two adjoining media. In particular, the boundary condition 
of an electrostatic problem for a dielectric body of permeability 
surrounded by a medium of permeability (with charge density 
or at the interface) is the same as for a body of permeability 
^2'^^1 ® vacuum with a charge density cr/e^ at the 

interface. The real system under consideration by us is a 
dielectric sphere of radius r of dielectric constant c, and 
charge density a embedded in a dielectric continuum of dielectric 


constant with a polarizing charge of magnitude Q at a distance 
d^ from the center of the sphere. The equivalengt simpler 
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system is a sphere of radius r^, dielectric permittivity 
and surface charge density placed in vacuum at a distance d^ 

from the point charge which now has a magnitude Q/e . There is 
only one dielectric discontinuity, i.e., at the' surface of the 
sphere. We will therefore ■ have polarized bound charge at the 
interface. In the real system the point ion differentially 
polarizes the solvent and the macroion dielectric resulting in a 
surface charge along the interface of the macroion and solvent. 
In the simpler model system, the vacuum is not polarized, the 
medium in the sphere (dielectric permittivity e./e ) is 
polarized, to result in induced surface charge density. Since 
relative permittivity undergoes a step change at the macroion 
surface, we obtain a nonzero value of -V.P, which in this case is 

f \ Q O 

the surface charge - ajrCf P) is s delta function at r = r^, 

. 2 

since r P undergoes a step charge at r = r^, this 5(r--r^) 
converts the volume charge to a surface chargej . The energy of 
interaction is calculated from the expression r S p^Vdv where V 

^ V ^ 

arises from both free and bound charges. Thus, to calculate 
energy, we require the magnitude of electrical potential at the 
location of free charges. This is done by solving Laplace's 
Equation. We solve Laplace's equation for the simpler equivalent 
problem of a sphere of dielectric permittivity radius r^ 

and surface charge density cr/c^ embedded in vacuum with a charge 
of magnitude Q/e^ at a distance d^ from the canter to obtain 
values of V at all points in space, in particular at the location 
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1 

of free charges to be able to compute 5 ‘ Since the net 

induced charge on the surface of dielectric discontinuity is 
zero, by principle of conservation of charge, the potential 
energy of interaction between the spherical surface charge of 
macroionic sphere (permanent and glued to the surface) and the 
nonspherical induced charge distribution turns out to be zero. If 
we consider the permanent surface charge distribution to lie 
inside the induced charge distribution on the same surface (the 
energy is invariant to whether it is considered to be inside or 
outside, so long as they are both very close to the surface) , we 
can, by using Gauss's Law replace the spherically symmetric 
permanent surface charge distribution by a point charge at the 
center. The interaction of this point charge (Q^) with the 
nonspherical induced charge distribution (cie ) , azimuthal 
symmetry) 

U = J J ®1 — r^sine d© d<p = JJ cr(©)sin© d© d^ (2) 

^o 

The integral is proportional to the net induced charge and its 
magnitude is zero; making U = 0. 

We only require V at the location of the point charge Q to 
calculate (|) i V dv. In the following, we solve Laplace's 
equation. 

The general form of the solution of Laplace's equation is 
given by: 
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cos© 


(3) 


<f>. 


r < r < 
o o 


cx> 


y a 

r” P 

L n 

n 

11 

o 

1 

00 

Y 

_ Q 

c d 

L 

s o 

n=0 




^ 00 N n 00 

cTd~ I (“d“) I ®n 

SO * O' ^ 

n=0 n=0 


r"^"^ (4) 


0^ 


d < r < CO n=0 

o 


00,(1x11 00 

1 ( -i-) I \ ^ ''n<«> 


n=0 


(5) 


Boundary Conditions are: 

(1) (a) = <l>2 Sit r = r^; 

(b) ^2 “ ^3 ^ ~ automatically satisfied 

by virtue of the form of Eqs. (2) and (3) , 

(2) (a) n. (V 4>2 " ^ = - ^nia/c^) at r = r^ 

5^2 ( 'I 

(b) This condition is automatically fulfilled at r = d^ 
From boundary condition 2(a), we obtain 

F-a- I " • — ^ '■«'“) I (-"- 1 ) C 

® ° n=0 '^o n=0 


- [ I »n " • fn(«> ] = 

n=0 

We now equate terms of the same n on both sides of the equation. 
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This is possible because the equations hold at the same r for all 
e and because of the orthonormality of the Legendre Polynomials. 
We then obtain fortthe n = 0 term 

- 4nar^ 

■®o ■'o ' “ — 

s 

2 

We define total chdr^e on the macroion = (Anr^)<T 



s 

The n = 0 term is r; the contribution of the net charge of the 
macroion to the field outside the sphere at r = d^ 


0™ Q 
(^2^ = “E— f- + 

s o 


c d 
s o 


(7) 


1 

The formula U = ^ Xp^V dv gives rise to the well known screened 
charge-charge intergetion term 
TT_lfQ 

^ “ 2 \ e d^ * ^ ® 

V s o so-' so 


( 8 ) 


The term is not part of energy of interaction. It is 

however part of total energy. Terms with n 0; similarly give 


.n-l 


e_d 
s o 


n 


,n 


- Bl-(n+l) r;"-l 




From boundary cSndition 1(a), we have 
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1 I (-4^)" ^n(») - I ^ 

S 0 ^'‘ 0 ^ ^ 


Equating coefficients of Pj^(4) for each n, we obtain for n = 0, 


a - +-1° 


+ _ 3 _ 

‘=s'*o 


and for n 9t 0 


*n c d 

s 






+ B„ . 

n o 


Rearranging Eq. (6) we obtain 




— S- n — ^ - B (n+l) r""'^ 

'^s'^o d" " ° 

o 


or, r^ 
n o 




s „ n+l -n-2 

^ JD • — — j7 

n n o 


n o 




s „ n+l _“n-l 
n* n ’ ^o 


Equating R.H.S. of Eqs. (9) and (10) we obtain 


0 ( o n ^ -(n+l) 

c_d_ d_ n o 


( ^ ) ( Q_) 

1 so o 


_ / s. . n+l , -(n+l) 

^ ®n ' n ' ^o 
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or, 


“(n+l) r /n+1. V , , 1 _ Q ,^o .n ^ . 

®n ""o 1 ^ / ■ ^rH" ^ ^ 

^ 1 -'SCO 1 


or, 


®n = 


s o 




1 + (^) (- 


r^+1 (Jj 
o ' e. 


- 1 ) 


( 13 ) 


where n * 0. 

The potential outside the sphere due to the nth induced multipole 
on the sphere is given by r~ . The point charge that 
senses the field lies on the z-axis, i.e., u = cose=l = 1 
for all n. We then obtain 




c^d 
s o 


o. n 


1 + (— 
\ n ' ''• 


*=1 




(14) 


We recall that the energy is calculated by taking the energy of 
the free charges in the field of free and bound charges. The 
free point charge has a magnitude Q. The interaction energy 
between the charge Q and the potential due to the nth 
(n^l) induced multipole (with a factor 1/2) is 


E(n)= i Q v(")= ^ (4^)^''^^ 


2e_d ' d 
so o 


1 + (Hii) ( — ~) 


— (^ - 1 ) 
. ^1 


(15) 


The leading term n = 1, the dipolar term is 
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1 


- 1 ) 


■ 

so o 


1 + 2 (— ^) 


The n = 0 term contributes in the expression of interaction 
energy . 


^o = 


Q Q 


^ — , as obtained in Eq. (8) 


s o 


Setting Q = a we obtain 


QQ. 


E = E + E,= j 
o 1 e_d 


m 


1 + ? 


2(l+2(Cg/c^)) 


( 4 ^)^ - 1 ) ] 


(16) 


g-Q >- ■' '"S'~l'' O 1 

Summing over terms involving multipoles higher than dipole 


E 


QQ. 


m 


e_d 
s o 


[^-11 

n 


1 


1 + ( 


n+1 

n 




2n+l 



(17) 


1 1 

The term in the bracket multiplied by is called , the 

^s ^eff 

inverse of the effective screening constant of the charge-charge 

interaction term. In the limit e, = e , and in the limit d »r , 

Is o o 

, 1 
it reduces to — — . 

We may now verify that the potential energy of the permanent 
charge distribution on the macroionic surface due to interaction 
with bound polarized surface charge is zero. The energy of is 
given by 
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u = Jpf <t>j_ (r = r^) da 


s n 

= 1 J 

n s 

= ^ J ^n ^o 

n s 

(since p^ is constant on the surface) 
r- 2 r^ 

= I Pf 2TrrQ J (cose) sine de 


+1 +1 

The term with n^tO go to zero, since / P_(x) dx = J P (x)P_(x)dx 

"1 ^ “1 ^ ^ 

= "no 

2 ^‘s 

. . U = a^ p^ note p^ = —^r where p^ is the surface 

s 

charge density of the model problem and cr is the actual surface 

o 

charge density) 


j^(Pj4nr= ) + ^ 

s o 


Qm 


s^o 


(p^.47rr^) 


QQ 


m 


S O 


A 

s o 


( 18 ) 


This first term has already been counted. The second term is the 
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self energy term of the macroion charge. It is not counted as 
energy of interaction. Thus macroionic surface charge gives zero 
interaction energy with bound polarized charge. 


2.5 Point ion-Macroion Interaction, Viewed from the Macroion and 
the point ion 

An apparent dichotomy arises if we look at point-ion 

macroion interaction, treating macroion in the field of point ion 

and the charges polarized by it in the dielectrics or in the 

reverse order, treating point ion in the field of macroion and 

the charges polarized by it in the dielectrics. The dielectric 

is an infinite solvent dielectric (c^) with a macroion dielectric 

(e.) embedded in it. If point ion (Q) is the polarizing charge. 

It induces +Q( — - — ) on the surface, which is far away and 

‘'s 

-Q( — - — ), the cavity charge, which lies at the location of point 
^s 

ion Q. It also induces a charge distribution with a net charge 
zero (principle of conservation of charge) on the surface of the 
macroion. This induction takes away the spherical symmetry of 
the problem. We are no longer allowed to write the following 
equality, which we did for a point charge in the absence of the 


dielectric 


r ^ 2 . . 

(D.n) da = 47rR (or its equivalent for E) 

^ o ^ o 

Therefore we cannot write D = — ^ and P = (^- — ) — 

-02 n ' ' >i„t.2 

R s 4TrR 
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r s 

P da = Q(— r — ) still holds, since the net charge in the 
J n Eg 

s 

dielectric is still Q. Thus the total charge Q( — - — ) is 

^s 

distributed non-spherically on the surface. The magnitude of the 
cavity charge, by principle of conservation of charge is its 
negative. Now that the dielectric is polarized, it can be 

replaced by the induced surface charges. We can now place the 
macroion surface charge of density cr. It interacts with the 

point charge Q, and the induced charge -Q( ) lying at the 

^s 

identical location, i.e., with a net charge Q/e . This term is 

s 

QQjj^/e^. The energy of interaction of macroion surface charge 
with the induced charge on the macroion surface is zero as shown 
in section 2.4. The energy of interaction of Q with the surface 
charges induced by it is calculated in section 2.4. The energy 
of the polarized dielectric in the presence of the free charges 

has also been included there. 

% 

Let us now consider the problem in the reverse order. Let 

the macroion be the field-generating charge. The interaction 

energy is to be calculated as a sum of interaction energy of the 

point charge with the macroion and the charges induced by 

polarization due to the macroion. Let us first consider the 

macroion (r^, e^) located inside a spherical solvent dielectric 

(R,c ), the center of the macroion coinciding with that of the 
s 
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spherical dielectric. The field due to the macroion at the 

dielectric surface is unaffected by and therefore J P.n da at 

s 

the surface of the dielectric is given by Q' ( ) , where 

Q' = Anr^cr . As seen earlier S P-n da is the net surface charge 

s 

on the dielectric surface. The induced volume charge 

(divP) is localised on the macroion surface because * 0 on 
this surface. The principle of conservation of charge dictates 

that the net induced charge on the interface is -Q' ( — - — ) . To 

^s 

. . . 2 

this we add macroion charge density cr (Q' = 4TTr^or) . Then the 

dielectric is removed. Only the charges, induced and permanent 

remain. The net charge inside the Gaussian sphere that encloses 

the macroion at the center and has the point ion on its surface, 

. O' . . . 00 ' 

IS — ^ . The interaction energy is then -g~ -' . It appears, as 

s s 

though, a difference is arising from the results of the analysis, 
which treats the point charge as the field generating charge. In 
the problem of a point ion in a spherical dielectric, the induced 
charge is a point charge, in contrast to the problem of a 
macroion where the induced charge is a distribution of charge on 
the interface. Whereas the point charge is not polarizable, the 
induced charge distribution is polarizable. The net charge of 
the distribution remains unaltered as a point charge is placed at 
a finite distance d^ but the distribution is polarized. The 
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resulting field is no longer given by the total charge on the 
macroion surface alone. The dipole and the higher mulltipole 
moments have to be considered. The polarizability of this 
induced charge distribution depends on and and is 
calculated by solving Laplace's equations. The magnitude of the 
induced charge as well as the polarizabilities of the 
distribution owe their origin to the different dielectric 
constant of the macroion dielectric and the solvent dielectric 
when the dielectrics are replaced by induced charges. The 
•'memory” of the dielectrics remain not only in the magnitude of 
the charge, but also in the polarizability of the distribution. 
The text book example of induced charge is a point charge, which 
has no polarizability. If these polarizabilities are taken into 
account, then the point charge at a distance d^, will induce 
moments, dipole as well as higher multipoles and the interaction 
energy will include, interaction energies between macroion charge 
and multipoles induced at the interface by the p;oint charge. 
Once we take the polarizabilities of the induced charge 
distribution into account, it ceases to matter whether we take 
the macroion or the point ion as the charge generating object. 
The polarization by the point charge (which in this analysis 
occurs in vacuum) alters interactions of the macroion charge and 
polarized charges at the interface, i.e., modifies the self 
energy of the field generating charge. This 'self energy' is 
part of the interaction energy, because it disappears if the 
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magnitude of the point charge is set equal to zero or if it is 
shifted to infinity. 

We may note that the simpler equivalent dielectric problem, 

of a dielectric sphere (r , c./c , a/c ) in vacuum (section 2.4), 

O X s s 

introduces the effect of the cavity charge by replacing cr by cr/c 
right at the outset. It is not embedded in a solvent dielectric 
of permittivity c and therefore formally does not have a cavity 

o 

or a cavity charge. The polarized bound charges at the interface 
is the same in the simplified model problem as in the original 
problem, as shown in section 2.4. 

None of this dichotomy or confusion arises if one formally 
solves the Boundary value problem. 


2.6 Screening Constant of a System of Two Interacting Macroions 
Macroion 1 will interact with the charges it polaizes on the 
surface of macroion 2 and vice versa. The interaction energy can 
be calculated, after the dielectrics are replaced by replacing 
the permanent surface charge distribution by an equivalent point 
charge at the center. The interaction energy is 


U = 


QQ' 


c --d 
eff o 


_ QQ^ 


QQ' 


c_d 
s o 


eff 



(19) 


The treatment of point ion-macroion interaction takes the 
interaction between point ion and the total induced charge 
distribution into account, i.e. between point ion and all the 
induced multipoles. While treating the system of two macroions. 
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we have not calculated interaction between the two induced charge 
distributions, as well as interactions arising from moments 
induced by the induced multipole moments. These interactions are 
of higher order, but will contribute significantly at short 
distances. For a system of two interacting macroions, we obtain. 



The term within the [ ] is called for macroion-macroion 

interaction. In the limit e„ = e, and in the limit d »r^, it 

si o o 

reduces to — ^ . 

2.7 Numerical Estimates of Effective Screening Constant: 
Significant Modification of the Screening Constant for a 
Nonspherical Particle 

The leading term in the summation of Eg. (16) with n=l, 
(the dipolar term) and with = 80, = 5, gives at r^= d^ a 

value of about the limiting value for » e^. If the 

macroion charge is very low, such that a = 1, then it is a 
significant interaction. Then, « 64. But even in system of 

moderate charge density on raacroion surface (net charge = 25 
electronic charges) the interaction of the polarized charge 
distribution with the polarizing charge is negligible. Eg. (16) 
only incorporates a two-body interaction. The interaction of the 
system of a charge and its image charge, with other charges and 
of the charge with the image-charges due to other charges leads 
to a screening, represented by Onsager-Samaras potential for a 
planar surface. Irrespective of the form of the screening term 
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for a spherical surface, (the screening in any case only 
reduces the interaction) the image interaction will not be 
significant unless the macroion is virtually uncharged. The 
macroion-macroion interaction potential does not have the problem 
of having an a « 1 (Eg. 16) . For two equally charged macroions 
a = 1. But then the distance of closest approach is d^ = 2r^. In 
the n = 1 term the term that adds to 1 in the bracketted 
expression of Eg. (16) is ^ . In the macroion-macroion 
interaction of Eg. (18), this gets multiplied by 2. The value of 

at the distance of shortest approach is -76 and approaches 
80 at larger distances. Thus, we are justified in leaving out the 
image interactions altogether in calculations in Chapter III. 
However, the following consideration shows that the effect will 
be significant if the macroion deviates from spherical symmetry. 

The zero interaction energy between the permanent surface 
charge and the induced surface charge owes its origin to the 
spherical symmetry of the macroion. For non-spherical particles, 
this interaction will not be zero. 

The energy of interaction between a fixed charge 
distribution and an induced charge distribution on the macroion 
surface is given by 


u 



*^fixed 


ie,(P) 


‘^induced 



<f>') 


where da and da' are located at i^(= r,6,<j>) and r',©',^') 

respectively. In general this integral cannot vanish. 
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The point ion-macroion polarization effect turned out to be 
. . 2 

negligible only because Q « QQ' (a « 1) . But if the macroion 
is not spherical, the polarization effect will yield terms 

proportional to QQ' since Q' = 47rr^ ^'fixed ‘^induced 

proportional to Q. Thus a being «1 will not matter. This 
effect will no longer be negligible. Since this term is 

proportional QQ', it can be formally said to modify the screening 
constant (unlike terms proportional to Q which are included to 
modify screening constant for purposes of calculation only) . 
Presence of a permanent dipole moment on the macroion will also 
introduce terms representing interaction with polarized charges, 
for spherical as well as nonspherical macroion. For 
macroion-macroion interaction, a = 1. The distance of shortest 
approach is d^(min) = 2r^, where r^ is the macroion radius. 
As compared to a point ion, the polarizing macroion will be 

further off from the macroion being polarized, but its charge 
being larger, the induced change on its surface will be 
significant. The interaction energy of the charge of the 
macroion being polarized with the polarized charges on its own 
surface is going to be substantial. 

Presence of OS-type screening constant (the form may or may 

— 2icx . . ♦ 

not remain e , where x is distance from macroion center) will 

modify this interaction energy, but at not too high a k, (viz. 

-10®) , the screening will not lower the interaction by an order 

of magnitude. 
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2.8 Polarized Charge Distribution at the Macroion Surface 

The model problem treated in 2.4 has vacuum in the exterior 
and dielectric permittivity in the interior. The ^.ri can 
therefore be calculated by considering only the polarization on 
the internal surface. The magnitude of (using ^ = ^^(D-E) 


1 

47T 



- 1 }( - — H 


]| 




We first note that n=0 term does not contribute to the 

angular dependence of P.n, which is given by Pj^(4) each 

term. We note is positive, if Q is positive and vice versa. 

For the dipole term P. (u) = cose. At e = 0 , P (u) = 1, e. < e 

JL jL X S 

therefore the induced charge is positive if Q is positive and 

vice versa. Maximum value of P^(4) is 1. Therefore the maximum 

density of induced charge is at 6=0°. At e = 90°, P^(u) = 0 and 

it is negative at 9 > 90°. The equatorial charge density is 

zero. The hemisphere closer to the point charge carries the same 

sign as that of the point charge. The reverse is true for the 

other hemisphere. The net interaction is repulsive. The same is 

true for charge-planar dielectric systems (11,12). The net 

induced charge is zero, because 

n 

J Pj^ (cose) da = 2nr^ J P^ (cose) sine de 
s o 

+1 


= 0, (using 


-1 


P„(x) P^(x) dx = S) 
n o' ' no' 
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CHAPTER Hi 


HNC THEORY OF MACROMOLECULES INTERACTING THROUGH CENTRAL POTENTIAL 



Introduction 


In this chapter, we describe the method used by us to 
calculate correlation function of macroionic particles in 
solution. This method has been developed by Mayer, Meeron, 
Allnatt and has been used in calculating correlation function of 
ionic solution by Rasaiah and Friedman. The method has been 
described from first principles. The computer implementation are 
discussed in Chapter 5 . In section 3.9, we describe a 
modification of the method, developed by us, in order to treat 
Coulombic systems, whose screening constant is a function of 
interparticle distance. In Chapter 2, we have seen how such a 
situation arises because of polarization of macroionic particles. 


3.1 STATISTICAL MECHANICAL PRELIMINARIES 

In statistical mechanics, one is interested in calculating 
properties of a system of many interacting particles. The 
mechanical state of the system is not completely specified. The 
preparation of the system places only gross constraints, such as 
specification of energy, and volume, but does not specify the 
position and velocity of an Avogadro number of particles. Thus 
the system has a range of accessible mechanical states in phase 
space, rather than an unique mechanical state. In geometrical 
language, a volume in phase space, rather than a single point is 
necessary to characterize its state. Specification of a 
mechanical state would require a single point. For calculation of 
properties, one assigns weight factors to every point in the 
accessible region in phase space. The measured equilibrium 
property of the system is identified as (for mechanical 



properties) the average of the mechanical property defined at each 
point in phase space over the accessible region, duly weighted by 
the appropriate weight factor. Properties like entropy which have 
no mechanical counterpart are also calculated from these weight 
factors. The specification of the range of accessible states 
defines an ensemble. If the system is in a heat bath at 
temperature T and is enclosed in an impermeable container, then 
states of all energies (not exceeding that of the heat bath) are 
accessible to the system, the number of particles remaining fixed. 
This collection of accessible states is called a canonical 
ensemble. The weight factor of a mechanical state with particle 1 
at r^, and having momentum particle 2 at ^^id having 

momentum ^2 particle N at having an energy E (= T+V) (the 

temperature of the bath being T) is given, in the canonical 
ensemble, as 

exp ( -E/kT) dp^ . . . dp 3 j^dr^ . . . dr 3 

P (r3^....rj^) = ^ (1) 

where Z, the partition function is Jexp(-E/kT) dp^^ . . . . dp^^j 
dr^^. . .dr^j^. In a more general ensemble, called the Grand Canonical 
ensemble, the number of particles can also vary in addition to 
energy, in going from one accessible state to another. The 
mechanical states are characterized by both. The energy is denoted 
by Ejj (^, p) where N is a set that specifies composition of the 
particle set N. , is a set , r_....?^ and so is The 

weight factor in the grand canonical ensemble of a state with (i) 
particle 1 at r^^ and having momentum particle 2 at 

••• ‘Particle N at and having momentum p^^ (ii) the energy of 



the system being E, (iii) the chemical potential of the bath being 
4 and (iv)its temperature being T, is given by 


(^1 exp(-E/kT) exp(iJ.)l/kT) / © (2) 

where © the grand canonical partition function given © = E 

N 

exp(it.ii/kT) Z^; it. 4 = EN^ 4 j^; and is the canonical partition 
function of a N particle system. 

3.2 DISTRIBUTION FUNCTION 

In the development of the theory, sums of these weight 

factors play an important role. One such is n-particle 

distribution function ? ) which is the sum of weight 

n in 

factors of all states which have position coordinates of any set 
of n particles, l,2,....n, at have varying 

momenta of all particles and varying coordinates of particles 

n+1 N (all particles unlabelled) . The expression of in the 

canonical ensemble is 

N! I . . .d?„ 

:± ^ ^ U+1 N 

n^ (N-n) ! 

J exp (-Uj^ (r^ • • 

(3) 

N' 

where the factor . arises out of the fact that ' we are 

(N— n) ! 

considering unlabelled particles. We note that 




is more specifically called the generic distribution function 
in contrast to the specific distribution function (?^....r^), 
whose expression is identical, except that N!/(N-n) ! is left out. 
The simplest distribution fucntion is The quantity 
p^^^ is the sum of the weight factors of all states that 
share the common property of having any one of the particles, in 
an infinitesimal volume element around In a homogeneous fluid 
p|^^ is independent of r^ and we obtain 


1 

V 


1 


P<^> (?i) 



1 r N! 

V \(N-1) 


t} 



the density. 


The quantity p^^^ weight factors of all 
states that share the common property that any one particle 
(unlabelled) is located within an infinitesimal volume element 
around and another particle is located within an infinitesimal 
volume element around In the more usual language, it is the 
probability that one molecule is found within d?^ around and 
another in dr 2 at In a fluid without an external field, p^^^ 
depends only on interparticle separation 


P 


( 2 ) 




(r 


12 


) . 


The independence of p^^^ 
to write. 


of absolute location in space allows us 



JJ '^’^1 '^^2 ' JI “ J '^^1 J P ‘^’ <'^12)'3? 


12 


V 

= V 


V 


V 


V 


( 2 ) , ._ » jt > 


N! 


J ^^^12^ ^^12 (N-2)! 


= N(N-l) (using Eg. (4)). If the 


V 


distribution is completely random, the distribution function p 
becomes 


(n) 


p (r^ r^) ar^ dr^^ (N-n) ! V 


dr. 


d? 


n 


• V V ' 

since the probability (or the weight factor) is uniform. We 
(n) _ N! 


obtain p 


However, in all real systems of 


V*^(N-n) ! 

interacting particles, the distribution deviates from random, and 
a measure of this deviation is called correlation function. It 
is defined by the relation 

^n^ = p^^^ (^^) ^n^^l ^n^ 


In a system of non-interacting particles, p^^^ = ^ and we obtain 

g^^^ = — — =1 + 0 (i) . Thus g^^^ = 1 only in the limit 

^ „n (N-n) ! N' ^ •* 


N* 


N- 


.(n) 


» 00 . In a fluid, g' ' has the following properties. 


pO) = p" g'"> 


(n) 


From the expression of we obtain. 


Cr(^) ^ \ 


N! 


J. .Jexp(-u(?^. . .^j^)/kT)d^, 


n+1' 


N (N-n) ! 


IN* 1 . . 1 

Noting that — ^ (N-n) 1~ ^ ignoring the term 0(^),we 

N ' ' * 


have 



“ 


Jexp(-u(r‘^ r^)/kT)dr^^j^. . .dr^ 


The normalization of is given by 


V 


n 




(n) 

g^ ^ (r^. 


•^n> 


dr. 


.dr. 


N! 


n 


N^(N-n) 


= 1+0 (i) 


A two particle correlation function in a fluid without an 

external field has the property of g^^^ ^ 2 ^ ~ ^^12^ ‘ 

the interparticle potential is not angle dependent as in the case 

. (2) 

of forces between 10 ns, g is dependent only on interparticle 

. . . ^2^ . 
distance r^ 2 * Normalization of g' ' is given by 



J J g(2> <*^2 


The term 0 







d^^ d^ 

(^12) 







N(N-l) 


N-1 _ 1 

N “ N 


The relationships between thermodynamic properties of a fluid 

/ 2 ) • 
and g' '^12^ given in standard text books, viz. Hill [1]. A 

few are given below : 

(i) Internal energy E 

00 

NM 2 ife J 

o 


4nr^ dr 



where u(r) is the angle independent interaction potential between 
two particles and g(r) is g^^^(r^ 2 )' also independent of 
orientation of ^ 22 * 

(ii) Pressure P 

P = - I p J r ^ g(r) 4pr=dr 

o 

(iii) Chemical potential 

1 00 

M = kT In p + p J J u(r) g(r,^)4Trr^ d^ dr 

o o 

where ^ is the coupling parameter and it has a value 1 for a real 
fluid. 

3.3 POTENTIAL OF AVERAGE FORCE 

In statistical mechanics, one calculates the ensemble average 
of mechanical quantities and identifies the average with the 
corresponding quantities in thermodynamic systems in thermal 
equilibrium. For example, internal energy of a thermodynamic 
system in thermal equilibrium, which is necessarily, in an 
incompletely specified dynamical state is identified with the 
ensemble average of mechanical energy of the system. Force between 
two particles is another mechanical quantity. In a thermodynamic 
system, the corresponding quantity is average force. Let u^^ 

. . . . be the potential energy of a system of N particles. The 

force on particle a is defined as F^ = u(N) . 

If we are calculating force on particle 1 in a given fixed 
configuration of two particles positioned at a given location and 
orientation we calculate an average of force over all mechanical 



states, which share the same value of and r^/ but differ in 
to r„ and to The desired 

average is 

J J exp(-E(rjj,^jj)/kT)7^ d^3. . .d^jjdp^. .d^j^ 

s V phase space*^ 

• • J q 

J I exp(-E(^jj,Pjj)/kT)dr^ d?j^ dp^ dj^^^ 

V phase space 

r r ”U(rjj)/kT .jj. 

J J ® u(N) 

_ (Configuration space) 

f r “U(rjj)/kT 

J ..^...J e dr^ drjj 

(Configuration space) 

Potential of average force is related to average force defined 
above by the relation 


Fl = - ''l (^ 1 ' ? 2 ) 

Usually (?^, ^ 2 ) ® ^^12^* shown in standard 

textbooks, e.g. Hill [1] that the relation between g^^^ ^^12^ 

^ fluid is 

(j(2)^ _kT In g^^^ . 

Unlike mechanical potential energy which is pairwise additive in 
most cases, is not pairwise additive. An approximation that 

treats as pairwise additive was introduced into statistical 

physics by Kirkwood. Correspo n ding def i nitions in the 
Grand canonical ensemble are given in Hill [1]. 


3 . 4 CLUSTERS 

Cluster integrals play an important role in the problems 
attempted in this thesis. They make their first appearance in 
statistical mechanics in the theory of imperfect gas. The 



partition function in the canonical ensemble is given by 


Q = 


,3N^, J ••••J 


-K/kT 


.... 


d?, . . . .dir„ 

1 N 


N 


" = 1 


i=l 


2m 


'Pxi * P?i ^ Pzi) 


Substituting this expression of H in the formula for Q and having 
carried out momentum integrations, we obtain 

Z ........ . h 


Q = 


N!A 


3N 


, where A = 


(2TTmkT) 


1/2 


and 2 = J J dr^ dr^^, 

is the configuration integral. The integration is over the whole 

. . . . 20 
of configuration space. The integral is over a ~10 dimensional 

space for a macroscopic system and a direct integration cannot be 

carried out. The method of cluster expansion allows us to handle 

this complicated integral. One assumes U(?^....rjj) = 

y u(r..), i.e., pairwise additivity of intermolecular 

Lu 1] 

lsi<j^N 

potential, an assumption that is true for a 

large variety of potentials. Then we obtain 



-Z u(r..)/kT 

^ l=i<j=N ’ _ J e-u(rj^j/kT) 

lsi<jsN 

n (1 + r ..) 

lsi<j<N J 


where y 


ID 




1 . 



An expansion of the product of (1 + Tj^j) terms give 
1 ^ ’'Ij ^ rij + 


The order of integration and summation being interchangeable, the 
configuration integral equals sum of cluster integrals. In the 
absence of intermolecular forces all are zero, = 1 

and Z = V^. The expansion of has terms arising out of all 

possible combinations from zero to all the N(N-l)/2 y functions. 
Any such term may be represented by a diagram consisting of 
circles for the molecules and a line segment between the ith and 
jth molecule for each factor which occurs in the term. For 

each of the terms there is one such diagram and for each diagram, 
there is one term. For any particular diagram molecules which are 
connected together directly or indirectly by lines are said to 
form a "cluster". Analogous to f oi'® define {m} / the 


cluster function for the set m of molecules at co-ordinate {m} by 


= exp 


- u {m} / IcT 
in 


where u^^^ is the potential energy of m particle interaction, viz. 
U 3 {i/j,k} = u^jj^ {i,j,Jc} - UjLj {i,j} - Ujj^ {j,k} - u^j^ {i,k}, 
where u. {i,j,k} is the potential energy of a system of three 
particles and ^ , u^j^ and u^^j^ are potential energies of the 
three two particle subsystems. Since depends only on the 
co-ordinates of ith and jth particles only, in an one-component 
system all cluster integrals J d{i,j} are equal, independent 
of i and j. This leads to simplification. The combinatorial 


problem in calculating the number of different terms that give 



the same result on integration is formidable and the necessary 
expressions are given in standard textbooks, viz. Hill (1) and 
Friedman (2) . 


3.5 Topological Classification 

In the above discussion, we classify clusters on the basis 
of the criteria of number of particles, whose co-ordinates are 
being integrated over in the cluster integral . One can also 
classify them on topological criteria, i.e. based on their 
connectivity. The topological classification has been important 
in many developments in statistical mechanics. 

A cluster is called at least singly connected (ALSC) if 
each of the n(n-l)/2 pairs of vertices are either directly 
connected by a bond or are connected by a sequence of bonds that 
join other intermediate vertices along the path between indirectly 
connected vertices. A cluster is called at least doubly connected 
(ALDC) if there are at least two entirely independent paths which 
do not cross at any vertex, between each pair of molecules in the 
diagram. An ALSC cluster can be decomposed into a product of 
ALDC clusters. This is why ALSC clusters are called reducible and 
ALDC clusters are called irredicuble. Fig.l shows irreducible 
clusters for j = 2,3,4. After one has grouped together the terms 
in the cluster expansion of configuration integral, which gives 
identical value, one obtains 


m. 

N (Vb.) ^ 


" — sr-r 

n 3=1 ”3= 


N 


S jm. = N 
j=l ^ 




Figure 3.1: Irreducible cluster for j=2,3,4. 


n fi 



where bj 


“ 1 J ®1,2 j 

is the cluster intgegral where S. _ .is the cluster sum, 

e.g., if j=3. = ^12^23 ^12 ^13 ^13 ^23 ^12 ^13 ^23' 

i.e., sum of all terms which connect in a cluster each of the 

molecules 1 , 2 , . . . j , no other molecules being connected to this 

cluster. bj is in general reducible and can be expressed as 

product of irreducible integrals /Sj^, defined by 


/3, 


^ I- 


s,'.. = r 


= r. 


V 

Tf. 


,2...k+i 


is a sum of ten terms 


12 •'12' 1,2,3 ‘'12‘'13 ‘'23' ‘'1,2, 3, 4 

corresponding to the irreducible clusters shown in Fig. 1 for 

for j = 4. The relationship is 

nk 


1 Y”' ^k^ 

b. = — 7 ^ > n i — , where the 

3 ^ 


j-1 

z 

k=l 


k nj^ = j-1 


j-1 


Summation is over all sets n consistent with Y kn, = j-1. The 

k=l ^ 

irreducible cluster integrals are directly related to the virial 


coefficients of imperfect gas theory by the equation 

B = - /3 

n n '^n-1 

The cluster integrals appear in the expression of partition 


function and configuration integral and therefore appear in the 
expression of all properties of a system of interacting 
particles, the imperfect gas or an ionic solution. The two 
statistical mechanical quantities of interest to us in this 
thesis, the correlation function and the potential of average 
force have been expanded in terms of cluster integrals (3,4). 



3.6 Theory of Ionic Solution 

McMillan and Mayer (5) developed a theory of solution in 
which the solution is shown to be equivalent to a gas of solute 
particles interacting with each other with potential of average 
force at infinite dilution. Mayer (6) treated the system of the 
MeMillan-Mayer ionic gas by cluster theory. The pressure of this 
gas is the osmotic pressure of the solution and its virial 
coefficients are those that appear in fitting the concentration 
dependence of the osmotic pressure. The potential of average 
force at infinite dilution is taken to be pairwise additive and 
its expression is written as; 


(ji 


12 


Zl Z2 c 


D r 




12 


12 


f 


where e is electronic charge, z. _ are charges on ions 1 and 2 

X f Z 

in units of electronic charge, D is the dieelectric constant of 
the solvent, r ^2 interparticle distance and is hard 

sphere potential 

* 


•^12 = “ ^12 ^ ^1 + ^2 


= 0 when r ^2 ^ "*■ ^2 

where a^ and a 2 are hard sphere radii of particle 1 and 2. 
Appearance of g in the expression of ^ screening 

constant takes into account the effect of the solvent molecules, 
which are thereafter ignored. This expression of is taken as 

u ^2 ionic solute and Mayer then calculates the 

virial coefficients of this gas. Thus the solvent as well as 
ions other than the two ions, whose interaction is under study 


lift 



have been taken into account. When this expression of u 


is used 


12 

in evaluation of integrals one runs into divergent 

integrals. For example, 

2B. 


= lim (1/V) r d {ij} 

V— >oo •' J 

I ’'W 


= lim 
V > 00 


47rr dr 


(where R is the radius of the containing vessel, assumed to be 
spherical) _ 


= lim 
R >co 


I (■ 


-z.z. c/DrkT 


- 


2 

47rr dr 


The convergence of this integral can be examined by expanding the 


exponential . 


Let \ = 4n 


kT 


Then, 


2B, 


“ y (“^)^ lira r (47rr)^”^ r dr/n! 
^ R — >00 J 


narl 


The terms with n < 4 lead to divergence of the sum as R > «. 

The integrals on terms for n£3 also diverge at the lower limit 
even for finite R. However the integrand (e - i)47rr^ does 
not diverge at r=0, so the effect of this divergence of the 
integral must cancel in the summation. One suspects that by 

appropriate summation, the divergences at R > oo may be shown to 

cancel too. Mayer devised a summation procedure to handle this 
divergence. The basic technique is to classify cluster diagrams 
on the basis of topological criterion and then sum them. 

The topological classification used by Mayer is not what 
distinguishes the reducible from the irreducible integrals. We 
describe the procedure below. Firstly, Mayer used the following 




iff ^ 

where = 0 if ^ 2.2 ^ ^ 12 ' sphere radius and ^2 ~ 

““^12 

otherwise, the factor e is introduced to handle divergence. 

The expression of osmotic pressure of the solution (or the 
pressure of the McMilan Mayer gas of ionic solute) is 


a 

P/kT = I - 5 ; (Z - 1 ) c" 

S=1 na2 


is expressible in terms of irreducible cluster integrals for a 

set of n molecules. Thus is a sum of produts. In the 

expression of P/kT, the order of summation is implicitly 

specified, namely, that one sums over all products in the 

integrand of a specific B^ and then over all values of n. As long 

as the integrals converge, it is of course equally legitimate to 

sum first over all values of n for some specified type of product 

in the integrand and then later over all type of products. If this 

is done in a particular way the sum over n of certain types of 

products of the integrands can be seen to converge in the limit 

that a approaches zero. In this case, one therefore has computed 

the properties of the solution for which the potentials of average 

force between solute molecules is given by Eq. 5 above. Mayer 

w /kT 

expands the expression y = e -1, with w given by Eq. 5, 

as 


ion 



1 

n! 


rs 


** 
' >'rs 


nil 


where \ = 4nc/D kT g(R) = e 


■ay 


4TrR 


.... _ , 

""rs - ® 1 


** 


At small values of R, below the 


“is "ic ift ik 

sum of hard sphere radii of r and s, k = -l.At larger, R.k = 0. 

r JTS ITS 

the nth virial coefficient is defined as 
n 


B 


n 



n 


r- 


.n 


<T 


' [ " "s ] ^ II •••I ’"rs 

where the integration is extended over the coordinates of all but 

one of the particles and the integrand is a sum of products of 

functions y of the distance between the constituent molecules 

rs 

of the set n. 

Now the product of functions, of are sums of product of 

function of k^^ and (-X 2 g 2 j,g(R)). The functions are represented 
by lines on the graph. The lines are called bonds. A line 
representative k^^ is called the k-bond and that representing 
-X 2 2 g(R) is called the g bond. The distinction can be made by 
using dotted line for k bond and solid line for g bonds. More 
than one solid line between two points on a graph (two atoms) 
means more than one g-bond. Thus each original graph formed from 
y bonds break up as sum of diagrams involving g bonds and k bonds. 
This is illustrated in Figure 2 . Apart from graphs with n=2 , 
all other graphs are ALDC graphs. For n = 2, the two particles are 
connected either by a g-bond (sr,l) or by a k bond (sr,k) . Among 
ALDC graphs, one identifies cyclic graphs (shown in Fig. 2, type c 




Figure 3.2: Some graphs of g-bonds and g-bond chains and k-bond 


TOO 



(g bond only)) made of only bonds called cycles. Other classes 
of cyclic graphs have k bonds instead of g. The contribution of 
singly connected graphs (sr, 1) graphs is shown to be zero and 
that due to cyclic graphs is shown to be k /12n, where k = 


47TC‘ 


D kT 


C z^. 
s s 


Our interest lies in the method of topological 


classification and subsequent summation of the remaining graphs. 
In these graphs, there are some particles which are unique in that 
they are either connected together directly by k bonds or are more 
than doubly connected, whereas the remaining particles are in g 
bonds chains which connect members of this unique set. For a given 
type (t, m) the set m of the unique particles and the structure by 
which they are connected by k bonds ' or by chains of g bonds is 
fixed but the number of members in the various g bond chains vary. 
Each type (t, m) is called a prototype graph, and each graph has a 
parent prototype graph. Conversely, if in any graph there is 
either a direct g bond between two particles, which are either 
connected by k bonds or are triply or more connected or if there 
is a g bond chain between these two particles, then there 
exist an infinite number of other graphs differing from the first 
only in the length, and the constituent kinds of ions of this g 
bond chain. The summation is carried out for one prototype at a 
time and then over the prototypes. 

One first defines and evaluates an integral 


5(Rii) 9 (Ri2) 

which is the integral over the intermediate particles of a chain 
of g bonds having n intermediate vertices. One decides to work in 
Fourier space and uses the convolution theorem. The Fourier 



transform in three dimensions of a function g(R) dependent on R, 
the distance only, is easily shown to be 


G(t) = 471 j“ g(R) . r 2 . dR 

o 

The inverse of this relation is 

g(R) = G(t) dt 

o 

By convolution theorem, one obtains the Fourier transform of 
qj^(R^j) to be Qj^(t) = G(t) . The relationship between QjjCR) and 

Qj^(t) is exactly the same as that of g(R) and G(t) . If g(R) is 

~aR 2 

defined as e /4TrR, one will have to take into the factor for 

each particle s in the chain. Eventually there is a multiplication 

by Cg and a summation over s. This gives rise to a factor 

= X Z C Z^ (recall the g bond stands for -XZ^Z a(R)). If 

S S S S IT 

there are n intermediate points in the chain, one obtains (-< )”. 
Thus, 

Q(t) = g Q^Ct) = 2 rG(t)l 

n L J 


¥? + 


G(t) 


-1 


—ri'U 

If g(R) is e /4TrR, then G(t) = 


a +t 


and Q(t) = 


(6a) 

1 




provided the series converges. The question of convergence and 

-aR 


the choice of e 


as the convergence factor is considered 


separately. In the limit a >0, we obtain 


Q(t) = (K^ + t^)"^ 


and 


q(R) = e /47 tR 


We note q(R) differs from g(R) only in the replacement of a in g 


by K in q. The sum of all diagrams of type (t,m) in which g bond 

chains of all lengths and all ordered arrangement of atoms have 

been summed between two atoms r and s, one obtains (as a result of 

summation) a q-bond between r and s. The summation over all g 

bond chains is carried out over all pairs of points r and s in the 

prototype. Thus, we end up with prototype diagrams connected by q 

bonds only. This is illustrated in Figure 3. The job of summing 

over prototypes now remains. We started off with g bonds of the 

form e /4 ttR to avoid divergence of cluster integrals and in the 

“icR 

limit a >0, have ended up with q bonds of the form e /47rR. 

The problem of divergence of cluster integrals has disappeared as 
a result of summation. 

3,7 Cluster Summation of Potential of Average Force and Radial 

Distribution function. 

The radial distribution function can be expanded in powers 
of particle number density. The expression for an one component 
system is given by Mayer and Montroll (3). The coefficient of the 
mth power of particle number density in the expansion of the 
distribution function of n particles is multiplied by an 

integral over the coordinate of m particles. The integrand is 
the sum of all possible products of the Mayer cluster function 

of the distance between particles i and j . In these products 
each particle of the set m is connected to at least two of the 
set of n-particles by independent paths. An extension to 
multicomponent systems has been made by Meeron (4). For this, he 
used the notation used by Mayer & McMillan (5) for a 
multicomponent system in a slightly extended form. The 



r 

BONDS 


g 

BONDS 





g BONDS AND — q BONDS 


Figure 3.3: Illustration of Mayer's procedure of summation of g bond 
chains to obtain q bonds. 
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simplicity of this notation lies in the fact that the expression 
for one-component system can be extended to that of the 
multicomponent system by simple transcription, 
n = The set of n particles of <t kinds = (n^,n 2 ; . . . ,n^, . . . ,n^) 

( 6 ) 

nj^= The number of particles of i^^ kind 


n = Z n. 


(7) 


P = 

ii! = 


The set of number densities = (p^, p^, 


ni! 


,n.! 


cr 


,P^) (8) 

( 9 ) 


- n n 
x" = X^ 


. . .X 


^i 


n. 


. . X 


( 10 ) 




5x^ 


n. 


ax. 


n. 


ax. 


n. 





ni •••• 

axi^ 



ni n^ 


«o- 

n dr . n 
j=i ^ j=i 


. . . n 

j=i 


( 11 ) 


n dT^j (12) 


where n = dr^ dx^ dx^^ of the crth species (13) 

Meeron proved that the n-particle distribution function can be 
expressed as 


g(n) =l 

> 0 


V 


-Z — (n) 

vl V 


(14) 


j J P (n ; V) d(v) (15 

P(n, V) : The sum of all possible products of in which each 

particle of the set v is independently connected to at least two 
particles of the set ii. (16 

Also the potential of average force acting in the set ii is 


where g__ (n) 

V 


= exp 



expressed as 


w(n) 


■J ■ 

V £ 0 


-V 

P 


— (n) 

vl V 


(17 


where 


and 


(j(n) = - kT In g(n) 


w_(n) = -kT r Q (n; v) dCv) 

V 


(18) 


(19) 


The sum of all possible products of in which 


Q(n ; 1 ^) : 

each particle of the set v is independently connected to at least 

two particles of n and in which all particles v are connected 

among themselves independent of those of the set n. (20 

Our interest lies in the radial distribution function, g(ij), 

of two particles of kind i and j and the potential of average 

force <<>(ij) acting in the set of same particles 

1/1/ 1/ 
o ^ o 2 

I 


g(ij) =J 


I 


•P, 




V, I v^l ... .v_l 






?>o 


p^ 


vl 


g_ (ij) 

V 


(ij) = exp jj P(ij, V) dv 

P(ij, V) = The sum of all possible products of y functions in 
which each particle of the set v is connected independently to 
i and j . 

V 


( 21 ) 

( 22 ) 


Pi P 


cr 


0) 


(ij) = I I I •••• I V — ^ I - % V V = 

vto ^1 ^2 K i ’ 2 cr • *^1 ^2 ^cr 


(23) 



(24) 


= .1 

v^O 



(ij) 


(ij) = -kT f Q(ij, V) d(?) (25) 

V •' 

Q(ij, v) : The sum of all possible products of y functions in 
which each particle of v is independently connected to i and j 
and particles of v are connected to each other independently of 
i and j . (26) 

The above products are represented in terms of the diagrams 
in which the particles are represented by circles and y functions 
by lines. The diagrams are shown in Fig. 4. The meaning of a 
particle being independently connected to i and j means that the 
paths through which it is connected to i and j contain mutually 
exclusive sets of particles. 

With increase in the number of particles, the number and 
complexity of the diagrams increase. Thus we see that the 
evaluation of g(ij) and w(ij) means summation of an infinite 
number of diagrams. Evaluation of a single diagram becomes 
difficult as the integrals diverge for Coulombic potential. This 
has been shown in the previous section. Hence the evaluation 
is done the same way as Mayer did for evaluation of virial 
coefficient. This method elucidated by Meeron (7) consists of 
multiplying the Coulombic part by e , expanding the exponential 
in the function collecting all the diagrams of a given type 

for all values of n and summing them, and letting a > 0 in the 

final result. 

The pair potential of average force at infinite dilution is 
given the same way as Mayer as the sum of a short-range and of a 





QliijCL) » 


PCir.W) 


Figure 3.4 



: Diagraimatic representation of Q(ij ;k) ,P(ij ;k) ,Q(ij ;kl) 
and P(ij ;kl) . 
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-ar 


Coulomb part multiplied by e 
U(kl) = U*(kl) + 


Dr 


U (kl) = + 0 O for rj^^ < is a small distance 

= ^kl > ^kl 


( 27 ) 


( 28 ) 


^k' ^1 ^ Algebraic charges on ions of kinds k and 1 

c > Unit of electronic charge 

D > the Macroscopic dielectric constant of the solution 


Let 


X = 


DkT 

-ar 


g(r) = 




^ /kl 


( 29 ) 

( 30 ) 

( 31 ) 


n 


Hence 9(^)3 (1 + yj^]_) 


( 32 ) 


IS 

* 


Each bond can be represented by a sum of bond and 

[”^k^l ^ j > ^ith 1 ^ n ^ CD and the products in diagram 

further broken into sums of products of y -bond and g-bond. A 7 
bond is the function 7 (r) and a g-bond is [-Zj^Z^^Xg Inthe 

original product of Q, there can be at most one 7 -bond and any 

\ 

nxmber of g-bond between two vertices. The number and location of 

bonds in a product involving the set N+ij of ions are described 

by the symbol t , the given pattern. Q(ij, N) is given by the sum 
N 

of Q(ij, t ) over all possible patterns t . For all N, all the 
N N 

t 's form a class. In any diagram, there are rows of ions in which 
N 

each is connected to the preceding and the following by a single 
g-bond and this is called g-bond chain. There is a subclass s_ of 

iii 

the class t , which contains only those patterns without a g-bond 
N 



chain in any of them. The pattern s_ and the set m are prototype 

m 

pattern and prototype set respectively. Any other pattern of t 

N 

can be derived from a particular pattern of s_ by replacing any 

in 

g-bond by a g-bond chain of varying length. (Fig. 5 and 6) . Let 
us consider a prototype pattern with v g-bonds. Each g-bond can 
be replaced by a g-bond chain with number of particles. A 
diagram can be derived from this prototype with v g-bond chains 
with n^,n2;....n^ number of particles in the chains. Other 
diagrams also can be derived from this with the number and 
composition of particles varying in the g-bond chains. All these 
diagrams can be grouped together and can be summed by following 
the method elucidated earlier by Mayer (6). This is shown as 
follows. 

Let us consider the diagram with v g-bond chain with 

n^,n2/ nj^,....n^ particles in the respective g-bond chains. 

This constitutes a product in Q(ij, t_ _) and can be represented 

m+ii 

by the symbol Q(ij, n. ,...., n , S_) . If this is integrated over 

iti 

the coordinates of the particles of n = n^ + n^, then we get 

the following: 

r - - - V r o -1/2 ‘"kl/^ 1 

J Q(ij, n^,...,n^, s^) d(n) = (-X)^ n (v°^!) J 

k, 1 

V n 2n 

n (-X) ^ z ^ I3 f(s^) 

S=1 

The above expression is obtained because the algebraic 
expression of the g-bond is X g(y^j)j. The term is the 

number of direct g-bonds in the prototype consisting of in + ij 



Figure 3.5: Diagrammatic representation of the prototype 

and some patterns derivable from it. 



Figure 3.6: Diagrammatic representation of the prototype and some 
patterns derivable from it. 



between k and 1. is the sum of and the number of g-bond 

chains between k and 1 of the prototype. 


V 

represents multiplication over all the v g-bond chains 

•k 

f(Sjj^) > product of y bonds corresponding to the prototype 


=1 9<’'kl> 9(r„ . 1 , „ ) g(k„3 i) d(Hs) 

s s 


( 33 ) 


The number of times; 




n 


(s^) , the product 


Q(ij, 


n^, . . . . ,n^,s^) appears in the sum Q(ij, m + ii) is the product of 
following three factors; 

(i) The number of ways of choosing the sets iil and n^, , 11 ^^ 

from the set in + ii. This is equal to _ * 

in' ft, n„! 
s=i s 

(ii) The product of the number of ways in which each set of 
particles, n can be ordered in the corresponding chain. 

® V 

This is equal to n_ n ! . 

s**~x s 

(iii) M(s^) , the niomber of times that the prototype diagram, s 
occurs in the sum Q ( i j , m) . 

Hence, 

" “ “ 5! s-i 5 


m 




( 34 ) 


The sum S(ij, s\ is defined in such a way that M(s_) 

iti in 


p ^ 
in! 


S(ij, s^) is the sum of all the integrals of Q(ij, n^,...,n^, s^) 
multiplied by appropriate factors for n varying from zero to 
infinity. 


Hence, 


- m P - m+n - 

M(s )-t — S(ij,s )= Liiti Z M (s Q(ij,n , 

^ m! ^ a ^ol-nao ^ ^ (m + n)!*’ ^ 




(35) 

If the above equation is integrated over the coordinates of 
the particles of the set m, then we get the contribution of the 
integrals over chains of g-bonds of all products belonging to the 
prototype Q(ij, s^^) and summed over all chain lengths from zero 
to infinity, and over all possible combination of particle 
species and arrangements on a given combination of chain lengths 

to -W(ij)/kT. The limit a >0 is taken in order to get the 

value for Coulombic pair potential of average force at infinite 
dilution. 

Evaluation of S involves evaluating the integral in eq. (33) 
and that is done by three-dimensional Fourier transform and 


^s^^kl^ 


= 8 


(47T) 


"s-1 


•kl 


I 


, 2^.2.n„+l 
(a +t ) s 


sin 




dt 


(36) 


Using eq. (30) in the expression of S(ij, s^) and after 
further mathematical manipulation. 


m+ij 


s(ij, s^) = f(sj n 


k,l (Vj^j^)! 


,1/2 ''=^kl 




(37) 


where. 


X e 


-KT 


*kl 


and 


(38) 



(39) 


K 


2 




Hence the products S(ij, s^) can be represented by the same 
diagram as the corresponding prototype products Q(ij, s^) with 
the same pattern s^^ and the same prototype set m of ions, where 
each bond is a q-bond instead of a g-bond. denotes the 

number of q-bonds betweeen k and 1. The problem of divergence of 
cluster integrals has disappeared. 

Each q-bond represents the function - instead of 




-ar 


— . Even though the products of type Q(ij, s^) are 
independent of ion number densities, the products of the type 
S(ij, Sj^) depend on the densities to all orders through the 
parameter k. According to the definition of a prototype pattern. 


there can be no q-bond chain in S ( i j , s ) . 

m 

The Q diagrams which involve only g-bond chains of varying 

-Z.z?e "1^ 

length give rise to — , the Debye-Huckel potential of 

average force. 

Thus the expansion in eq. (24) is written as 


“(ij)= 0 (ij) + 


Z.2. 


-kT I 


■P ” 


mal 


m! 




m 


(40) 


Since S(ij, s^) are the same diagrams as Q(ij, s^) with 

ic ^ 

q-bond replacing g-bond, and y -bond; then for a fixed m, there are 
infinite number of diagrams, with number of bonds between any two 
particles varying from one to infinity. 


If m = 1, i.e., we have one particle of species 1 apart 
from i and j , then a typical pattern will have bonds between 
i and 1 and bonds between 1 and j and 


s(ij ; v’nkij) = 




(41) 


If all the S products are summed for all v values, then we 

get 

M(s^) S(lj; s^) = F.^ - q.^ (42) 

where 

2 

[- -e K (il) + -5^ -1 («) 

similar summation will have to be carried out with higher 

patterns , i.e. with s_ with m = 2,3,.... 

m 

This gives 

Y M (s_) S(ij, s__) = © (ij, m) (44) 

„ m m 

®m 

©(ij, iii) are s\ims of all possible products of function and of 
^kl 

(- Tf [°*<“) ^ Vi -4- =■’'’']) - 1 - -Jki 

(45) 

This sum is defined exactly the same way as the sum Q(ij, 
iii) . The only difference is that instead of g-bonds, these 
diagrams will have connection made through all possible 
combination of ^-bonds and q-bonds. The restriction in these 


connection is that there should be no two successive q-bonds. If 
so, we will get a q-bond chain which has already been summed. 



In Fig. (7) diagrammatic representation of products of ^-bonds 
and q-bond corresponding to ©(ij, kl) are given. 

Thus eg. (40) reduces further to 


(j(ij) 


U*(ij) 


+ Z.Z. c 


2 e 


-Kr 


Dr 


-kT 


r 

I 

- ^ b! J 


m 


m) d(m) 
(46) 


In the above description, the -bonds are broken into g-bonds 
are y* bonds. In a later development Meeron (8,9) carried out the 
summation of cluster integrals to express potential of average 
force for one-component systems with no long-range order which 
involve diagrams with y-bonds. No break up into g-bond and y*-bond 
is made. The topological classification is done in terms of the 
order of nodes. Hence the expansion is termed as Nodal Expansion. 
The order of a node is the number of particles to which the 
particle corresponding to the node is connected. A row of nodes of 
second order is called a y-bond chain. The set of particles which 
form nodes of third or higher order constitute the prototype 
pattern. The diagrams over which summation takes place are the 
Q-diagrams defined in equation (21) and Fig. 4. The summation 
procedure is the same as that of above. Hence, 

m 

W(ij) = U(ij) + w(ij) - kT y ^ — 

®-l 

m 

r '^^^ki^ i^ki 
[ e— ] 

U(ij) is the direct interaction potential between particle i 
and j . 


1 


k (s ) P (s ) n 
o^ m' y' m^,. . 

m+i,j 


‘'kl’ 


TOO 



Figure 3.7: Diagrammatic representation 
Dotted lines denote 'J' bonds 





of first 0 diagram. ©(ij;kl). 



w(ij) is the summation over the integrals corresponding to 
y-bond chains of all length. 

m is the number of particles in the prototype pattern s^. 

The second summation is over all the prototype patterns for 

m. 

Ko(Sm) is the number of times the prototype pattern s^ 
appears . 

Py(Sj^) is the product of direct y-bonds between pairs of 
particles in the pattern s^^. 

is the number of y-bond chains between pairs of particles 
in the prototype. After the first summation the diagrams 
representing W ( i j ) are the prototype patterns . With a given 
pattern there can be v nvimber of w-bonds with u varying from zero 
to infinity. Thus all patterns s^ for the same m and in which the 
same pairs of particles are connected by any combination and 
number of bonds can be added together. Thus, 

m - 

W(ij) = U(ij) + w(ij) - kT ^ J e (ij; m) d(m) (48) 


Here the functions 0 (ij, m) are stuns of products defined exactly 
in a similar way for Q(ij; N) defined in eq. (20), with the 
connections made by all possible combination of \ir-bonds and 
w-bonds; with the bonds defined below; 




w(r^2) 


*<ri2) = ^ 


U(rj^2) + 


1 


The restriction in the connectivity is that there should be 


no w'-bond chains. 


n ii rt 



Now we have diagrams with the same topology as Q(ij,N). But 


the bonds are w'-bond and ’J'-bond instead of y -bonds. Let these 
bonds be denoted by w£ and respectively. Now we have diagrams 
with prototype patterns as well as chains with all possible 
combination of w' and bonds. Summation over chains of all 
possible combination of w£ and over all possible length can be 
carried out as summation over y-bond chains of all possible 
lengths are carried out. This is given as below; 

The chain integral f^^^Cij) is defined as 





1 J 

comb. 




(51) 


Each function in equation (51) represents either a 

’J'^-bond or a w^-bond and the summation is carried out over all 
possible combination of these bonds in the chain of m 
intermediate particles between particles i and j , and all 
permutation of the m particles in this chain. The integral in 
equation (51) is an m-fold convolution which is evaluated by 
Fourier transform techniques, as discussed earlier. By 

appropriate mathematical manipulations, we get 




kT 

( 271 )^ 


- kT E f^(ij) 
mil 

J S 2 (t) exp (i 


dt 


where ^2^^^ 


where ^^(t) 
in 


' Ji 


(52) 

(53) 

(54) 


Thus by summation over side chains, we get diagrams which 
have w^ (?) bonds and and/or w^ bonds between two particles in 
the prototype pattern. Then summation over all diagrams with 
number of bonds between two particles in the prototype pattern 
varying from one to infinity is carried out and we get 6^ 
diagrams which define the potential of average force in the 
following way; 


m 


W 


ill r 

(r. .) = U(r. .) + w^(r.j) + - kT ^ J e 2 (ij,in) d(5) 

(55) 


mal 


©2 (ij/®) diagrams defined the same way as ©^(ij,m) with ’i '2 
and w' bonds replacing and bonds with and w'-bonds 
defined as 


w' (?) = exp 
$2 (?) = exp 


|-(U(r) + (i)^(r))/kT| - 
■|-|^U(?) + w^(?) + W2(?) 



(56) 

w'(?) 


(57) 


The above procedure can be applied to chains involving '^2 
and w'-bonds and the procedure can be repeated indefinitely 
yielding third, fourth, ... .nth chain potential, with each 
potential given in terms of the preceding ones. Thus after nth 
nodal expansion the potential of average force is written as 


W(?.j) = U(?.j) + w^(?.j) - kT ^ J ©j^(ij,m) dim) (58) 

m2:l 

Jn a similar way nodal expansion can be carried out to get 
g(?^j), the distribution function. If we calculate ^^(^^j) 


truncating the mth term in the nth nodal expansion, then we 
evaluate and sum over infinite number of diagrams in the original 
Q expansions. Hence we get a well defined approximation to the 
function. 

The function equation (57) is given by the 
following expression 


V=1 


(59) 


From the method by which the above series for w (r . . ) is 
obtained, it appears probable that the series should converge to a 

limit as n > infinity since the successive terms involve 

integrals of products with rapidly increasing degree of 
connectivity. Hence these integrals will be nonzero over a 
decreasing part of configuration space of the particles involved. 
Hence we can write 

w(ri.) = lim Wj^(r^.) (60) 

Also t<)(i^j^j) can be evaluated by solving an integral 
equation. Thus the repeated sxmmation of certain well defined 
classes of graphs in the density expansion of potential of 
average force and pair distribution function results, in the 
limit, in an integral equation, which permits a formally exact 
treatment of a many body system. This integral equation is 
derived by Meeron (10) . An equivalent derivation is given by van 
Leeuwen, Groeneveld and de Boer (11) .The derivation by Meeron 
follows from topological analysis of the structure of the cluster 
coefficients in the density expansion of the potential of average 


force. The resulting rigorous integral equation involves only 
pair distribution function and hence is formally closed. But it 
contains a term given by an infinite series of finite-density 
cluster integrals. This necessitates an approximation of some 
form. The approximation is called HNC approximation which will 
be discussed later. The derivation of the integral equation is 
given below. This derivation is done for an one component 
system. Later this is extended to multicomponent system by 
Allnatt (12). 

Let us consider all the diagrams defined as Q(ij/ n) in 

equation (26) . All the diagrams belonging to this can be divided 

into two groups depending on whether they have cutting points or 

not. Cutting points (also called articulation points) are points 

at which each group can be separated into two or more parts. 

The examples are given in Fig. 8. In the Q-sum, the two types of 

graphs are separated and each type is put in a separate 

intgegral. The sum of the integrals of all graphs containing 

cutting points with each integral multiplied by the appropriate 
n 

factor — ^ is denoted by T(r. .) and is called T-sum. The 
n! 1 ]] 

corresponding sum of all integrals of graphs containing no 
cutting points is denoted Hence formally, the Q-sums can 

be written as 

Q(^ij) = + C ( 61 ) 

In the T-diagram, there are adjacent cutting points defined 
by the fact that there are no other cutting points between them. 
Between these two cutting points, we can have any subgraph, the 
only constraint being that there be no cutting points in that 
subgraph. These subgraphs can contain graphs of any of the 



Figure 3.8(a): Diagrammatic representation of x(r). The arrows 
indicate cutting point 




Figure 3.8(b): Diagrammatic representation of • graphs with no 

cutting points. 
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following type: 


(i) Graphs from C“sum, 

(ii) Products of graphs from ^-sum 

(iii) Products of graphs from r-sum 

(iv) A direct f-bond. 


In a particular x-diagram, all the subgraphs which can be 
joined to a pair of specific adjacent cutting points are 
connected to the rest part of the main x-diagram via this 
specific pair. Hence all the subgraphs can be grouped together 
in a * subset and we can sum over all possible subsets and all 
possible connections between the specific pair of adjacent 
cutting points. Then we get an expression which is a function of 
only the relative coordinates of the pair of adjacent cutting 
points. This is called , where K and 1 are the specific 

pair of adjacent cutting points. The mathematical expression for 
h(^j^l) is 


h( 


[®^^kl^ - 1 = g(^]^i) “1 (62; 


In obtaining equation (62) , we have considered all single 
Q-graphs which include those with cutting points, i.e. it 
contains the entire x-sum. These are to be excluded from the 
allowable subgraphs connecting any pair of adjacent cutting 
points. Thus we get another function given as 

c(^j^l) = (63) 

By looking at graphs and combinatorial theory, we obtain 


T(?y) 




C(?ij) 


= <Cl,n> 

( 64 ) 


1 



The function c(r) is the Ornstein-Zernike direct correlation 
function. By Fourier Transformation techniques and mathematical 
rearrangement , we get 


T(^ij) 





) 


Q(?jl) 


+ C( 





(65) 


Q(^ij) = 


J 






h(^jl) 


- Q(^jl) 


c(?ji); 


d?ji-^C(^ij) 


( 66 ) 

From equation (66) we see that h (^^j) is given in terms of 
Q j ) sirid we have an integral equation involving two unknown 
functions. 

In order to solve the integral equation in (65,66), we have 
to look at the graphs included in C ^^i j ^ * These ^“gi^aphs can also 
be classified into two groups, i.e. graphs with bifocal points 
and graphs without bifocal points. Bifocal points are pair of 
points where the graph separates into two or more parts, and each 
part contains at least one particle. In Figures 9 and 10, we show 
graphs with bifocal points and without bifocal points 
respectively. The graphs without bifocal points are called 
prototypes and we get a graph with bifocal points by replacing 
the r**bond by a diagram in the prototype. This is shown in Fig. 
11. Thus we can take a specific prototype and replace the y-bond 
by all possible diagrams in all possible combination. Summing 
over all these graphs we get a diagram whose topology is 
equivalent to that of the prototype, but the r-bonds 




Figure 3.9: C graphs containing bifocal points ( indicated by 
arrows) . 




Figure 3.10: C graphs with no bifocal points. These are the 
prototypes . 
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Derived trifocal graphs 



Figure 3.11: Derivation of graphs containing bifocal points from 
prototypes. 



are replaced by h-bonds. Hence 


= I -h~ J 


( 67 ) 


n£2 


Here Z(ij, n) are sums of all possible products of function 
h(irj^^) connecting the particles of the set ij+n in prototype 
pattern. Thus equation (66) and (67) provide a set of equations 
closed in pair space whose solution would yield values of the 
pair potential of average force, pair distribution function, the 
total correlation function and the direct correlation function. 

Now the prototype expansion of C(^j[^j) ib equation (67) is an 
infinite series of extremely complicated cluster integrals 
involving the unknown functions h(?j^^) and these functions are to 
be determined from the solution. Inclusion of only the first 
term, i.e., n = 2, in ^(^ 4 ^)^ gives an integral equation for 
Q(ij) which becomes very difficult to evaluate. Thus an 
approximation is made and it results from the assiimption that 
C(rj^j) = 0. By putting this in equation (66) we see that we get 


a simple closed convolution equation 

= P J 


( 68 ) 


This convolution approximation represents the limit of the 
nodal expansion sequence described above (9,13). 

The account given above for derivation of an integral 
equation consideres a system of single component with a general 
interaction potential. Allnatt (12) has adapted this to derive 
an integral equation for an ionic solution with central Coulomb 
forces (charge-charge only) . He has done this to put the Mayer 
ionic ' solution theory into the form of a set of integral 
equations for the radial distribution function by starting from 


the series expansions for ionic solutions given by Meeron (7) . 
The pairwise potential of average force at infinite dilution for 
two solute particles of species i and j a distance apart will 
be written as the sum of an ideal Coulomb part and an unspecified 
short range part. 




(69) 


13 -13 -i-3 - ' 13 

D > the macroscopic dielectric constant of pure solvent in 

the reference state 

Z--/ 2 . > Algebraic charges on the ions of species i and j 

J- J 

respectively 

c > The magnitude of electronic charge. 


The pair distribution function for a pair of ions of species 
i and j is given by 

^ ^ (70) 


^ij = (- -et" ) 


Wij given by Meeron is shown in equation (46) . 
Hence g^^ = exp (q^^ - /3 


where 



-z^z jC^exp ( - kR^ j ) 
D kT 


(71) 


(72) 


Otj 


ID 


^ r 

= I — f 

^ ml ^ 


msl 


e (ij, in) d(m) 


(73) 


The integral refers to that in a multicomponent system. 
©(ij,m) are sums of products of q and ^-bonds where <p is defined 
from equation (45) as 

= expCq^j - P D*.) - 1 - (74) 

The diagrams represented by © have the same topology as Q 
defined in equation (26) . They can be redefined as follows. 


e(ij, in) is the sum of all products of q and functions. 

a) Every node of set m is connected to both i and j either 
directly or by two or more independent paths. 

b) all nodes of set m are connected among themselves. 

c) There is no direct bond between i and j . 

d) Only isolated q-bonds appear. 

The method for the derivation of the integral equation 
is similar to that of Meeron (10) to derive the exact integral 
equation for monoatomic fluid. He used diagrams with y-bonds 
only. Here the diagrams used consist of two types of bonds. 
These diagrams are also divided into two groups according to the 
fact that they are with cutting points or without cutting 
points . Hence 

= x(^.j) + C(3^ij) (75) 


As explained above, contributions 

in which the corresponding diagrams have cutting point. 
is the sum of all contributions without cutting points. In a 
similar way adjacent cutting points are defined in t diagrams. 
These adjacent cutting points can be joined by a single bond or a 
subdiagram. The subdiagrams between adjacent cutting points k and 


1 can be made up of 


i) Diagrams of their products 

ii) Products of diagrams 

iii) Products of ^^^kl^ diagrams 


Any of the diagrams in (i),(ii), (iii) with an extra 


V) 


q-bond or ^-bond 
A single ^-bond. 


As the nodes in the subdiagrams between adjacent cutting 
points are connected to the rest of the diagram through this pair 
of cutting points, we can integrate over the coordinates of the 
subset of nodes in the subdiagram and the integral is a function 
of the relative coordinates of adjacent cutting points. Hence it 
is possible to sum over all diagrams differing only in the 
subdiagram connecting the adjacent cutting points and as a result 
of summation we get a modified bond between k and 1 called . 

By mathematical manipulation we find 

X(^j^l) = h - q(rj^i) (76) 

where 


h(^j^l) = g(rj^3^) - 1 (77) 

Let us consider terms in ■^(^j^j) with composition (i+j+M) and 
n cutting points of composition n. The set (M - ii) is divided 
into (n+1) subsets of compositions a^, * * * * '^n+1* ^ 

can be divided up into (n+2) sub-sets in M!/n!a^! a 2 !...aj^^^! 

1 M" 

ways. The Ml cancels with the of . The n-cutting 

Ml 


points can be arranged in n! different ways to give that many 

diagrams with the same set of points. Hence this cancels with the 

n! in the Ml/nla^l . . . term. Thus it is left with 

1 ^m 

^ 2 : and each of them with corresponding p gets 

a^l a2!...aj^^^! 

absorbed with the appropriate X-bond. 

Hence "^(^ij) “ I p” J T(ij , 5 ) d(n) (78) 

nil 


where T(ij, n) is the sum of all distinguishable chains of 
X-bonds and isolated q-bonds in which intermediate nodes between 
i and j have composition ii and particles of the same species are 


1 



counted as indistinguishable but particle of different species 
are distinguishable. 


Now we can divide the x-diagrams further into two groups: 
A(^i.) and B(r. .) . ) is sum of all contribution to 

in which the bond connected to i is an X-bond and 
sum of all contribution to x(ir^j) in which the bond connected 
to 'i' is a g-bond. Hence 




= 1 [==(^kj) ^ 9<^kj> ’^<^kj>] 


(79) 


k=l 

a 


- “k J ^ (^ik> « 


(80) 


B(?ij) 


- f “k l9(*ik> [='<^kj) *<*kj>]‘^’' 

k=l 

' Ji J -J (^ik>[^t^kj) I =1 I ^'(^ki) 


1=1 


O " O ' 


=Ji °k J^'^ik' ^'^kj >'*’'•" l-f di 

(81) 

I cJx(?^,^)h(S,^j) dk + 5;oJ g(S^,^)X(?^j)dk 


k=l 


k=l 


a O' 


+ I I =k°l IJ'K^ik' ='<^kl) •X^lk) ® 

k=l 1=1 

From equation (71) we have the expression for the pair 
distribution function as 


log g (r.j) + |S - g(rij^ = 

and the integral equation for the pair distribution function is 
found by eliminating x from equation (78). The term is 

evaluated as that by Meeron (10) and 

I “?7 I ^ 

n2:2 ”' 

where Z(ij, ii) is the sum of all possible products of functions h 
connecting the nodes of set (i + j + ii) in prototype patterns. (A 
prototype pattern is a diagram belonging to the subset of 
diagrams of set C(^j^j) with no bifocal points. (Bifocal points 
are pair of points through which the diagram can be separated) . 

As Meeron (10) has shown, the integral equation is solved 
by making the approximation C = 0. We then get the HNC 
approximation. In this present equation a relationship to the 
Mayer Ionic Solution Theory is presented. The integral equation 
can be solved by iteration procedure. An initial approximation 
for X j ) is made which leads to the calculation of h (^ j ) • 
This can give the value of X j ) • Then we calculate improved 
values of 7r(^j^j) from equation (82). If the initial 

approximation of t is zero, then X(r^j) = ^^ij^ 

becomes equal to the contributions of all chains of ^-bonds and 
isolated q-bonds. Successive iterations adds series and parallel 
combination of such chains. Van Leeuwen et hi. (11) have done a 
parallel development of the HNC approximation. There they have 
shown explicitly how more and more diagrams are included in the 
evaluation by series and parallel combinations of chains in 
successive iteration. Thus if the process is iterated for 
sufficient number of times such that the values converge, then we 
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have summed over a very large number of diagrams of significant 
numerical magnitude. The convergence indicates that one has now 
reached very highly connected diagrams, whose values are small, 
because the integrand is nonzero only over a limited region of 
configuration space. 

We note that the Allnatt equation deduced above differs from 
the original HNC equation derived for nonionic fluids in that the 

it 

shielded potential q^^^ and short range potential appear 

instead of the total direct potential j . The equation ( ) 

* • ( 
being solved is the same as Ornstein-Zernicke equation of 

Eq. ( S2. ) is hji^j (r) - c^j (r)r^6^The diagrams of class A and B 

represent the convolution integral S h^^j^ Cj^^ dk. However the 

closure is different. Whereas the closure of the usual HNC theory 


of 

nonionic fluids 

is 5-19 

<4 17-4 






c(r) 

= ' 

-/3U(r) + h 

(r) - log 

(h(r) 

+ 

1) 


or. 

POij 

(r) = 

= {h„(r) 

- ^ij 

1 - log 

(hi- 

(r) + 1) 

or. 

eoij 

(r) = 

= Ti.(r) - 

log {h^j(r) + 

1) 



or. 

* 

POi- 

(r) 

- gij(r) = 

- log 

(h^. 

(r) 

+ 1) 



The closure for Allnatt 

equation 

is 

,,S2 

i wrliT '5 = 

°) 


log 

(1 + 

hij (r) + , 

(Sutj (r) - 

qij( 

r) 

‘ ■'ij 

(r) 

or. 

PU*j 

(r) 

- ^ij ' 

= Xij (r) - 

log 

(1 

. hij 

(r)) 


The difference is that a g-bond in the closure of the HNC 
equation of nonionic fluids is replaced by a q-bond in the 
closure of the Allnatt equation. 
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3.8 Solution of Integral Equation 

The method for this is developed by Rasaiah and Friedman 
(14). From equation (82) we see that the terms used to describe 
T are integrals of type 

^ Cj^ J a (^j^j^) written as 

k=l ^ 

X J ^ >= (^kj> '»<■') - ®lk * ‘’kj 


Here K is the species of the molecule at the cutting point 
nearest to i and (K) is its spatial coordinate. The notation * 
indicates sum over the species at the cutting point and the 
integral is a convolution integral. Now i and j can be varied to 
get each pair of species and there will be in total a terms like 
equation (85) . Then the notation can be made compact as a*b 
which represents all the a terms. If we consider all the pairs 
of species, then all the above expressions for x, X, h, q etc. 


reduce to a matrix notation as follows: 

X = h - q - T (86) 

h = g - 1 (87) 

X = A + B (88) 

X = X*h + q*X + q*X*h (89) 

From equation (71) , we find. 


^ U*(^ij) 

g(r..) = exp ( 


) exp [q(^ij) + 


•1 c-*-» 



* 

Here U (r^j) is the hard sphere potential defined as 

U* = . , < a, . 

=0 , > a^j 


( 90 ) 


hence 


exp 


[- 


"k 

u (?ij) 

kT 


] ' 


exp (- co) = 0 , ^ < ^ij 


= exp(o) = 1 


r > a 


hence 


ij ^ 


(91) 


1 + h(r. .) = 0, r < a. . 


1 + h = exp l^q (r^j) + T(r^j) + C (^^j) ' ^ > ^ij 


(92) 

.In the HNC approximation C(^'j^j) = 0 

Hence 1 + h(?^j) = exp [q(^ij) + ‘'^(^ij) ] (^3) 

The procedure to solve the above equations to get pair 
distribution function involves following steps. 

(i) We take an initial approximate t. The approximation is 
evaluation of equation (73) with m = 1. With m = 1 we get 
diagrams with cutting points only. So we include all the 
diagrams consisting of ^-bonds and q-bonds, but no q-bond chain. 
Thus from the consideration of all the diagrams given in 
Fig. (12) we see that 

z^=4>*<p + 4>*q+q*4> (94) 


Let us define a function <p* = ^ + q. 

Hence = (^' - q) * (^' - q) + (^' - q) * q + q * {tp' - q) 

= - q * q (95) 

From equation (74) 

<p' = (p + q 

* 

= exp (- 1^) exp(q (i^^j)) - 1 



QOji ') ' + 


“Tfie dLta^ro-'m s 

UlSC-C^ 

c-nCtCcxl 

~ • 

_ - . \DQ-ndl 


^ \ ^ \oo*n d{ 




i,lrv 



V.C La -tco-n 
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-1 


/ 


(96) 


• ^ ®ij 

= exp(q(?^j)) - l,r>a^j 


Clearly is calculated from q. Now q is calculated from 
equation (72) . We get this expression for q when we consider the 
dielectric constant of the medium (solvent containing the solute 
particles which constitute a McMillan-Mayer gas) to be uniform. 
In Chapter 2, we have shown that dielectric constant can vary as 
a function of distance in the presence of macroion and hence the 
expression for q will be modified. This we will show in a 
section below (Section 3.9). 

(ii) Once x is calculated, we use this to calculate h using 
equation (92) . 

(iii) Then we calculate X using equation (86) 

(iv) Now that we have initial round values for h, and X and we 
know the value of q, we can calculate an improved value of 
T using equation (89) . 

Once we get an improved value of t, we can repeat step (ii) , 
(iii) and (iv) to get further improved t and this process is 
carried out till there is no longer a change in the values. Then 
we calculate final value of h which gives us g, pair distribution 
function . 


3.9 Calculation of q function for an ionic system with 
distance dependent screening constant ; Derivation of a 
modified Meeron formula of q bond 

The theory for calculation of w(r) in charged macromolecular 
systems where screening constant for Coulombic interaction is a 
function of intermolecular distance requires modification of the 
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method of Meeron, described above, for calculation of w(r) of an 
ionic solution. The first point in Meeron 's method, where a 
departure has to be made is in Eq. 27, 29, 30 where Coulomb 


potential (including the convergence factor) ^r^l ^~3r — 

2 -ocr 

expressed as a product of two factors X = and g(r) = — 

D is no longer a constant, but is a function of r and should be 
shifted to g(r). Thus, redefined X and g(r) called X' and g' (r) 
are given by: 

X' andg'(r)- — D(F)r • <”) 

The additional complication is that D(r) depends on the 
particle pair, whose Coulombic interaction is being screened. We 
therefore must introduce 


g' (r) = 

^mn^ ' 


—OCT 

e mn 

D (r ) r ' 
mn ' mn^ mn 


a modified g function between particles m and n. A modified g' 

bond is = -Z^Z^X'g' (r) . The integral over g' bond chains, the 
iti n mn ^ ^ ' 

equivalent of Eq. 33, is written as 


= I Ski '■^kl' Si2 S's,l dtHg) 

(98) 

Whereas in Meeron 's method all g bonds, irrespective of which 
pair of particles they connect are identical, we have a situation 
in which the g^ bonds are not identical. 

Even if the composition set of intermediate particles is the 
same, their order of arrangement makes a difference to the value 
of the integral. Meeron takes advantage of the fact that in 
his case, is independent of the order of arrangement of 
intermediate particles and is therefore multiplied by a 



combinatorial factor given in Eq. (34) and a further summation 
is carried out over all composition sets of the intermediate 
particles in Eq. (35) to obtain a sum of all chains between two 
particles. This sum is the q bond and one obtains expression 
for q bond between all pairs of particles in Eq. (38) . The 
expression depends on the specific nature of the terminal points 
(between which one builds chains) only through the values of 
their charge (viz. Z^) . In the case under consideration, 

this method is inapplicable, because I depends on the specific 
order of intermediate particles in the chain. The method, we 
have adopted is based on that used by Friedman and Jepsen (15) in 
the theory of calculation of q bond in systems with angle 
dependent potential. The details of this method is given in 
section 4.1. The method, as applied to our specific problem, is 
described below. 

Let us consider a chain of length 4 with macroions at the 
two terminals. The two intermediate particles can be all 
possible combinations, of positive ion, negative ion and 
macroion, a total of nine possibilities. Each of these 
combinations give rise to a g' bond chain, whose expression is 
typically 

9+ - "-> 9-b 

m + - m 

(the chain is o o o o ) 

9 ;+ 9 ; . g:„ 

which simplifies to g'+(r^)Z+ g; . (r+ .)Z? g:„(r.„)Z„) 

The integral to be evaluated is 


1 


I "b (r„^) zj g; .(r^ .) zf g.„(r.„)Z„dJ^a?. 


It is evaluated in the Fourier domain. The three dimensional 


Fourier transform of I (r ) is 

s ' mm 


(t) = (-X)^ J 


+00 ^ +00 

™ f 


f d IT Zcr'fr )Z^a' (r ) 


zi g ^(5^ 

“ “HI “in HI 


= I ''m 9 ;+<’^n+ > 2+ 9; .(r^ jzf g.„(r.^)z, 

e'i a ?, a ? a ? 

+ — m 


-it.r 


- I 9 ;+C^m+)® ’ " ■> J 9 ^ .(r^ .)e 

r t> -it.? _ . 

X Z"' g „ (r „)e d? „ 

J - ^-Hl -Hi' -HI 


a ?. 


(noting d?,= dr^. , dr = d?_ ,and Jacobian of transformation 

+ HI+ — HI— 


d?^ dr„^ to dr^ , d?. d? „ is unity) 

m4- m— mm HI+ + — —HI 


= (-^>' \ 5„+(t) zj 5^. . (t) zf 5.„(t) z„. 


where 


9 m +( t ) 


' J 9;+ e 


•it.? 


m+ 

dr 


T J 9;+ (r„+) V ‘*’^1 


(This is an well known identity (7) . It has been derived 
explicitly in Chapter 5) . 

The sum of nine such terms p (t) can be written in the following 

HlHl 

form 
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I 5'i(t) zl 5£„(t) 

n,l 


(where n and 1 run over the indices m, + and -) 


= I 5m(t) (Vp «np> 5;q(t) (Vl*al>5iB('^) 


n,l, 

P/q 


VI qi^ 


(where n,l,p,q runover indices m, + and -) 


= (-A)^ Z H' ZH')™„ (100) 

in in ' mm ' 

(where H' is a matrix, whose elements are (H') = q' (t) 

(, ' ' ' mn ^mn ' ^ 

Z is a matrix, whose elements are (Z) ^ Z Z 5 

mn m n mn^ 

As the terminal particles change, the matrix element of (H^ZH'ZH') 
change accordingly, viz. if the terminal particles are a positive 
ion and a negative ion, then 

-|n+2)(^) ^ Z^Z_ (H' (Z (101) 

The quantity of interest to us is q^y^^) which is a related to 
Pjjy(i’) derived above (Eq. 100 and Eq.lOl) by the equation 


q^yCl^) = 9 xy(^) + X P^'PxyC^)' ( 102 ) 

V>1 

where the bars over p and stand for a composition set, p is the 
number density. In Fourier space, the equation is 

qXY(t) = 9xy(t) + 

The multiplicative factor with number densities arise from 
Eq. (17) , the cluster expansion of a)(r) . The integral over the Q 

diagrams are multiplied by . The factor p can be shifted to 


1fi4 



— 1 / 

the vertices of the Q diagram that multplies — £ — . Thus g-bond 

u! 

chains that connect the vertices X and Y on a Q diagram 
(resulting from the expansion of y bonds of the Q diagram in 
terms of g-bond chains) carry the corresponding number density 
on each of the vertices of the g-bond chain. In evaluating 
PjjY(r) we left out the number density terms. Now in the final 
summation to obtain the convergent q bonds, we include them. 

is a single direct g-bond between X and Y without any 
particle in between, i.e., the chain length is zero. 

For the system under consideration, we obtain 

. . qxY(t) = 9xY(t) + 2 ! P (-^) Zx ^Y ^^“'^v^XY 

(103) 

We include X in the matrices both of which are v+1 in number 


= I P*' (h' (2»'):-)xy 


(104) 


V>1 

The matrix Z is diagonal and has square of charges of 
individual species along its diagonal, i.e., Z matrix of our 
system is given below: 


+ 


z = 



0 

z 

0 



(105) 


We can easily include in this matrix and obtain another 

diagonal matrix, which we call Z' 
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Z' 


m 


0 

0 



m 


0 

0 


P 

m 


(106) 


Further suramation over all possible values of chain length i^+l, 

* 

gives 


q^yCt) = I-Z'(-X H') Z' (-X H') . 


XY 

(107) 


gYv(t) connects X and Y with one g' "Connector". 


’XY 

The term Z' (-XH') (following 


- Z'(-X H 




is needed 


because the first term in the expansion of - Z'(X H')j~^ is I 
and it generates a connection between X and Y through two g' 
"connectors". This term is linear in p (since only one Z' is 
present), whereas independent of p. The power of p 
equals the number of intermediate vertices between X and Y. Thus 
if there is one intermediate vertex, there are three particles 
altogether (X, Y and the intermediate particle) and two 
connectors are needed. The first term gwC^) has no 
intermediate particles and thus only one g' connector is needed. 
We can simplify the above expression to write 


The expansion of this expression will have a first term which 
contains a single g' function, which is~gjjy(t). Thus^gj^^Ch) is no 
longer needed as a separate term. We now explicitly write the 
expressions for Z’, X H' and [I - Z (-X H')] 


n ^ r- 


Z'= - 


h -)= - 


m 


+ 


m 



oA 

0 

0 


(109) 


o 



0 

p_z: 

0 



0 

0 

p„Z^ 





m 



+ 

- 

m 


-A 

“Ag|_ 

-=^5;m 


"Ai:^ 

-Agl_ 


(110) 


1 

1 




[I - Z> (-XH')] 


/ 


(1 + p^z; Ag^^) 

(p_z!Ag:+) 

(p^Z^Xg' ) 


(p+z+^g; _) 

(i+p^zf a5:_) 

(p^Z^Xg' ) 

HI la iti— 


(p.z! ^5:„) 

(1+p^Z^Xg' ) 
iti iti “^itim 


(111) 


The inverse of this matrix needed for calculation has 

to be computed in the usual manner; 


(A) 


-1 


( 112 ) 


det (A) 

T . 

(where is the transpose of the cofactor matrix of A. 
det (A) is the determinant of the matrix A) . 

In the general case, no further simplification is possible. 
However, in the system of +ve ion, -ve ion and macroion, g^^z 
g^_, g ^ have the simple form 

00 

-ar 


g' = Lt 
P‘3 


HI 


r.D 


-it t -> 

e ■ dr(D is not a function of r) 
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5 

t2 

6 

t2 

- Xg( 

^+m 


1 

det ^11 

1 

det ^12 

det ^13 

5 

t2 

8 

t2 

1 

1 

X 

1 ^ 
det ^21 

1 

det ^22 

1 

det ^23 

- 


mm 


1 ^ 
det ^31 

1 . 
det ^32 

det ^33 









det 


^2 ^^11*^21^ 

^2 ^^12''‘^22^ 

^2^Pl3'''P23^ 

(P31> 

-^5;,,(p32) 

fP33^ 



^^Pl3''‘P23^ 


-^5-m(^32) 

(P33> 

- f2(Pll*P2l) 

“ ^^12‘‘'^22 

;^(Pl3'^P23 

-^5i„(p3i) 

-^53U(P32) 





The ij-th term in the above matrix gives us q^j (t) . In the 
limit, when the screening constant is not a function of r, then 
^^^'^^m+'^^m-'^^+m'^^-m “2 shown in equation 
(113). If we look at ^^^(t) term in the matrix, we find 


(t) 

= 5+_ 

(t) = 



11 

1 

ii 

(t) 

J 

11 

(t) = 



- - * X ^ 

.2 det 


det = 1 + ^ (p^ 2= + P. zf + P„ z^) 


i 7 n 



1 + . (z p z?) 

D kTt i ^ ^ 


^ ^ Pi 


_ . K^ _ t^+K^ 

t2 t2 

5++(t) = q+_(t) = 5^^(t) = q_^(t) = q__it) = q_^(t) = g^+(t) 




t^x(5/t^) 

■ t2 + <2 


This when Fourier Transformed back, gives 
1 ^ r“ 1 sin tr 


in •' t +K 


1 47re^ 

._2 * D kTr 




4nt dr 


sin tr dt 


2 X 71 e 
71 • D * 2 r 


t‘+/c' 

-fcr 


This value when multiplied by appropriate Z values gives the 
q value derived by Meeron with the usual distance independent 
screening constant. 


,2 _2 


9++(r) 

DkT * 

r 


Z Z 

— Kr 



e 

DkT 

* r 


Z.Z 

-Kr 



e 

DkT 

r 


The relationship of this method to that of Jepsen and Friedman 
(15), is discussed in Chapter 4, where we also describe their 
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method in detail. 


3.10 The Question of Convergence 

In Mayer's theory (Eq. 6(a)) and in Meeron theory (Eq.36 to 
Eq. 39) , a series summation is carried out. This is explicitly 
seen in Eq. (6a) and once again is given below: 

n 


G(t) 

I 

rG(t)]” 


n 

L aJ 

G(t) - 


- G(t) + (K^ G(t))^ 

G(t) - 


G(t)| 


(<^G(t))^+.. 



G(t) 

l+K^G(t) 

1 

G(t)"^+K^ 


The series summation involved is 

1 - X + - = (1 + x)~^ , where x - K^G(t) 

The series converges only if |r| < 1. This restriction would 

2 

restrict the utility of the theory. jrl < 1 means |/c G(t) | < 1. 

2 2 

G(t) = 1/t , t ranges from O to o, k G(t) therefore is always 
positive. K^G(t) = (K^/t^) < 1 implies t^ > k ^. For Fourier 
inversion, one requires the expression (1 + •X’)"'^ to be valid over 
the whole range of t from O to ». This would be true only in the 

limit K > 0, i.e., in the limit of an infinitely dilute 

solution. However, the method of analytic continuation extends 
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. . 2 2 
the validity of the equation in the range t < k. also (2) . Let 

. . 2 —1 

us discuss briefly how 1-r + Jf - .... =(l + jir) can hold 

outside its traditional radius of convergence. Our presentation 

follows that of Dennery and Krzywicki (16). Let us consider two 

functions f^(z) and £ 2 ( 2 ) which have different functional forms 

and are analytic within regions and respectively, which 

overlap. If f^(z) and ^ 2 ^^^ identical within the 

intersection n 0^ of the two regions, the results of the 

analytic continuation of f^(z) in D 2 (which is unique, by virtue 

of a theorem proved in Ref. 16) must be identical with £ 2 ( 2 ) and 

the result of the analytic continuation of ^ 2 ^^^ ^1 

coincide with f^(z). Thus, we may regard f^(z) and ^ 2 ^^^ 

corresponding to a unique function f(z). 

'' 

f- (Z) , z 6 D- 
f(2) = . ^ 

f2(2), Z 6 D 2 

which is analytic throughout the union + D 2 of the regions 
and D 2 and is uniquely determined by f^(z) or ^ 2 ^^^ ^ ^ 

D^nD 2 . We take, as an illustration 
f^(z) = 1 + z + z^ + 

which is defined for 

| 2 | < 1 , 

where the series is convergent and 

2 22 1 23 12 

f2(z) = 5 + (p (z + 5 ) + q)-^ (z + + .... 

which is defined for 

|2 + || < 1 

where ^ 2 ^^^ converges. 
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The series can be suitmied as 


^ 3 ^( 2 ) = = 1 + z + + for |z| < 1 


and 


f 2 (z) = ||l + |(z + |) + (|)^ (z + |)2 + ....J. 

= I ^ 1 + z' + z'^ + ....j 

( 21 1 

where, z' = ^ (z + -) and since |z + < 1, we have 

|2'| < l]. 

Using |z'| < 1, we obtain the expression given below: 


= 5 • 


2 

3 


1 - I (2 + §) 


3 

2 


(2 + |) 


■=— (Multiplying Numerator and 

X X 


Denominator by 


1 - z ' 


once again. 


We see that f^(z) and f 2 (z), the two series sum mentioned 
above have different functional forms, which converge in the two 
overlapping regions defined by inequalities | z | <1 and | z + ^ j < 
1, respectively represent in fact the same analytic function 

tCz) = • 

1 

The region |z + ^| <1 means z can be on the real axis range from 
^ to - On the positive axis, the range has not been extended 
beyond what is covered by | z | < 1 , but on the negative axis , it 
is extended beyond the range of | z | < 1 . Clearly the same 
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argument can extend the range all the way to -oo on the negative 
axis. Similarly, if we take 

f^(z) = 1-z + 2 ^ - 2 ^+ 

which is defined for 

|z| < 1, where the series is convergent 


and 




which is defined for 

1 z 

We find that 

fl(z) 


and 


f2(z) 


,2.2 ,, 1. , ,2.2 . 1.3 

“ (3) <2 - 5) + (3) (2 - -) 

- I I < 1 , where it converges. 


1 

1+2 


for 


< 1 



I (z - i) 


, 2 . 2 ,^ 1,2 
(3) (2 - 5) - 



- 3 — r— T- = r-H for I z - i I < 1 
5 - z - j 

1 3 

The range 1 2 - ^ | <1 impli^ z < ^ on the positive axis to z > 
- ^ on the negative axis. In this way, one can go all the way 
along the positive axis. In these two examples it was possible to 
find unique expressions and ^ — - , which remained valid in 

two circular regions considered (viz. \z\ <1 and |z + |j < 1) . 
It is in general not possible to find such unique expressions. 
Even in those cases the two functions f^^Cz), ^2^^^ with 

dissimilar appearances which are identical in the intersection 
A D 2 of the two regions (f^(z) analytic in and analytic 

in D 2 ) are considered as dissimilar manifestations of a really 
unique entitty; i.e., in the two examples discussed 


f^(z) H £^( 2 ) . 



Thus fj^(z) = l- z + z^-z^+ 

1 . 1 
= ^ ^ IS valid in the range z = - ^ to + « 

all along the positive real axis. Thus the restriction of 

2 ... 

K G(t) < 1 no longer restricts the applicability of the formula, 

2 2 2 . 
i.e., K need not be less than t . If k is now allowed to be 

2 

greater than t , then the formula holds over the whole range t = 
0 to 00 . Agreement of the correlation function calculated using 
theories that take the validity of the formulae of q(t) over the 
whole range of oo and experiment at quite high values of k confirm 
that this extension, using analytic continuation, is valid. 


3.11 Problems in Calculation of the Transform of the Coulomb 
Potential 

The g bond of the charge-charge interaction potential is 
given by 

g(r) = -|- 

Then its transform 

G(t) = J g(r) 47rr2 dr 


converge ; 
infinity. 


= J 


2 sintr 

47rr . dr 


00 

471 ft # • 

= ^ sintr dr. This integral does not 


since sin(tr ) is a function that oscillates upto 
To see this more explicitry, we consider (2), 


00 

^ J sin tr dr 
o 
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471 

t 

1/a 


= Lt 
a — >0 

J sin tr 
o 

dr 

o 

11 

An 

1 ^ ■ 

1/a 

t“ * 

^ cos tr 

o 


= Lt 
a — >0 




Obviously in the limit a 


cos (-) - 1 


0, cos — diverges. 


To handle this integral, one uses a convergence factor e 
writes g(r) = e /Anr and calculates G(t) as follows 

2 sintr 


-ar 


1 . e. 


G(t) = Lt G(a,t) = Lt 
a — >0 a >0 


J 


-ar 


Anr 


Anr 


tr 


dr 


. Lt { i J 

a — >0 ^ ^ i 


sin(tr)dr 




= i/t 


It is important to realize that G(t) = Lt G(a,t) is an 

a >0 

assertion, verifiable only by agreement of results so derived 
with experiments. We actually used G(t) , which is integral of 
G(a,t) with a set equal to zero before integration is carried 
out, but then the integral diverges. What we are able to 
calculate is integral of G(a,t) and then set a = 0 on the 

integrated function. We force convergence by using a 


convergence factor, which in this case is e 


-ar 


Friedman ( 2 ) 


• —(xr* . 

points out that e is not the only convergence factor. 

shows that if g(t,a) is calculated from g(r,a) = 


Anr 


1+a’ 


He 


one 


again obtains Lt g(t,a) = 1/t . He points out that transform 
a >0 
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CHAPTER IV 


HNC CALCULATIONS ON MACROION SOLUTION : ANGLE DEPENDENT POTENTIAL 



Introduction 


In this chapter, we present theoretical results on 
calculation of q bonds in a mixture of ions and dipoles in 
solution. This calculation is necessary for the calculation of 
correlation function in a solution of macroions carrying a charge 
and a dipole, containing macroions and small inorganic ions, the 
solvent being treated as a continuum. The calculation is based 
on the method of Friedman and Jepsen (1) . We present a 
description of their method of calculation of q bond in section 
1. We describe in section 2, the extension of their method, 
carried out by us, to ion-dipole mixtures at finite 

concentration of ions and dipoles. The application of the 
expressions derived in section 2 to the calculation of 

correlation function is shown in Sections 3 and 4. Reduction of 
the equations to Mayer's formula for ionic mixtures is shown in 
Section 5. The validity of the cluster expansion is discussed in 
Section 6 and that of the Allnatt equation in Section 7. 

4.1 Jepsen and Friedman Theory 

The potential of average force between the two solute 
particles with angle-dependent potential depend on 

orientation as well as the distance. Statistical mechanical 
calculation of the properties of such a system can be 

accomplished with the help of Mayer's technique of summation of 
cluster diagrams. According to the cluster expansion, the 
potential of average force is given by 

({X}, {y}) = U ({x),{y}) - kT E Q ({x}, {y), :n) 

^ ^ n>l 

Q(x,y,:n) = ^ J S(x,y:n) d{n} 
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S(x,y:n) is the sum of all terms corresponding to graphs of n 
field points and 2 root points (i.e. X and Y) 

(i) In the graphs X and Y are not connected. 

(ii) There are at least two independent paths by which each of 
the field points is connected to both X and Y. 

(iii) The n field points are connected among themselves 
independent of X and Y. 

The summation technique developed by Mayer and subsequently 
extended by Meeron sums the terms with the same topological 
classification rather than terms having the same n. This has been 
discussed in Chapter 3 in full detail for systems interacting 
through central forces only (i.e. forces having only radial 
dependence) . Jepsen and Friedman (1) extended this to systems of 
molecules with orientation dependent forces (i.e. interaction 
between molecules depended not only on the distances between the 
centres, but also on their relative orientation) . The summation 
method requires evaluation of convolution integrals of the type 

I ^xl ^12 ^i^y 

and summing them over v = 1, « . 

f i j : A function dependent on coordinates { i } and { j } . 

When the forces are central, evaluation of this integral is done 
by convolution theorem of Fourier transform in three dimensions. 
Jepsen and Friedman (1) have developed a method to formulate 
convolution theorem for orientation dependent forces. We discuss 
the method following the presentation given in their paper. 

In the following, an outline of the Montroll -Mayer derivation 
of the convolution theorem for systems of molecules with only 
central forces, is given. This is given in a form that is easy to 


182 



generalize to molecules with orientation-dependent for 
If there are two molecules i and j with their cen: 
at and , then an arbitrary square- integrable f 
which is a function of both and can be expan , 
following bilinear form 



(^ij) 


E ^t* ^^i^ ® ^^i ^t 

t. t. ^i ^ 1/ 1 J 

^ # J 


^ function, an element of a complete orthonormi '■ 
functions of r . 

If the molecules are all contained in a cube of 

then 

(r) = exp (ir.t) 

t : A lattice vector = t. t- t- 

X / ^ # 'J 

0, ± 2n/x, ± 2(2T[/X), 

The sum in eq. (1) is over all values of . Since ^ 

1 / J 

orthonormal , then 





t 


The last step is obtained with the help of equations (2) and 

(3). 

The molecules with orientation dependent forces are described 
by different variables than above. The variables are distance 
vector as well as Euler angle. 

Tj is the vector to the centre of molecule j from the origin 
of a standard Cartesian coordinate system. If there is another 
Cartesian coordinate system fixed in molecule j and rotating 
with it, then the orientational coordinates of the molecule are 
specified by the rotation which is necessary to make the standard 
coordinate system coincide with the j -coordinate system. Thus 

{j} = s — > j • 
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{j} — > a set of six coordinates, is divided into two subsets of 3 
coordinates each. 


The components of r^ are the 3 Cartesian coordinates. The 
components of s — > j (j from s) are the 3 Euler angles a, |3, y , 

As a function of distance, r^ can be expressed by a complete 
set of orthogonal expansion function which is of the 
form exp(i^.r) , the function of rotation (s >j) can also be 

expressed by a set of orthogonal expansion functions. This set is 

. . . I 

given by the irreducible representation coef f icient , (s^j) of 

the three dimensional rotation group. Given below are some 

properties of the D-functions which are used in the subsequent 

calculation. 

(1) The indices l,m,n of D^(s^j) are conjugate respectively, to 
the Euler angles ^,y,a of the rotation s — > j. 

1 — > Integral values — > 0 , 1 , 2 , ... . 
m,n — > Also integral values — > -t ... +t 


(2) 


(3) 

f (s^j 

J mn' -* 


1 * 

^nm (Inverse rotation) 


(Orthonormality) 


(5) 


( 6 ) 





-271 

.77 

p2Tr J 1 ' * 




Sin|3 d/3 

dy D (oc f ^ D / / (oc , f'y) 

(7) 


^ o 

“'o 

^ o 


+1 

(4) E 


“in 

= “in 

(8) 


(5) The product of two D-functions of the same rotation can be 



written as a finite linear combination of D functions by the 
formula 


LMN 
L 


■ 1 

1' 

L ■ 


■ 1 

1' 

L ■ 

m 

m' 

M 


n 

r 

n' 

N 


31 


^-M-N 

3j 


where , 


[ d e f ] * ^"3 coefficient 

3j 


(9) 


Terms of Eqn. (9) that do not vanish must have M = -m-m' and 
N = -n-n' 


(6) (1-1) = 5 (ntm) 




(8) dJ; (o,,g,r) = ( 2 m ) 


n-m’ 
1/2 


( 10 ) 

( 11 ) 




(sgn m)' 


( 


(n- 

m 


(n+ 

m 

)ii 


,lV2 


p? (cos8) exp (-ima) (12) 


J D„3^^(A-B) d(A«B) 


= 871 


r 

^2 

^3 

1 f 


^2 


Ln, 

^2 

^3 

J 1 

0 -i 

■ ”1 

“2 

">3 J 


33 


(13) 


3j 


186 



^2 ^3 r ^2 ^3 1 

( 10 ) I ( 1 ^ 2 ) ( 1 ^ 2 ) (l-» 2 ) X I J- 

n,n^n^ ^1^1 ”2’^2 ^3^3 L 1 ^2 ^3 -J 


12 3 


^ r ^1 ^2 ^3 -I 

L ’''^1 ”'2 ^^3 -* 3 j 


3j 


(14) 


/ T T \ U 

n^n 2 I n^ fixed 


r ^2 I3 1 ^1 ,3 

L m 2 m^ J 


X (A^B) 

”2''2 


1 , 1 . 1 


r -"1 -"2 -^3 ] 5(13:1;) I3 

[n, n, n3 J3,= -2I^ 

(12) r ^2 h ^3 •] ^ I3 + I3 + I3 r ^1 I2 ^3 ■) 

[ ^2 ^^3 -'3j L“”^l ”**2 ^^3 -l3j 


( 15 ) 


( 16 ) 


^‘1“‘2 


r ^1 


f 


^2 


L ^ 2 . 

m2 

" Jiji 

■ “1 

“2 

m J 


5 (I 3 : 1) 
(21 + 1 ) 


(17) 


1, 1,+1 


(21. + 21, + 1) I .1/2 


r -"1 -"2 ■"i^-"2 1 (^ ^^1 " "-^2 " ) 

^ ^ L ®2"”‘r“2J3j^ ( 21^)1 { 21^)1 J 


^l”^2 1/2 

(_) 1 ^ 1 ^[(l^+l2+m^+m2)! (l3^+l2-m^-in2) ! ] 


[(l^^+m^^)! (l^-m^)l (l2+in2)I (l2-in2^'^ 


( 15 ) I (2I3+I) [ 



^2 

I3 ■ 


[ ^1 

^2 

^3 1 

L ”1 

“2 

^3 - 

j 

3 j 

L 

m' 

m3 J 

= s 

(m^ 

: 

t ^ 

m' 

,”*2) 




1/2 


]. 


( 18 ) 


(19) 


187 



= :: ^12 2) (T* r,^) 

111 11 22 
1 2 
m m 
1 2 
n n n 
1 2 
S S S 
1 2 




(23) 


With the help of Eqn. (9) 




- r (2L +1) [ i’- U ] [ V 1 

LM L ^1 ®2 -< 3j L ^1 ^2 J - . 


1, 1. L 


r ^ 

1 

“l 

r ^ 

1 


[-U 

s 


[-V 

n 

X J 


■) 


3j 

u+v+u+x 


3j 


°;^x 


Because of invariance in rotation of the pairwise function 


M = 0 ) = X = 0 and (s 

M = 0 =» L = 1 

w = 0 =» -u = -s = s^ + s 

X 


= 0 . -u = -s = I 

= 0 -V = -n = n, + n^ J 


T) = 1 


Properties of 3-j coefficient 


1 • *‘2 

With the help of equation (19) the above summation reduces 


to 



^2 ^ ] 

r 

^2 ^ 1 

S- 

s_ -s, -S_ - . 

L 


*- 1 

2 1 23 33 

L 2_ 

2 1 2-* 


-s, -s^-n^ -n. 


3j 
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, 

H 

^2 

1 


1 

H 

^2 

1 





H-, 


-n, -n^ 

1 

2 

1 2 


1 

2 

1 2 

.. 



:3“i 





(-) 


-2(s^-S2) 


J3j 


■ ^1 

^2 1 ■ 


■ ll 

^2 

1 

^1 

=2 -®l-®2 

3j 

^1 

^2 

-^1-^2 


J3j 


Hence from equation (23) we have 


■12 




1 ,1 ,1 

1 2 ’ 

m , m , m 

1 ’ 2 ’ 

n » n , n 

1 ' 2 * 

s , s , s 


12 


•1 


1-, 1 


r 1-, lo 1 1 

1 2 


1 2 

®1 ”^2 ^12 


^1 ®2 -®l-^2 

n, n^ n J 



H ^2 


“"l“”2 


•Jsj 


-•sj 




V' 

f V 5 


^2 

1 ' 


[■ 

^2 

1 

> 

= z ■ 

1 L ^12 


”^2 

^12 


. "'i 

"2 

-ni-n2_ 

3j ' 

n 1 m .m 

1 2 

^ n .n , n 

12 

Hi 

^2 

n 

J 






z 


®i ' V 


^2 

^2 


1 

S 


3j 




From the definition in equation (21) , the summation 

in the bracket { } reduces to (-) ^ f-_ ^2 ^ 1 

®2 ^12 ■' * 


From the definition in equation (11) , 

1- ^1* 

Vs = (-) D_m -s 

® 1®1 ®1 ®1 


( 24 ) 


(T^rij) 


I 

»j .ij.” 
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Hence f 


12 


- I (-) 


-m 


1 f 


1 , 1,1 

1 2 

in , m 
1 2 


12 


^ "l ^2 

Ml ^2 


1 1 

^12 


I 


s , s , s 
12 


^1 ^2 
^1 ^2 


1 

s 


3 j 




== “os (’'■^■^12) 


In the summation ^ , the indices of s^ over which the 


S , s , 8 

1’ 2’ 


summation takes place, varies from - 1 ^ through 0 to + 1 ^^/ Hence 
inside the summation s^ can be replaced by "S^. Same is true 
with the index m^^. Hence, s which is equal to -s^-S2 can be 
replaced by s^-S2 inside the summation. Thus we have. 


12 


m 

= I (-) 


^ f 


r 1. 


1,1,1 
1’ 2’ 

m , m 

1 2 


12 


m, m., 
1 2 


12 


I 


s , s ,s L 
12^ 


1 

S 


3 j 


s.~m. ^1* 

X (T-^l) D ^ 


”1=1 


“2®2 




= 1 
1 , 1,1 
1’ 2’ 

m , m 

1’ 2 

8 , S 

1 2 


®i - 

(-) f 


12 



12 

1 ’ 


'll 

I2 1 ■ 


®2 

"" 12 ^ 


-®1 

^2 ® l -®2 . 


3 j 


1 * 


X D' 


m.s. d; « .3 (T^r^2) 


^2 “2 


'1 “2 


( 25 ) 


If S coordinate system is so chosen that T — > r^2 rotation 

vanishes, then with the help of Eqn. ( 10 ) , we have 
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and the equation survives for s^-S2=0. Hence s^=S 2 =s 
Now we have, 


fl2 - I il2 [ m. m, ^ 12 ] L ® ® o ^m,s ^^12 ^ 

III X ^ J3 i 


1*2 


o (r,, — > 2) 

III 2 S 12 


(26) 


The above equation is inverted in the following way to get the 
expression for f ^ , in terms of f , 

1 , 1 , 


J 

-I- ( 


2 * 


12 




J I 


/ / / 

I 1 I 2 I 

m £in's' 


12 


( r / t \ 

H I2 1 


•^1 12 1 

/ t 


t r 

. ”1 “2 '^12, 


1 

1 

{/) 

in 

0 

1 


f * 

(-)“= D ^ ,(r 
3j 


S' H 


®1® 


12 


^1) 


°n:s '=^12 Vs" ('^12— > 

1112^ 1 2 

(27) 


2 * 


By equation (6) , 

1 , 


I I 


^^12" 


> 1 ) “ m ' s * (■^ 12 ^ 1 > 


Stt " 


21^+1 


I I 

l^,in^,s' 


D ‘c. (r.,-^2) 

m2S 12 ' 


^2 * 

^m^s ^^12" 


>2)d{r^2 >2) 


Stt 


2 I 2 +I 


Hence equation (27) becomes 
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r H 

I ^12 


^in2S ^^12 ‘^^^12' 


►1) d(r-^2) 


ll I 2 1 


“1 ”2 ^12 


^1 ^2 ^ / .s f 8n^ ) f 8n^ 

-s s 0 ^'M 2I1+1J i 2I2+I 


1, I 2 1 


~s s 


^ 1 s r ^1 

Q I ^12 \ S^^12* 

J3j 


^1) Djj^^g (r^2 


X ca(r^2 — ^2) 


=I " (-)^ ^12 \ 

^ 1 # “S s 0 - . m, m. r, 

s,l' 3^ '^121 


1^ I 2 1' 


""l ”"2 ^12^ “S s 0 


(-)S (87T^)^ 


( 213 ^+ 1 ) ( 2 I 2 +I) 


I 

s,l' 


1 1 1' 

1 2 ^ (-)^® 

"“2 ''12 


^1 I 2 " 


1 1 !'■ 
1 2 


-s s 0 3 . -s s 0 3 . 


(21^+) ( 2 I 2 +I) 


r^i ^2 ^ ] 

K ®2 ^12) 


2 12^ (21+1) (21^+1) (2I2+I) 


(both the 3 j -coefficients are multiplied with the help of 
equation ( 17 ) ) 


. . f. 


^1 ^2 ^ 


“‘l “2 ^12 


(21+1) (21^+1) (2I2+1) r 1^ I2 1 

64Tr^ ^ s s 0 

s *- 


J^12 \^S^^12 


'm 2 S ^^12—^^^ ^^^12 ci(r^2-^2) (29) 
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Convolution Theorem 


(i) General Pairwise Functions 

: a function of spatial and orientational 

coordinates of molecules 1 and 2. This can be expanded in terms 

of complete set of orthonormal functions. The expansion is given 
as 

^12 " I Kl> ^12 «'<2> ((2}) (30) 

< 1 >,< 2 > 

<a> > A set of coordinates conjugate of {a}.^'^ _ constitutes a 

complete orthonormal set of functions of <a>. 

»<a> »*)■) = “in 

€ > conjugate to ^ 

l,m,n > conjugate to Euler angle 

L > fixed laboratory coordinate system 

a > coordinate system of molecule a 

X > length of the cube to which the molecule is confined 

J ’^<a> d({a}) = 5 (<a> : <a>') (32) 

From Eqn. (30) : 

*12 *<2> «2)) = I Kl> <<*» <2» 1'<2>((2)) 

< 1 >,< 2 > 

4'*2> ({2}) (33) 

J '^<1> ’^<2> ^((1)) d({2}) 

<1>*<2>* 

d({l}) d{2)) 
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( 34 ) 


= Y d{l}) 

< 1 >'< 2 >' 

^ I ^<2>'(^2})’i'*2>({2})d{2} 

= F (<1> , <2>) 

The integrations above turned out to be unity with the help 
of equation (32) . 

Hence, F(<1>, <2>) = J ({!}) ({2}) d{l} d{2} (35) 

This orthogonal expansion is used in the evaluation of the 
convolution integral in the following way 
PjjY (vt, (X), {Y}) 

“ Pxl ^12 ^i^y 

(with the help of equation (30) and equation (32)) 

* J I ’*'*x>((x})Fj^l(<x>,<l>) ’*'<i>({l})X ^*i>({1})F({1},{2}) 

<X>,<1> <1>,<2> 

X '5'<2>({2}) Y ^<t;>({^})F(<^’>/<Y>)’^<Y>({y}) d{l} d{2}..d{v} 

<V>,<Y> 

= ^ «'*X> ((X}) F^3^(<X>,<1>)F(<1>,<2>) ... F(<v>,<y>) 

<X>,<1>. . .<Y> 

X J 4'<1>({1}) ({!)) d{l} 

^ J^<v> ^<i^> 
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= I 

<X>,<Y> 


^<x> 


X < 2 >) 

<1>,<2>,<U> 


...F^Y ) ^<Y> 


= I Kx> ^XY ^<Y> 

<X>,<Y> 


. .PjjY(l/f) 


j; (<X>, <1>) F^2(<^>'<2>) F^^(<V>, <Y>) 

XX 


<1>,<2>, . . .<i'> 


Let F^j is a matrix with F^j (<i>/ <j>) being the element of 
the <i>th row and <j>th column, then P^Y^® elements of the 

matrix product F^^^ F ^2 ^vy* 

The sum of the convolution integral over all values of v 


gives 


^XY ' *XY 1 =' ‘'PxY<*'*> 


where (vf) is given by equation (36) . 

This when transformed by equation (35) one gets 


®XY ^XY ■*■ I ^XY^*^^ 


Each term of equations (39) and (40) is an element of a matrix. 
Hence one can write a corresponding matrix equation, 


0 = F + 

'^XY XY 


^X1 (Z C;" ^i,i+l ) ''vY ] (“I) 

..... *» J- J- 


If molecules 1,2, between X and Y are all of the same species. 


then 


®XY ^XY ^XA^^ ■ ^AY 
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[(21 + 1)(21 1 1 * 

]— 3 I I (21+l)jl(rt)Dl„(I^t)D^„ (I^r) 

l,n cube 


d(L >1) d(L >2) d(D->r) 

”‘ 2'"2 


[( 21 ^+ 1 ) ( 2I2 + I )] 
IStt ^ 


1/2 


I I 1 


12 


l,n 1 ' 

1 ’ 

' 1 

2 

m ’ 

m » 

1 

2 

n » 

n * 

1 

2 


^1 

^2 

1' 

TUi 

la' 

r 


r 1 ' 1 ' 1*1 ^ 1 * ^2 1 

(-) ^2 ^ \ Dj (l^l)Di (1^2) (L »r) (-i)-^(2l+l) 

>- - n £ n ' J^j 1 1 2 2 


1 1 * 1-1 o 

Vn ^^^2) r^dr d(I^l)d{L->2) d(Ir>r) 

11 2 


(D functions are integrated over (L — >1) , (L >2) , (L >r) with 

the help of equation (6), and we get the following for 1=1', 
m=m' , n=n') 


[(213^+1) (212+1)]^/^ (871^) ^(21+1) 

o X ———————————— 


1671' 


(21^+1) ( 2 I 2 +I) (21+1) 


X J 


12 


ll ^2 

iril in 2 


1 

r 


n . 


(-) 


^1 ^2 1 


L-ni 


^2 


(rt) (L >t) r^dr 


• J 3 j 
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3.1 

32 (-) 


[(213^+1) (2I2+I)] 


1/2 


I J 



1, 

1^ 

1 ^ 

J ^2 

1 

2 


cube 


”^2 

r 

y 


°on 


^1 ^2 ^ 


-n. 


n. 


n 


(rt) dr 


3j 


By approaching the limit X = », we fix the limit of the 
integration from O to » and this limit is justified for 
statistical mechanical calculations, since the bulk properties 
are independent of X. By using the definition in equation (49) 


and replacing J by J we get equation 


(48) 


cube o 

F ^2 is ^0“^ desired transfoim, as it depends on the 

rotation L >t, also it is a function of nine variables rather 

than six. So we carry out a further transformation to get the 
desired transform of ^ 2 , 2 ’ 

Let us define a quantity ^2 by the following 

''m^ m 2 n-' 


linear transform 


•12 


= I 




^ 1^2 


(L >t) D ‘ (L >t) 

2 


(50) 


By applying equation (48) and equation (14) and equation 
(11) to the above equation, we find 




(L— .t) 




% 
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- I I 


(-) 


1 n , n , n ’ 
1 2 


H- 

r In 


1 ■ 

1 

1 

2 



“n- 

Ho 

n'_ 


1 

2 



1 * 1 

D (I^t)D„^„(L^t)Di„, (L-^t) 
n^n ^2^ on 


X f 


12 


^2 

®1 “2 


1 1 
t 


‘I I (-> " 


1 iij^n^n' 


== “on 


1^ 1, 1 


-n^ n' 


1 2 


r ii I 2 1 ) 
"*2 ^ 


J3D 


^1 ^2 


-11 <-> 

1 n^n^n' 


2n, -n 


ll I 2 1 
-Hi n2 n- 


-Isj 


-n^ -n' ^2^ 


X f 


12 


fll ^2 ^ ' 
®1 ”*2 ^ 


“I I (-) 

1 n^n^n' 


-n 


^1 ^2 " 


-n, n^ n' 


1 2 


X f 


12 


rii I 2 1 1 

®1 ^ 


-■aj ^ ^ 


(-)""^ = 1 , (-)-" = (-)-2" (-)" = (-)") 


= 1 (-)" <2 


fli 


1 ' 


r In 


1 ■ 

1 

m- 

2 

t 

1 

1 

2 

n' 

1 

2 

j 


1 

2 



3j 






Inner siimmation survives only if n'=0 and becomes 
by equation (14) . 


ll I 2 1 

-n n 0 


Jsj 
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hence , 
f,. 


f ^ 1 r, r. r In lo 1 1 

•*•2 _ y 12 

in 2 n J ^ |_ -n n 0 _ 


1 , I 2 r 
”*2 


(-)" 32n^ 


I (-i)^ ^ \ J ?.3 ^ 

1 L ° -Ij-i i I «i 


[( 21 j+l)( 2 l 2 +l))*'* “ L -n n 0 ^ : 

Equation (51) is multiplied on both sides by 

r ^1 ^2 I'l 

and we get 


H ^2 M 2 

j,(rt)r^dr 

®2 r i 


1 1 1^' 
1 ^2 


L-n 

n 

0 

-l3j 

or 

r In 


1' 

I (“)" 

1 

2 


n 

-n 

n 

0 


-n n 0 J 

*12 = <-)" I 
1 


ll I 2 1' 

-n n 0 


^1 ^2 "l.t 

-n n 0 J 3 - 


*12=1 I 

3j n 1 


^1 ^2 ^1 ^2 ^ .t 

^12 

n n 0 „ . -n no ^ . 


^ 2l> ' ~^^ T ^12 equation (17)) 

♦ f 11 nf In lo 11 fin lo t 

=> “ (21+1) y (-)” ^ ^ ^1? m 

^2[m m tj L-n n oj jl 2 ['”i ®2 


f ^2 1® given by equation (49) . Hence 


3271^ (-i)^ 


j: ( 213 ^+ 1 ) ( 212 + 2 )]^' J 

= (21+1) y (-) 


00 

f In 


1 ' 

r f 

1 

2 


J 12 

m- 


r 

0 

^ 1 

2 



(rt) dr 
3j 


■ ll 

I 2 

1 ■ 

^12 

' ll 

I 2 

t’ 

-n 

n 

0 

3j 

■ ”1 

“2 

n 

y 
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f In 

lo 1 

r f 

1 

2 

J 12 

B- 

r 


^ 1 

2 


3 ^ (rt) r^dr 


(21 + 1 )[ ( 21 ^+ 1 ) ( 212 + 1)3 
3271 ^ (-i)^ 


1/2 


I (-)" 


n 


h ^2 ^ 

-n n 0 



ri- 

1^ 

t' 

^12 

1 

2 


Jsj 

^1 

™2 



or. 


j“dt 3 ;^ir't)t^ Jdr f ^2 =I C")"" 


(rt)t^ dt 


r ii 1 

-n n 0 


3j 



r In 

In 11 

f f 

1 

2 

J 12 

B. 

in_ r 


1 

2 J 


L.H.S. = J dr f^2 J ji(r't) j 3 ^(rt)t^ 

o 

TT (5 r ^ ^ 

[By Hankel's integral, inner integral = r ' ■ 

A XT XT 


1 


dr f ^2 ^ 


2 n 8 (T-r' ) 


rr' 


= 1 ^2 


2 2 ^12^^^ 


(-i)^ = 

1 

(i)- 

(-i)^ (i) 

1 

(-i)^ = 

1 

(i)- 


fl. 

1^ 

^12 

1 

2 

^1 

”^2 


.2,1 


( 21 + 1 ) [ ( 21^+1 ) ( 212 + 1 ) 3 ^/^ (i)^ 


1671 


I (-)" 


n 


(rt) t^dt 


r In 1 

n 1 1 

CO 

f In 1 

o t 

1 

2 

f f 

1 

2 

-n n 

0 

J 

3 j o 

B- 

B-. n 

U. mi 

t^dt 

^ X Z ' 

(54) 
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with the help of equation (53), equation (48). can be written 


In' L ^ n 


-n n 


. [ H ^2 t 

12 m 2 n 


„ „ r^i 1, 1 

= (-) y (-) (21 + 1) 

l,n^n K n2 n' 


^1 ^2 ^ 1 

„ °on' 
-n n 0 


X f 


f ^2 t 

12 m^ m 2 n 


NOW, we find: 

nn^ "n“n2 


^ r 1 , 1 , 1 

= y (21+1) (-)” ^ ^ 

17 n' n -n 0 


^1 ^2 


ni -n2 


Djn. (L >t) 


^ f 1- 1- 1 

= y (21+1) (-)^ 

17 n' L-n n 


^1 ^2 


0 J 3 j L-^l ^2 




(By equation 16) 


= y (21+1) (-)^l""2 

17 n' [-n n 


r ^1 ^2 1 1 1 

n n n^ ^on^ 

-n. n, n' 

3j 3j 


(-) (21+1) (-) 
l,n' 


’^iF ^1 ^2 ^ 


^1 ^2 Ml 


-n n 0 J [-n n n'J 

3j ^ 2 3j 


^ r. r !•> 1 

(-) 2 y (21+1) (-)"l 

l,n^ -n n 


^1 ^2 ^ 1 1 

Di„,(If— .t) 


l-n n n'j 
3j ^ ^ 3j 


205 



Substituting this in equation (55) , we get 


^2 = (-) !<-)” D™ * 


= I %i, ° 


2 * 

nn^ 


2 

r 1. 


(L >t) f 


12 


n 


m, m. 


12 

tl 

n 


r 1. 


m. 


^2 

m. 


t) 

r 


(56) 


With the help of equation (11) (-) 


"-"2 ^2 


^2* 




The transform of convolution integral in equation (38) now 

can be simplified in the following way: 


PxY <X> , <Y>) 

= ^ F(<X>, <1>) F(<1>,<2>) F (<V>, <Y>) 

<1>,<2>, . . .<V'> 


I 


1 1 * 1 


<1>,<2>. . .<v> 






From equation (5) and (8) and (10), we have 


a D 


i 


'>nn 

a J3 


= l ■'v 


(L >t) (t >L) 

a 


= D" 


Va 


(t >t) = 5 (njj : n^) 


(57) 
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. . Pjjy (Vf , <X>, <Y> ) 






"l’ 

®2* ‘“P' 


^2* 

‘'xi 

, . n 


Xl X 


xl 1 


12 1 




(If we sum over n^,n 2 -..n^, then we get a nonzero term for n 


Xl 


“ ^12 “ “ ~ 


“ I 


1 1 . . 1 

12 V 

n D * . m I n 

12 U 


^nn^j ^xl^”^ ^12^”^ 


nn. 


(58) 


lx ' 


I ^ 


^xl 




^ ^x ^1 

mx m^ 


t 1 
n 


vY 


r 1 . 




ly t) 


% my n 


nn. 


- I 

n 

where , 


nn^ ^XY 


I'f, 


^x 1 y 
lax 


t I 
n 


nn. 


(59) 


XY 


= I 


xl 


^1^2* • 
m^m2 • • • 



1-1 t 1 


f 1-1 lo t 1 


ri i„ t 1 

X 

^ “‘x 

1 

n , 

^12 

1 2 

. ”^2 ” ^ 

. .f 

V Y 


(60) 


The relation between p^^y ({X}, {Y}), p^^y and p^^y is the 
same as the relation between fjjy» fjjY ' ^XY* 

Also similar relation prevails for the sum over chains, 

^XY ” ^XY ■'■ X ^PXY 

vil 


its half transform 
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given by^ 


1 2 

li r(21 +21 +1)! -.1/2 V* 

(-) 6(l^+l2:l) [(21^)1 (2l2)l] I 1 +I 2 +I 


M functions are the multipole moments of the molecule. 

Full transform can be found with the help of equation (52) 


=12 

m 2 n 


(-)*' 3271^ ^ri- 1_ 1 

[ (21 +1) (21 +1) i L ^ ° 


j (rt) r dr 


®2 ^12^ 1 


r ” - f H ^2 M 2 

X J u^2 ^ ^ 

o V ®2 ^12-' ^ 

(By replacing the expression for u ^2 equation (69), we get), 


(-)" 3271^ 
[( 21 ^+ 1 ) ( 212 + 1)3 


fin 

lo 

11 “ 

1 

2 

r 

-n 

n 

0 J 





( 21 . + 21 ,+!)! -. 1/2 


.fo^ \ 


•(2l3^)!(2l2)! 


”m' *^2 


j, (rt) r'^ dr 


(-)^327r^ 


[(2l^+l)(2l2+l)]^/ 1 


, -n n 0 


(21^+212+1)1 II /2 
(21^)! ( 2 I 2 )!. 


(-) Sd^+lj.l) 


K^l m^2 P» 

”1 ®2 J /l'^^2'^ 

o r, _ 


j^Evaluation of the integral; 

« 3l +1 (rt) « (rt) 




a r. 
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= ^ J r- fi - -i 

a (rt) 

r. l-n 

From the relation J3j^(x) x dx = — , the above integral 


becomes 


l,+l^-2 -’1,+! 


■12 


1 *2 


- i ( rt ) ,» 


I1 + I2-I 


^ l ^+ l 2 “ l ( rt ) 


> l ( at ) 




- I1 -. I2 - I -' 

I1 + I2-I 

a ^ t 


(-)^ 32 ti ^ 

[( 21 ^+ 1 ) ( 212 + 1 )]^ 
‘ r^i +21 + 1 1 ! 1 


13^+12 r 13^ I2 I1+I2 


-n n 


(With the help of equation ( 18 ) ) , 


3 j 

1 ,+ U-l 


1 [( 21 + 21 + 1 )! 1 * 1 7 
" <-) ( - 2 - f,y! k^) ! “bJ “b^ J -t ' +i,^ 

L J a r. 


( 21 ^+ 212 + 1 ) ! 
( 213 ^+ 212 ) I 


,.1/2 


I2 I1 + I2 


-n n 


I1 - I2 


[ (1^+12) i (13^+12)!] 


[(1,+n)! (l.-n)! (l.+n) ! (1,-n)!] 


1+1 1 1-1 
(-i) (-) ^ (-) -^ 


- l .- l , 21 .- 1 - 

(i) ^ ^ (-) 

(• ‘(-i)^ = —1 = (i)"^) 

• X J \ J- 


- 1-1 -1 -1 - I2 I2 

(i) ^ ^(-) ^ = (i) ^ ^(-) 


— 1 -— 1 . - 1 - — 1 -— 1 _+ 21 _ 1 .— 1 - 
(i) ^ ^ (i^) 2 = (i) ^ 2 2 = (i) ^ ^ 
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Equations ( 71 ), ( 72 ) and ( 73 ) together give the fo.l .lGv.’ing 


expression for u^2* 


1*1 
1 „ 2 


" 12 " 




m. 


[ a^+n) I (1^-n) 1 (l2+n) 1 (l2-n) 1 (213^+1) (2I2+I) 3 


ta'. *2 


1 +X -1 

2 

( 74 ) 



I2 

t ' 

- ^1* 

h 

' ^1 

^2 ^ 

l“i 

m2 

n 

j 

= -^“l2 = % 

. t 

a . 


*12 


where 


rf^l ^2! = 
t n 


M. 




( 75 ) 


-^327r^(-)^(i)^^ 


(ll+l2)i (at) 


1/2 ^l'*^^2"^ 

[ (l^^+n) ! (Ij^-n) 1 (l2+n) ! (l2“n) ! (213^+1) (2I2+I) 3 ' ta 


( 76 ) 

Now let us consider the expression for the n convolution 
integral given by equation ( 60 ) where we use g^^y as the function 
and there are two intermediate particles. Thus, 

1. 


■XY 


ly* / ly A ^1* ~ ( ^1 ^23 ^ 

(2g) - I m/ h [ ^ „ ] % % M t n ) 

T - A 


1112 
®1^2 


^2 

‘'•2 


^2* ~ 
2 


r 1 


2 Y 
t n 


M 


IHy 


( 77 ) 


Let us define the following for a molecule of species s 
1 


y *= M (1) 

4-. la m s 


( 78 ) 


m 


Hence, equation ( 77 ) becomes 
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1 * 

Pvv <2y) = ^ V 
11 “x 




X h 


( ^2 V ^ 

1 n 


M. 


m. 


( 79 ) 


= “if ^ ^xl “ «1 » Vl^Y > % 

where H matrix is the matrix of h and the elements are given by 

1, 1. 


< 1^1 H (t,n)|l2 > = fi ( nM 


(80) 


M matrix is the matrix of M (1) and the elements are given 
s ® 

by 

If we sum over chains of all lengths, we obtain the 
expression for g(t) from eguation (63) 


^XY 


ixY PvY PXY — 


1 * 


"XY 


1 * 




“x 


From equation (76) , we have 


^X - 


= < ly ^Y ^ 

Itljj A * * X 


g3„(t) = Mi“*<lx|H(I + c'M^H + +. 

X 


)|1yIV 


1 * 

= 

®x 


H (I - C' M^H)"^ [Iy > 


(82) 
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4.2 Extension of Friedman- Jepsen Method to Mixture 


If the system is a mixture (viz. an ionic solution) then, we 
have particles of more than one species in the system. So in 
order to find have to consider chains of all lengths and 

all possible sequences. If we sum over all of them, we obtain the 
following expression in place of equation (82) as the expression 
for 

where 1 , 2 , . . • , n represent the species present in the mixture . 

This is apparent from the following consideration. Suppose, 
we have a mixture of two species. Then we consider the 
expression [I-(X+Y)] ^ 

[ I-(X+Y) ]"^ = I + (X+Y)^ + (X+Y)^ + (X+Y)'^ + 

(X+Y)^ = X^ + XY + YX + Y^ 

Thus (X+Y)^ gives all possible sequences of length 2. 

(X+Y)^ = X^ + XXY + XYX + YXX + XYY + YXY + YYX + Y^ 

and (X+Y)^ gives all possible sequences of length 3. 

Similarly (X+Y)^ gives all possible sequences of length n. 

Hence the expression for 



•k 


ix|H 





consider 


If we have a mixture of three 
the expression [ I - (X+Y+Z) 1“^ 


particles. 


then we 



[ I - (x+y+z) 3 "^ = I + (x+y+z) + (x+y+z)^ + (x+y+z)^ + 

(X+y+Z) gives all possible sequences of length one. Then, we 
consider, 

(x+y+z)^ = x^ + xy + yx + y^ + yz + zy + z^ + zx + xz 

and this gives all possible sequences of length two. Then consider 

(X+y+z ) ^ 

= XXX + xxy + xyx + yxx + xxz + xzx + zxx + xyy + yxy + yyx 

+ xyz + xzy + yxz + yzx + zxy + zyx + xzz + zxz + zzx + yyz 

+ yzy + zyy + yzz + zyz + yzz + yyy + zzz 

and this gives all possible sequences of length three and • thus 
(X+y+Z)^ will give all possible sequences of length n. 

Hence the expression for q^^yCt) is 

< Ijjl h[i-(C^M^H+C,M3H+ C3M3H)]-^|1^> 

And the expression for qyy(t) for a system of mixture of n 
particles is 

In the above expressions C , C- , . . . C are concentration 

XI 

in nxxmber of particles per unit volume of species 1 , 2 , . . . , n 

. . 2 
respectively, each divided by Stt . 

Ml, K^, M^ are the M matrices as defined in equation (81) 

for species l,2,...,n. 

H is the matrix of h as defined in equation (80) . 

The system that we will discuss in detail is an ionic 
solution containing a positive ion, a negative ion and a 



macroion. They are embedded in water which is considered to be a 

continuum characterized by a dielectric constant. The macroion 

has negative charge as well as dipole jnoment on it. 

Since the particles in the system have only charge and 

dipole, the M and H matrices are two dimensional. 

In order to find the correlation function by HNC calculation 

we have to calculate q function between all pairs of particles of 

the three particles. This q is calculated from q ^2 [‘^1^2^ j 

® 1^2 ^12 

by eqn. (26) and q ^2 calculated from q ^2 by eqn. (54) . 

So we need to evaluate q ^2 from the M and H matrices. 

The M and H matrices are constructed as follows : 

Let q^ be the charge of the positive ion, 

q_ be the charge of the negative ion, 

and q^jj be the charge of the macroion, 

and 11 be the dipole of the macroion. 

m 

The elements of the M matrix are defined as 

(Ij^lM|l2) = M (1^) Sd^zl^) (84) 

= y M^* ^ 

la 

= The multipole moments of the charge distribution 

If 1 = 0, (viz. a charge) g M^* = M°* = g x q = q^ 

If 1 = 1, (viz a dipole) , then 

^ fd* = mJ* + M?-* mJ- + M^* (85) 

_ m m o o 11 -1 -1 

la 

If the coordinate system, fixed in the molecule, is so chosen that 

. . 1 
the dipole lies in the z-direction, then = ti, the dipole 

moment, = 0. 



( 86 ) 


1 1 * 2 
Hence g M^* = U- 

This relation holds irrespective of the choice of z-axis 


Hence M. 


M 


= M matrix for the positive ion 
2 


= r< 0] 

L 0 0 -> 


= M matrix for the negative ion 
2 


= r 5- o' 
- 0 0 - 


M_ = M matrix for the macroion 
2 


m 


^m 


The elements of the H matrix are defined as 


( 1 |H(t,n)|l ) = h, , (t,n) 


Thus the H matrices for our system, where 1^ = 0, 1^ = 1 
1,0,-1 are 


H(t,0) = 


H(t,l) = 



hoi(t,0) ■ 

io(t,0) 

fill(t,0) , 


ho^(t,l) ■ 

10 

h^^(t,l) , 


hQ^(t,-l) • 

io(t,-i) 

h^^(t,-l) . 


(87) 


( 88 ) 


(89) 


(90) 


and n 


(91) 


(92) 


H(t,-1) 


(93) 



_ 2 xj (a t) 
1 + Ca^ — — ^^5: — 

in m 3a^^t 
detl 


l^jpCapit) 


1/3 t 


-(Z Q.qf) 2_i2_ 

i ^ 1/3 t 

diti 


2 ^^00^-1 

1+(Z C.q?) - - - 


detl 


detl 


( 99 ) 


H(I 

- 



tri 

0 

0 

^01 

^10 

^11 


-1 


- 2 x 3 . (a t) 

1 + C u; 
in m 


3aiit 


detl 


. 2 


t 


2 ^^^ofaj^gt) 

-(Z C^qJ) _ O 10 


t 


detl 


detl 


2 ^00^ —1 ^^00^^ 

+ (Z C.qp ° -- ■ - - - 

detl 


r p 


11 12 

p p 

21 22 


(100) 


where 


1 + 


Pll(n=0)=hop 


detl 


+ h 


01 


1/3 t 

detl 


detl 


X 


{(- -00 

t L ® 


2xj3^(a^^t) -| 

J 


detl 


2 2 ^O^^Ol^^ jp^^Ol'^) 

m m ^ . 2 


( 101 ) 


3t‘ 



Pl2(ri 0) 


f — 73 - 1- ' 


detl 


+ h 


01 


2 ^^00 3-1 

f 1 + (J C.q2) 22 1_00_ . 

detl 


. ^ ^00 ^0 ^^01^^ 3_ i ( aQQt ) 


^/3 t^ 


( f "i-’i ] 


.•„2 


jo(^01^^ ^00 3o^^01^^ 3_ i ( aQQt ) 


73 


^01"^ _ [ 
t ^ 


73 t" 


X (SC. 


I ^i'Ji) ) 


detl 


^ ip (^01*) 1 


’/3 t 


detl 


= - i P , where P = 


^3o(^0lt) ^ 1 


43 t 


detl 


P2l(”“0) = E^o 


fl + CuZ.) 
* la m 


2J2:ji(aiit) 


detl 


+ h 


11 


, 2 ^ ^pCapj^t) ^ 

V? t 
detl 


2 2xj^(a^j^t) 


( 102 ) 


73 t 


detl 



■2x 


. . 2 

m^m V3 t 
detl 


detl 




V3 t 


3 V3 t" 




3v5a^^t" 


(103) 


= i P 


P22("=0)=h,„ 


^ „2 3o(®10*> 

r-(2 C.q.) — ^ 

' i ^ ^ t 


detl 


+h 


2 j^ (a t) 

1 + (f c.gf) --g p-^— ° - ° — 


11 


detl 


3t^ 


== ai€^ 


2x-ji(aiit) 


3aiit 


2 ^^ 00 ^- 1 ^^ 00 ^^ 
1 + (SC^q?) 

detl 


(104) 


For n = 1 and n = -1, the H matrix is given as 


0 

0 


^jl(aiit) 

3aiit 


(105) 


C^M^H 


= C, 


r _2 


0 


0 

0 


0 

0 


x-ji(aiit) 

3^11^ 


0 


0 


( 106 ) 



C M H = c 


0 

0 


g! 


0 

0 


0 

0 


0 

0 


^jl(ai3_t) 


3aiit 


( 107 ) 


m m 


» c_ 


m 


[•4 “1 
« 2 


■ 0 0 

JTj (a t) 

m 


0 

^ 3a_t J 


0 

0 




2 




(108) 


(I - C^M^H - C M H - C M H) 
' ++ — — mm. 


1 

0 


1-C M. 


2 ^^iC^ii^) 


m^m 


(109) 


Determinant of the above matrix = det2 


= 1 - C u 


mm 


(I - C.M^H ~ C M H - C M H) 
+ + — — HI HI 


-1 


( 110 ) 


r 1 - 


Vm ^3i(^ii^) 
det2 


( 111 ) 


H (I - C^M^H - C_M_H - C^Mj^H) 


-1 


1 



0 

0 


0 


^jl(aiit) 

3a^lt 



Vm ^31(^11^) 


3aiit 


det2 

0 


0 


1 


0 0 
° 3a^^t(det2) 


( 112 ) 


► 

11 

(n = 1, -1) 

= 0 


► 

12 

(n = 1, -1) 

= 0 


\ 

21 

(n = 1, -1) 

= 0 

x-ji(a^lt) 


22 

(n = 1, -1) 

3aiit (det 2 ) 

(113) 


CALCULATION OF q FUNCTIONS ; 

In the following the subscript '++' represents that the 
quantity being calculated is that between two positive ions. 
Similarly represents a negative ion and 'm' represents a 
macroion. To avoid any possible confusion, let us state that q is 
the full transform of q bond and g. _ _ are charges. 


(S 0 o) 'If ''ll ^ 

= (n = 0) 

(o 0 o) “ If 1 - ''ll 

a ° = « fO 0 t) 

^-+ [0 0 oj ^+- [O 0 oj 

(o 0 o) = ^11 


(n = 0) 



4 ^.n (S 0 o] = 'J+ % "’ll <" “ 

5-b (S 0 o] = ’i-% ^11 <" - 

- rooti -x foot] 

* 5+11 [o 0 oj (0 0 oj 

fo 0 t] ^ ~ fo 0 t] 

[o 0 oj (0 0 oj 

^+in (o 0 o) “ ^12 

= ^IR ^12 . 

^in+ (o 0 o] " ^21 ‘^+ 

= % ^21 

^-m (o 0 o) " ^12 

^m- [o 0 q) ^ % ^21 

^nim (o 0 o) % ^11 ^ 

^ (o 0 o} ^ % ^TR ^12 ^ 

^nm (o 0 o] “ ^21 

^mm [o 0 o] ~ ^22 ^22 ~ 

^mm (o 0 l] ~ ^22 ~ 



%nin 


(i I -J) = "b ^22 = - 


1 ) 


11 

Since = 0 and = 0 (other values are zero) 


n 


Using Eg (54) , we calculate the half transform q. They 
given as follows. (Values of the Bessel function and Wigner 
coefficients, are given in the Appendix) . 


- fo 0 0 I 

%■+ [0 0 r^^J 

^ [o 2 o]3. t=at 

r“ 

J P^^(n=0) t sin (rt) dt 


1671 


1677^ r^ ^ o 



fo 0 0 ' 

1 q+g- r“ 


10 0 r^_^ 

’ 1677^ ] 

r o 

+ - 


fo 0 0 ^ 


fo 0 0 

'+ 

lo 0 r_^, 

'0 0 0 ' 

1 ~ ^+- 

q! 

lo 0 r^_ 

f 


[o 0 r__J 

1677^ 

r„ •' 


0 0 0 ' 

1 _ r 

m 

0 0 r 
^ +mJ 

1677^ 

r J 

+m 

m 1 

'0 0 0 ] 

r' 


° ^ J 

1677^ 

r J. 

-m 

1 

'0 0 0 ] 


'0 0 0 

^ 1 

® ^mJ 

^+m 1 

0 ^+m 


(n=0) t sin (rt) dt 


00 

J P^^(n=0) t sin (rt) dt 


J P^^(n=0) t sin (rt) dt 


CO 

J ^11 ^ 


are 

3 -j 





fooo’j^- fooo'i 

- lo 0 r^.J lo 0 r_J 


*+in 


fO 1 1 


^ X (i)^ X X 3 


1671 


[o I Jj 5+^ (o I o) 


i X 3^3 
1671^ 


(- ^ X (n = 0) jj (r^„)t^ dt 


i X 3 f“ . r <’'• 

- * >5+ “m J ^ — ; 

1677^ ^ ^o V r“^ t‘ 

+in 


sin (r^^t) cos (r^„t)^ 

— — J" 


(we recall P ^2 ^ ”iP/ Eq. 102) 






■+ia 




dt 


1677 


X g. 


+^ia [ I 




P sin(r^^t)dt - - 


“+ia : 


+in 


P cos(r^^t)t dt 


5-m(o I r J“r^ == '’-''i»[ J- f - 


-in ''o 


-m 


P tcos(r t)dt 
— m 




1677 


[J 0 J]3. I” %+(o I 


X (i)^x 37/3 X (-)“ 



= _ (30) 


1/2 


1671 


3 2 

.3 m 


•- nun 


P22(n=0) X i sintrjj^^t)dt 


m 


'rm 


P22(n=0)t sin(rj^t)dt 


3n. 


m 


mm 


P22(n=0) cos(r^t)dt 


PI 


3 2 f 

12 J 

^ 4 

1677^ 

J.3 

^ mm ( 




P22(n=l) X I sin(r^t)dt 


M, 


m 


mm 


P22(n=l)t sin(rjj^t)dt 




3 2 

X- 

“mm 


P22(n=l) cos(r^t)dt 


PI 

1^/" 1 

1 -y . -** 

3 ,2 r 

(2 J 

* 4 

1671 ^ 

J.3 

^nun J ( 


^22 ^ k 


H. 


m 


nun 


^22 sin(r t)dt 

^ ^ mm 


3 2 

m 

"^mm 


P22(n=-1) cos(r^t)dt 


=^mm 


ri 1 1 ] 
(o 0 r I 

' nun-' 


(114) 


(114a) 


o 


(114b) 



3 


= (i) ( 3 )^/^ ( 3 )^/^ 
16n^ 


j^(rt)dt 



[-1 1 o]3. j [J I jl(rt)dt 

[ 1 -1 j ^ (o 0 -l] ji(rt)dt 


9i 

1671 ^ 



^CO 

P22(n=l)t2 

•'o 


j^(rt)dt 


+ 


V6 


-00 

P22(n=-l)t= 
*' o 


j^(rt)dt 


9i 




-00 

P 22 (n=l)t= 

'’o 


j^(rt)dt 


= 0 



.CO 

P 22 (n= -l)t^ 

o 


j3^(rt)dt 


(since P22(n=l) = P22(n=-1)) 





16n^ 


X 



1 

-1 



1 

0 







(J I o] 

» 

(i I ty 


+ 


+ 





in 




^ sin(r t) 
2 ' mm ' 


mm 


P22<n-0)t^ 


sin(r 


nun 


r t 
mm 


t) 

dt 


sin(r t) 

P22(n=l)t^ — = — P dt 


mm 


dt 


vT 

4 

16 n 


1 

r 


^CD 

P 22 (n=l)t sin(r^t)dt 

**0 


+ 


1 

r 


+ 


1 

r 


00 

r'" 


P22(n=0)t Sin(r^t)(lt 

o 

00 

r'*' 




In the above, when calculating q from q, we have to do sine 
integration of the various matrix elements multiplied by sin(rt) 
over the variable t between 0, «. This can be done both 

numerically and wherever possible analytically. The 
^ has to be obtained for each integral. 



The following consideration is useful in evaluation of the 


limit a >0 of the integral. In each of the expressions P 


etc. (Eq. 

101-104 and 

112 a) 

and in the 

expression 

of 

the 

determinant 

(Eq. 98(a)), 

there 

appears terms 

with j^(at) 

in 

the 


2 

numerator with t or t in the denominator, as well as terms with 

(at) in the numerator and at in the denominator. The former 

fall off to negligible values at a large t called t^^^, whose 

value is independent of the value of the parameter a. In the 

limit X »1, jj(x) > isin(x - ^) • So, j^(at) fall off when 

at » 1, where 1 is a small number. As the parameter 'a' becomes 

smaller, the value of t for which at » 1 becomes larger. But 

irrespective of the value of t at which j^(at) falls off to a 

. 2 

small value, the denominator (t or t ) will become large 
independent of the value of a, and make the magnitude of the term 
negligible. The latter which have at in the denominator, do not 

have this feature. As a > 0, the value of t at which it falls 

off keeps on increasing indefinitely. These infinitely spread out 
(on the t-axis) functions can be dropped on the basis of following 
considerations. The integral of these functions with sin(rt) 
is calculated by symmetrizing these functions and then calculating 
their Fourier transform. The symmetrized functions are also 
infinitely spread out. It is known that if F.T. of f(t) is g(w), 
then F.T. of f (at) is -r^ g(^) • If a is small then g(^) shrinks 

I a I a a 

1 

to zero frequency and jg-j > ». Therefore the contribution of 

these functions is a 5-function at u=0. The 5-function in q(r) 
contributes a 5 -function to <Pir) . The convolution a*b, where a 
has a 5 -function at r=0 gives b(0), which is a 5 -function if both 
a and b are q(r) , or if both are ^(r) . Thus T(r) also has a 
5-function at r=0. h(r) calculated as e^^*^ is however set equal 



to -1 within hard sphere radius. The 5 -function thus disappears. 

The fvmction X(?) = h(3r) - T(r) - q(ir) again procures a 

6 -function, the recalculated t, as sums of convolutions of 

functions having 5 -functions, has a 5 -function at r=0. The 

recalculated h(?) once again is free of the 5-function, because 

within the hardsphere, one deliberately sets it equal to -1. 

Since the 5-function is inconsequential, we drop the terms 

jj^(at)/at terms from (i,j=l,2) altogether. The terms that 

remain fall off at a certain t = t . Then, one obtains 

max 

r“ 

Lt I = Lt . Now one can always choose a to be so small 

a-^0 •' a->0 i 

o o 

that over the whole range 0 to at is very small. Then one 

can evaluate the integrand in the limit at > 0, make it free of 

at, obtain a function of t only and integrate it within the limit 

0 to eo. Since the integrand is negligible above t , its 

max 

behaviour above this value of t makes no difference to the 

calculated values. Thus, we use in the integrations that follow: 

Lt T I{t,at) dt = f -f Lt I(t,at)]- dt 

a-^0 J i I at— >0 J 

o o 

Then we can analytically integrate several integrals that appear 
in expressions of different q's. 




( 1 ) 


1 

r 


lim. 


a — >o 


P^^(n=0) t^ j^(rt)dt 


{^■im^t )o ^11 (n=0) tj-sin (rt) dt 


Lim P, , (n = 0) 



X 


1 + r ,,2 2 £ _ 2 X 

3 Sn^m 3 

, . , (5:Cig^(V^)x" 

t" 2 3t2 


^ 2 JT 

-3X 1 + CU^ ^ 

m in 3 

3+2Cu^x 
in m 


2 2 


3(SC.qt)JC + (SC.qn C x- 
^2 1 1 1 ^ 1 ' m min 


3+2CuZx 
in m 


Let C = 


vM* 


3 (E C.ql) X + (E C^gJ) 

= 2 

3 + 2CUX 
HI in 


Then Liiri P. .(n=0) = C . 

at — ^0 t +k 


r® 

( Lim P. .(t))t sin rt 

J at— ^0 


C — 5 — 5 - sin rt dt 

Jo ^ 


= C ^ exp (-kr) 


(115) 


this analytical value of the integral is taken from Meeron ( 6 ) 


(2) (a) Lim r Psin(rt)dt, (b) Lim P t cos(rt)dt 

a >0 a >0 


w 

= f •{ Lim pI sin rt dt 
'' V at-40 J 


w 

= J { 


Lim PVt cos rt dt 
at — i 



The integral 2(a) reduces to 


v^x 


3+2 Cu^x 
m m 


3(rc.g|)x + (ZC.cil)C^^l 


sin(rt) dt 


3+2C u“x 
m m 


= c 


sin(rt) 

t^+k^ 


dt 


= C X ^ exp(-kr) 
where 


c 


k 


2 


^3X 

3(Z C.qJ)x -f (Z C^qJ) 


(116) 


This integral is evaluated analytically the same way as in egn. 
(115). 

Integral 2 (b) equals a 5-function at r=0 because Pt is 
j^(at)/detlj , detl falls off at a certain value of t (called 
^max^ /but (at) infinitely spreads on t axis in the limit 


a >0. X Pt cos rt dt is a 5-function at r=0. We have discussed 

o 

above why such an integral can be dropped altogether. 

Eq. (114) has three parts. They reduce to 


(i) 


-3(ZC.q^)r^ r“ 

(3+2C u^x) 

la la o 


sin(rt) 


2 . 3(2:c.q|)3r + V»(rc.q2)^2 


dt 


t t 


3 + 20 ^;: X 
iti m 



(ii) 




sin(rt) 


3(ZCjq?);r + cy^(ZC^4)x^ 


dt 


3+2C 4" X 
m in 


-3(ZC.q?)x2 

(iii) 




cos(rt) 




dt 


The analytical value of the integral in (ii) is taken from 
Meeron (6) . 

-(ZC.q?)r2 

— 5 X ^ exp(-klrl) 

X) 


where 


k" = 


3(|C.g?).r Vm(SC.g2,;.2 


The integral in. (iii) is evaluated analytically as follows: 


-3(z:c^g?)x^ 


cos (rt) 




dt 


t*- + 


3+2 Cu" X 
m m 


= c 


^ — J cos(rt)dt 


t‘+k 


The analytical integration is shown in Appendix 3 and is 
equal to 

C X S X ^ X exp(-klrl). 

The integral in (i) is evaluated numerically and is 


always too small. It may be possible to show analytically that it 
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^1 
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"“2^ 
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1 
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cos ^2 
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q 

/3 
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Iran-' 


mm-' 


- f 

1 

0 1 ’ 
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« 1 

0 
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) 


+ 0 + 0+0 



( 5 J r ) {(Is) ' ^2 

v/v sin $ sin p cos (a. -a,) 

( 30 )-^/"^ ^ ^ ^ 

■ % 5^( 0 0 r ] p 2 +sin PiSin ^2 ‘=°s(“i-“ 2 > 

In the above calculations, i.e., calculation of q, q and q we 
have used values of Bessel function, Wigner 3 j -coefficient 
and Rotation matrices. These values are given in the Appendix. 

In Chapter 3 , we have used the method Rasaiah and Friedman 
(2) to solve Alnatt's HNC equation (3) . Alnatt^s method uses the 
subdivision of t diagrams into two subsets, called A and B (the 
details are in Chapter 3) . This classification was made first by 
Meeron (4) . Meeron's theory is developed for very general f 
bonds. The development of Alnatt (3) applies generally excepting 
that one has to use q functions appropriate to the particular 
system. Allnatt (3) uses q for ion-ion interactions. All we need 
to do is to use q for ion-dipole and dipole-dipole interaction and 
follow the same procedure given by Rasaiah and Friedman (2) . The 
integrals that requires evaluation are multidimensional, since 
integration over three relative coordinates and the angular 
variables that specify orientation of the two particles is to be 
carried out. As shown below, the convolution integral that is 
evaluated over and over again is in one variable only. Numerical 
integration over angular variables also become necessary, but 
these are not convolution integrals. 



4.3 Calculation of Initial value of t 


The function q calculated in the previous section are used 
for calculation of x. 

As defined previously, = exp(qj^j) - l 

t = (^ * ^) - (q * q) 

Hence (we recall = Z ^ - Z * gj^^) 

■'ll “ (^11 * ♦ll * *12 * *21 * *13 * ^3l) 

- (%1 * 911 9 i 2 * 921 9 i 3 * 931) 

Ti 2 - (023 * 022 + ^12 * *22 * *13 * ^32) 

- (911 * 922 922 * 922 933 * 932) 

Xij . (022 * 023 + 022 * 023 + 033 . 033] 

• (911 * 923 922 * 923 + 933 * 933] 

’'21 “ Kl * ^11 + *22 * *21 *23 * ^3l] 

■ (921 * 9ii + 922 * 922 923 * 93l) 

^22 “ (^21 * ^12 ^22 * ^22 ^23 * ^32] 

' (921 * 9 i 2 + 922 * 922 923 * 932) 

^23 “ (^21 * *13 *22 * *23 * *23 * *33) 

■ (921 * 9 i 3 + 922 * 923 923 * 933) 



^31 ' (^31 * ^11 ^32 * ^21 ^33 * ^ 3 l ) 

- (%1 * 9ll + ^32 * 921 + 933 * 931] 

^^32 ” (*31 * ^12 ^32 * ^22 '*' ^33 * ^32] 

- (931 * 9i 2 + 932 * 922 + 933 * qjj] 

’^33 “ (^31 * ^13 '*' *32 * *23 ■*■ *33 * *33) 

- (931 * 9i 3 + 932 * qji + q33 * qjj] 


The functions q and therefore ^ are functions of the relative 
co-ordinates of the two centers of mass and the angular variables 
specifying the orientation of the two particles. 

Of all the T*s given above ^12' ^21' ^22 ^ ^ 

are small ions) are functions of only r, the distance between 
their centres, since 1 and 2 carry only charge and interact 
through angle-independent potential. 

^13' ^23' ^31 ^32 (where 3 is macroion and 1, 2 are 

small ions) are functions of their distance as well as 

orientation of the macroion, since the macroion carries a dipole 
moment as well as charge and the interaction potential is angle 
dependent. We will show below that they are functions of r, 
the distance and p, only one of the Euler angles, specifying the 
orientation of the macroion. 

is a function involving a pair of macroions and is a 
function of four variables, r the distance and /3^, 
where are two of the Euler angles of one macroion and 



^ , are those of the other. The other Euler angles y. 7 do not 

4b JL f ^ 

appear in the expressions. None of the r's depend on the 
orientation of the interparticle vector, since external angle 
dependent field is absent. 

In the above expressions, * implies integration. For 
example, 

^ 2 . 1 ^ * ^1^1” ~ ^1 ^11^ ^1^1" d{l^}dr 

1,1'’,!" are three different positive ions. The 1' in the middle 
signifies the positive ion of variable coordinates over the 
coordinates of which the integration is carried out to obtain a 
function that depends on the distance between the particles 1 and 
1”, which are held fixed. d{l'} shows that the integration should 
take place over the three spatial coordinates of the center of 
the mass of particle 1 '. Integration over dT gives 8tt since ^'s 
are angle independent. The integration is carried out only over 
{!'}. The only niomerical procedure is to calculate convolution 
integrals in r variable only. This is described in Chapter 5, 
section 1. 


^13 * ^ 31 ' 


^13 ^^13^ ^31' 


(?3^,) d{3} 


The 3 in the middle signifies the mobile macroion over the 
coordinates of which the integration takes place to give the 
function that depends on the distance between a pair of static 
positive ions, since 3 is a macroion, d{3}dr stands for d{3} da^ 
sin ^3 dr 2 where a, jS and r are the Euler angles associated 
with the macroion and {3} denotes the coordinates of center of 
mass of particle 3. 



Hence, there are two types of integration 

(1) The integration takes place over the coordinates of a 

positive (or negative) ion with only radial dependence of the 
functions, whose product is being integrated. 

(2) The integration takes place over the coordinates of a 

macroion with radial as well as angle dependence. 

In the calculation of x's described above, the integrals are 
clasified as follows : 

(i) ion-ion-ion interaction : 


11*^11 

21*^12 

' ^ 12 ** 2 X ' 

' * 22*^22 

* 11**12 ' 

* 12**22 ' 

^ 21*^11 ' *^ 22*‘^21 ' 

11*%1 

21*‘^12 

' 912*921 ' 

’ 922*922 

9 ii * 9 i 2 ' 

912*922 ' 

‘^ 21*‘^11 ' ^ 22*‘^21 ' 


(ii) ion-macroion-ion interaction : 



*13**31 

' *13**32 ' 

*23**31 ' 

*23**32 




913*931 

' 913*932 ' 

923*931 ' 

923*932 



(iii) 

ion-ion 

-macroion interaction 

• 

• 




*11**13 

' ^12*^23 ' 

^21*'^13 ' 


* 31**11 ' 

*32**21 ' 


*31**12 

' ^32*^22 






9i1*9i3 

, ^12*^23 ' 


^ 22*^2 • 

931*9ii ' 

932*921' 


931*9i2 

' ^32*^22 





(iv) 

ion-macroion-macroion interaction : 




^13*^33 

' *23**33 ' 

*33**31 ' 

*^33*^32 




qi3*q33 

' 923*933 ' 

933*931 ' 

^33**332 




(V) macroion-ion-macroion interaction : 



(vi) macroion-macroion-macroion interaction : 


^ 33*‘^33 

*^ 33*^33 

(i) The evaluatioon of the integrals given in (i) require 

calculation of convolution integrals in r variable only. The 

details are in Chapter 5, section 1. The situation is exactly the 

same as those encountered in systems interacting through central 

potential. The only difference is multiplication by 8n^ which is 

obtained from the integration over angular variables. The 

concentration values used are also actual chemical concentrations 
2 

divided by 8n . 

(ii) The integrals given in (ii) are evaluated as follows : 


^ 13*^31 




p27T 

p27r 

-TT 

r«> 

da 3 

d^3 

d|32 sin /S 2 

^13^^13'^3^ ^31^^31'^3^ d{3} 

J o J 

O 

0 ^ 

0 


4n" 


f.n 

djS^ sin ^2 
o 


CO 

•' O 


At constant innermost integral becomes independent of 
^2 is only dependent on Hence, it can be evaluated as the 
integrals in (i) . When the procedute is carried out for all the 
values of the result becomes a function of r^^ and For 
each value of value of the results for all are 
multiplied by sin ^2 and numerically integrated over between the 
limits of 0 and tt. This is repeated for all the values of r^^^ and 



Thus ^23/ (^33 "^3 f ^3fr “3““3/) is numerically integrated 
over o.2~^3* between the limit of -2n and 0 and we get 3, (1^23, , 
^3 / /33,). Other integrals in (iv) are evaluated the same way. 

(V) The integrals given in (v) are evaluated as follows : 


^ 31 *^ 13 ' 


*^ 31^^31 


^3) 




13 




13 ' 




d{l} dr 


For each value of /S^ and , the integral becomes dependent 

on r and evaluated as in the integral in (i) and the result 
becomes a function of r23, , ^3, and hence is 

three-dimensional. This is multiplied by Stt^ as a result of 
integration over dT. 


The other integrals are evaluated in the same way. 


(vi) The integral given in (vi) is evaluated as follows ; 


^ 33 **^ 3 ' 3 ” 




33 '' 33' ^'■^3 "'^3 " 3 3 

^ 3 '"“ 3 ''' '* 3 ' '" 3 ' 


^3 / ^ II II / H / ^3/“®^3ii) *^{3'}dtt3^ sm ^3 / d ^3 , dy 3 . 



.27r 

pTT « 

= 

dy3. 

sin pg, 

• 

0 ^ 

0 


^ 33 ' ^ 3 ' 3 " ^^3/ 



.71 

r27r ^ 

“ 271 

sin d^ 3 , 


• 

0 

0 •* 


^33 ' I t ^3 I ^3 / / / ) 


■33 


3 ''' 3 " 3 3 


^3 / 3 II ^^3 / 3ii/^3//^3iii ^ 3 * "*^ 3 ” ^ ^ ^ J 


At constant ^3/# functions in the inner integral 

are function of ^^33/ and ct^-a^//* and t^^^ii “3'““3» 

respectively, and oc^h are constant values and 
0 to 2 n. We have to evaluate the following integral 


varies from 



9 (^ 33 ** 


^ 33 /(^ 33 / / ®^ 3“®^3 / ) ^3 / 311 (^2 / 2 II / ' ~'*^3 ^ d { 3 ^} do £. 


g(k ,«-«,,) = 

^ 331 , J -3 


^33' ^^33"‘^3~“3^^^3'3" ^^3 ' 3»» '“3 '““3»»J 


.- 27 rik Ht 

6 ^ 23 *' ^ 33 '* ^^'j'jii/ / 


■33' 


33 


t t ^ 

■*•33 II ‘‘"it ^ •‘■T/'^ll 


■33' 


■3^3' 


“3‘“3« ^ (“3-“3/) + (“3/“«3ii) 


dr^^,, <^^33/ “ *^^33^ ^^3' 3” ~ Jacobian of the transformation is 
unity. 


d(o:2“a3ii)<i{a3”a3 / ) = dCa^-o!^/) d(a^,-a^„) - The Jacobian of the 

transformation is unity. 

Hence the above expression is separated into two parts as 
follows ; 


p 2 Tr 

^“3/ 

o 


<P 


33 




^- 27 rik. 3 ? 33 „ 


33 ' 


<f> 


3'3 


II (? 


3 ' 3’''“3 




3/31 


Each of the above integrations involving the ^ functions are 
evaluated as described in Chapter 5 and the expression reduces to 


.271 

f (kj.,a3-a3,) g(k^,a3,-a3„) 

•'o 

For a constant k^, the above expression becomes 



.271 

F(a3-a3/) = g'(a3-a3,) 

o 

“3“2^ 

g'(a3-a3/) d(a3-a3,) 

“3 

When Fourier Transformed, it becomes 



2n .a 


f'(a3-a3,) g'(a3,-o!3.,) ^“3"“3”^ 


-277 '‘a^-2u 


.277 .0 


d(a3-a3„) d(a3-a3,) 


f f' g' d(a3-«3,)d«.3-a3,) 

O 277 


.277 .0 


= -’ [ f'g' e-=''^’'-<<“3-“3'>-"(“3'-“3")> d««3-«3,)d(d3,-a3„) 

"^O '*277 


f ' (a3-a3 , ) ^“3~“3 ' ^ d (a3-a3 , ) 


X g' (a3,-a3„) («3''“3«> d(a3,-a3„) 


Then we take f'(o:3-o:3,) from f(k^, a^-a^,) and perform one- 
dimensional Fourier Transform, the limits of a^-a.^, is from -2 t 7 to 
0. Similar operation is done with g'(a3,-a3„), the limits of 
a3,-a3„ being from 0 to 277. We multiply them. The result is a 

function of k . This is back fourier transformed. The 

“3 ““3” 

result is the value of the integration over da3 , and it is a 



function of a^-a^„. If we vary k^, the result is a function of 
and oc^-(x^„. Keeping a^-a^,, fixed, we take the values as a 
function of k^. and carry out the sine transformation as in the 
previous chapter. By varying we get the values as a 

function of r 23 „ and Then we vary ®rid obtain 

^33'*^3'3” ^^33" '^3 ' ^3' ' ^3» ' integrate over 

the values of 0^, to obtain (r 33 „ , ^3 , , a 3 -a 3 „) . 

^ 33 '**^ 3 ' 3 ” also evaluated the same way. 


4.4 Calculation of g{r,r) 

In the method of Rasaiah and Friedman ( 2 ) given in Chapter 3 

(Section 8 ) one uses "^initial calculate l^initial' ^ 

and h depend on same number of variables, which can be 1 , 2 , 4 , as 
seen above. One then calculates x = h - r - q and recalculate x 
using the formula. 


X = x*h+q*x + q*x*h 


( 1 ) Calculation of x 


11 


11 = I ='U * “il + I 'Jii * X f * X. . * 

i=l i=l i/j=l 

We first consider 


I Xii * h^^ C^ J d{l}dr^+C2 J x^2^21 

i=l 

+ =3 J '*<^> >^3 

The first two integrals are evaluated as in the 

previous section. The third integral involves integration over 
radial as well as angular variables and is evaluated as ^^^3 * 



in 4.3 above. We then consider 


3 

I 

i=l 


^i 


which is also evaluated as 


3 

I 

i=l 


* "ii 


Finally, we consider 
3 


+ J *^11^13^3 d{3)dr^drj+C2C^ J <3{l}<3r2dr^ 

* '4 ! ‘^ 12 ^ 22^21 <*f2)<^2'^2'" SS J '5 i 2*23*'31 d{3)dr2dr3 

+ =3=1 J 'Ji3X3ihiid(3)ar3d{l)dr3+C3C2 J qi3X32h23 d{3> dr3d(2)dr2 

*41 'Ji3X33,h3,3 d{3) d(3') dTj dr3 , 

Here and in similar cases that will follow, the integrals arising 
from q*x*h are evaluated as follows. First the integral 
involving x and h is evaluated. Then the integral involving q and 
the resultant from the integral involving x and h are evaluated 

JqilX^lhiid{l} d{l}dr^dr^=Jd{l}dr^ q^^ J^ll^ll 
= J d{l}dr^ *511 ^ ^^^^^1111 


J 1^12^21 

= J d{l}dr^q^^(xh)^2i = ^*^^1121 

J ‘^12^21^11 ^^2*^12 1^21^11 



= J d{ 2 )dr 2 

J '^ 12 ^ 22^21 d{ 2 )dr 2 dr 2 =|d{ 2 }dr 2 g ^2 J^ 22^21 ‘^{ 2 }dr 2 

= J d{ 2 }dr 2 qi 2^^^^221 “ ^‘^^^1221 

,(xh)^ 2 i '^^*^^221 evaluated as <j>^^ * in 

4.3 above, (gxh)^^^^ ,(qxh)^^ 2 i '<‘3xh)^22i ' 

evaluated as 

J ‘^ 11 ^ 13^31 d{ 3 }<ir 2 = Jd{l}dr^ Jx^ 2^31 <^{ 3 } dP^ 

= J d{l}dr^ %1^^^131 “ ^‘5xh)^^2i 

J ^12^23^31 ^{ 2 }dr 2 d{3}dr2= Jd{ 2 }dr 2 q ^2 J^23*^31 ^3 

- J <l(2)dr29i2(Xh)231 = <'P'‘’)l231 

(xh)^ 2 i '^^^231 evaluated as <p^^ * in 4.3 above. 

(qxh)^^ 2 i ^^5^^1231 also evaluated as * ip^^. 

J *^13^31^11 ^^3 ^^3 ^13 1^31^11 

= J d{3} dr 3 qi3(xh)3^^ = (^^^h311 

J ^13^32^21*^^^ ^*^3^^^ ^^2 ~ ^3 ^13 J^32^21 *^2 

= J d{3} dr 3 q3^3(xh)32^ = (qxh)^322^ 

(xh) 3 ii ,(xh) 323 ^ evaluated as ^ 33 ^ * <p^^ and ( qxh) ^^ 3 3 ^ 3 ^ , 

(qxh) 3 ^ 323 ^ are evaluated as ^ 3^3 * ^33 in 4.3 above. 

1*^13^33 '^3 ^3 ^^3 *^13 J^33 ^^3 / ^ ' ^*^3 / 

» J d{3) dTj qi3(Kh)33,^ = (qxh)333,3 



(xh) 23 /i evaluated as ^^3 * ^31 evaluated as 

^13 * ^31 above. 


ii) Calculation of 


= I 


3 3 

I =‘li * *>12 + I 911 


* 12 I 9ll * Hi * ''j; 

i,j=l 


Consider the first term: 

Z ^li * ^i2 “ J ^11^12 ■*■ ^2 J ^12^22 ^{2}dr2 

i 

+ S J =‘13 *>32 9(3) ar3 

The first two integrals are evaluated as * <f)^^ and the 

third integral is evaluated as in 4.3 above. 

Z qii * J %1^12 S J ^^12^22 ^t2}dr2 

i 

^3 J *^13 ^32 *^^3 

The first two integrals are evaluated as and the 

third integral is evaluated as in 4.3 above. 

Finally, consider the third term, 

Z ‘^li* ^ij*^j 2 ~^l 

i,j=l r 

V 2 J ^iA2^22 d{l}d{ 2 }dr^dr 2 

'^^1^3j‘^11^13*'32 dr2+C2C^Jqj^25i21^12‘^^^^‘^2‘^^^^^^l 

■"'=2K2*22''229(2)«(2>®'2<3r2+C2C3 J <i(2 jdTj 

^ S‘=lK3=‘31*'l2<><3>9I'3'*(l>‘^l-^'=3'=2K3='32*'22'*<^)«'3‘*<2»<5r2 



^3 J *^13^33 '^3 '2 *^^3 *^^ 3 / 


Jqi2^Xij^hi2d{l}drid{l)dri = Jd{l}dr^ 

= Jd{ l}dr^q^^(xh) 1112 

J *^11^12^22 ^{^)^l‘^{2}dr2=Jd{l}dr^q^^ J^12^22 ^^^^^^^2 

= Jd{l}dr^q^^(xh)^22 = ^^hl22 


J *^ 12 ^ 21^12 J^{ 2 }dr 2 5^2 J^ 21^12 ^^^^^1 

= J d{2}dr2q^2^^^)212 ~ ^*^^^1212 

I ‘312^22^22 ‘^t 2 }dr 2 d{ 2 }dr 2 = Jd{ 2 }dr 2 qi 2 ^ 22^22 ‘^< 2 }dr 2 

= J d{2}dr2 q^2(^)222 “ ^‘3Pdl)^222 

(Xh)ii 2 , (Xh)i 22 ' ^^^212 ' ^^^222 evaluated as 

and (qxh)^ 3 ^ 3^2 ' ^‘3^^^1122 ' ^* 5^^1212 ' ^*^^^^1222 ' 

evaluated as in 4.3 above. 

J 9iA3»'32 '*< 1>'^1 0(3)ar3= Ja(l)'3ri Jx^3h32 d<3) dTj 

= J ‘^11^^^132 * ^^’*^1132 

J ^12^23^32 “ J‘3{2)dr2 Jx23h33 d(3) dr 3 

= J a{ 2 )dr 2 gi2(=*)232 “ <'J^>1232 

(xb)i 32 , (xh )232 are evaluated as and (qxh )^^22 ' 

(qxh )^232 evaluated as in 4.3 above 

I 5i3=‘31>'i 2 '*f^> ^3 '*<^)“'l = <^3 9 i3 J>=31>'i2 



= J d{l}dr^q^^(xh)^ 3,2 = (qxh)^^ 3,3 

J ^12^23'^3'3 ^ ^^^2*^12 J^23'^3^3 ^^’3 / 

= J d{ 2 }dr 2 q 32 (xh) 23,3 = (qxh)^ 23,3 

{xh)j^3,2 '^^*^^ 23^3 evaluated the same way as 

and(qxh) j^33 ^3 ,(qxh)j^23,3 are evaluated the same way as <j>^^ * 
in 4.3 above. 

J <^3^ < 313 / J^ 3 'l ^13 

= Jd{3'} dr3, 923' ^^^3'13 “ ^‘ 3 x 11 ) 23/23 

J *323''"3'2^23^^^'>‘^3' *^3' ‘^13' K'2 ^23 

= Jd{3'} <ir3, *313/ ^^^3^23 “ ^‘3^^13/23 

(xh)2/23 / (^^^3/23 evaluated the same way as ^3/2 * ^23 

(qxh)^2/i3 ' (‘ 3 ^) 23'’23 evaluated the same way * ^33 

above. 

J *^ 13 ' ^3'3*' ^3”3 ‘^3' ‘^{ 3 "} <^^311 

= Jd{ 3 ' } dr^, q 23 / J ^3/311 ^3H3 *^( 3 ”} <^^311 

= jd{3M dr3, q^3,(xh)3,3„3 = (qxh)j^3,3„3 

(xh)3,3„3 is evaluated the same way as ^33 * ^33 and (qxh)j^3,3„3 
is evaluated tlie same way as ^3^3 * ^33 in 4.3 above. 


(iv) Calculation of : 


21 


3 

I 

i=l 


"2i* 


^il 


3 

I 

i=l 


l2i 


^il 


3 

I 

i/ j=l 


‘321* 


^ij*^jl 



? evaluated the same way as J this 

section. 

X; q . *h.- is also evaluated the same way as Y. x.,.*h.- 

^ JL XX ^X XX 

f J 

= cl h^^ d{i} dr^ d{i} dr^ 

+ q21 ^12 ^21 d{l)dr3^d{2}dr2+ x^3 h33 d{l}dr3d{3}dr3 

J <• 

+ 1^22 ^21 ^11 ^2 “^22 *22 *^21 ^ ^ 

+ ^2^3 [‘^22 *23 ^31 ^ J *^2*^^^ ^*^3 


'*23 *31 “'ll a(3)'ar3d{l)drj^+ *32 h2l'*(3>dr3d{2)c3r3 

+ cl q^2 X33'*'3'i‘*< 3> '**'3 1<3')ar3, 

^ c 

q2iXiihiid{l}drid{l}dri , q23^X3^2^2^d{l}dr3d{2}dr2 , 

■*22 *2l''ll acsxsTjddjdr^ , 


*^22^22^21 d{ 2 }dr 2 d {2 } dr 2 , are evaluated the same way as 

% 

(qxh) 33^3 in (i) of this section. 
q23^ X 33 h 33 d{l}dr^d{3}dr3. 


■*22 *23 **31 'I(2)<3r2d{3)dr3 are 



evaluated the same way as (qxh) 


1131 


in (i) of this section. 


J‘^23 ^31 ^11 » 

are evaluated the same way as (qxh) 



1311 


X32 d{ 3 } dr3 d{2)dr2 

in(i) of this section. 


*^23 ^ 33 '^ 3 '!^^^^ *^3 ^ *^ 3 ' evaluated the same way as 

(qxh)j^ 33 ,^ in (i) of this section. 


(v) Calculation of : 

3 3 3 

’^22 * >'12 ■",?,' J 2 i * ==12 t ‘*21 * * ‘' j 2 

-L*"" J- i““jL X f J ““X 

? ^ 2 i * ^i 2 evaluated the same way as ^ x^^^ * iri (i) of 


‘il 


this section. 

? ^ 2 i * ^i 2 evaluated the same way as ^ * h ^2 above. 

J] q,. * X.. * h._ is evaluated the same way as q, . * x.. * h.. 

13 3* •*■1 13 ji 

in (i) of this section. 

(vi) Calculation of T 23 : 


"^23 “J,=2i * *’13 ■’i 921 ‘ =13 t ? . 921 * =ij * *’j3 

X“*"X X““JL J. f I *“X 

^ X 2 j^ * hj ^3 is evaluated the same way as '£ x^^ * h^^^ in (iii) of 
this section. 

? ^ 2 i * ^i 3 evaluated the same way as I x^ . * h^. ^ in (iii) of 


^ '^li “i3 


this section. 


X q~j * X.. * h.- is evaluated the same way as J] q. . * x. . * h._ 

i/j ^ ^ i,j ^ 

in (iii) of this section. 



(vii) Calculation of z 


"'ll 


931* . L, ‘Jsi * ==ij* “ji 


1/3=1 


? ^3i * ^il 


^1 ^2 ^3 ^3 ^33' ^3'1 


^ ^3i * ^il 


^1 *^31 ^2 ^3 ^21 ^2 ^3 ^ 33 ^ ^ 3^1 


X 31 d{l}dr^ , X,, d{ 2 }dr, are evaluated the same way as 


32 21 


^31*^11 above. 


x^j/ II 3/1 d{3'} <^ 3 / IS evaluated the same way as <^^3 * ^21 


4 . 3 above . 

? ^ 3 i * ^il evaluated the same way as ^ x^j^ * h^^^, 


in 


. ?_,. ’si * =ij * »jl 


1,3=1' 


^1 *^31 ^11 ^11 ^1 


""iS ‘33A2^2l'^<^J'^l‘^<2}dr2+ C^C^q21 ^13 h33_d{ 1 }dr^d{ 3 } dr3 


^ 2^1 *^32 ^21 ^11 d{ 2 }dr,d{l}dr,+ c; X,,^ h,, d{ 2 }dr^d{ 2 )dr 


1' ''2 n32 “22 “21 



SS %2 ''23 ^31 '^< 2 ) d{ 3 }dr 3 +C 3 C^ 


‘^33 "31 ^11 d{l}dr 3 


S^2 J‘333 "32 ^21 ‘^<3} dr3 d{2}dr2 
^3 *^33' "3'3" ^3'«1 dr3, d{3") dT , 

J 

*^31 "ll ^11 <3U}dr^d{l}dr2= d{l}dr^q3^ "ll ^11 d{l}dr2 
d{l}dr^q 3 ^ ("h)iii = (<3^)3111 

*^31 "12 ^21 d{l}dr^d{2}dr2= ‘^<^>'^ 1*331 ^12 ^21 

^ J 

d{l)dr^qj^ <=*)l 21 = 

«32 ==21 ''11 '3(2)ar2d{i)arj^= d(2)dr2g32 ='21 >’11 

= d(2)dr3q33 (^)211 = «J =*)3211 

932 *22 »21 d(2)dr3d(2>dr3= f d(2)dr3q32 [ a{2,ar3 

= d{ 2 )dr 3 q 33 (*h )233 - t'JXh) 

J 

^"^^121, ^"^^211, ^"^^221 evaluated the same way as 

^2.1 * ^11 4*3 above. 

<'J=*) 311 l, ('J*‘» 3121 , ('3*^)3211, (' 3=*)3223 evaluated the same 

fay as in 4.3 above. 



J ‘^31 ^ 13 ' 

= d{l}dr 

% 

% 

^32 ^ 23 ' 

= d{2}dr 

(Xh)i 3 ,i , 

above . 

(qxh) 313,1 
4.3 above. 

[*^ 33 ' ^ 3'1 


* 533 ' ^ 3 '2 


(xh) 3 ,ii, 

above, 
(qxh) 33,11 


h3,i d{i)drid{3Mcir3, = 


d{l}driq 3 i 


'' 13 ' ^ 3'1 ^ 3 ' 


1^31 ^"^^ 13 '! ^*33^1) 313,1 


h3,i d{2}dr2d{3'} dTi, = 


d{ 2 }dr 2 q 32 


'' 23 '^ 3'1 *^ 3 ' 


2%2 <'*> 23'1 == <‘ 3 ''^> 323'1 


(xh)23/i are evaluated the same way as ^13 * ^31 in 4.3 


, (qxh) 322/1, are evaluated the same way as ^3^* ^ 2.1 


hiid{3Mdr3,d{l}dri= 


d{ 3 '} dTi, q33. 


X 3 ,i hii d{l}dri 


d{ 3 '} dTi, 933/ ( 3 di) 3 ,ii (qxh)33,ii 


H 2 id{ 3 '}dr 3 ,d{ 2 }dr 2 = 


d{ 3 '} dTi, q33. 




d{ 3 '} dTi, q 33 , (xh) 3 , 2 i = (qxh) 33 , 2 i 


(xh)3,2i are evaluated the same way as ^31 * in 4.3 


, (qxh) 33,21/ are evaluated the same way as ^33 * ^31 in 


4.3 above. 





d( 3 ')dr 3 ,q 33 . 


^3 ' 3 ”^3 •' { ^ ** } ^^3 ” 


d.{3^) dP^ / *323/ 


( (jxh} 3 3 / 3 II 3 

(xh) 2/3112 i® evaluated the same way as ^^3 * ^33 in 4.3 above, 
(qxh) 23/3112 i® evaluated the same way as ^23 * ^32 ii' 4.3 above. 


(viii) Calculation of : 


'32 


.? ^3i* ^i2 .? '^3i* ^i2 . ? ^i * ^ij* ^j2 

i“"X X .1. JL ^ ^"“X 


^ X22 * evaluated the same way as £ X22 * h22 in (vii) of 

this section. 

? ^3i * ^i2 evaluated the same way as J X22 * iij^2 (v^i) 
this section. 

I q3i * Xj^j * hj2 is evaluated the same way as £ q2£ * x^^ * ^jl 
in (vii) of this section. 


(ix) Calculation of T22 : 

3 3 3 

^^33' = =^31* •'13' + , 1 , 931* '•13- * , 931 * •=«* *'j3' 

x"" X jL“~ j. jL J >L 


E * h. 3 . 


• c. 


X31 h3^3, d{l)dr3+ Cj 


X32 d(2)dr. 



+ c. 


^3311 ^ 3 « 3 / ^{2*'} ^^ 3 M 


X31 h^3, d{l}dr^ and | ^ 23 ' d{2}dr2 are evaluated the same 

way as <l>^^ * <l>^^ in 4.3 above. 

X33,, d{ 3 ”} dT^,, is evaluated the same way as ^3311 * ^3113/ 

in 4.3 above. 

? ‘^3i * ^i3' evaluated the same way as Y. q3j^ * above, 
f ,931 * * ^3' 

J- f J 


= c 


qsi h 33 ,d{i}dr^d{i}dr 3 




^31 ''12 ^23' <a{l>drid{2}dr2 


t C 3 _C 3 




+ C2C3 


*^31 ^13" ^3''3' d{l}dr2d{3‘'} dr3„ 


^^32 ^21 h^3.d{2}dr2d{i}dr^+c^ 


‘^ 32 ^ 22 ^ 23 ' <i{ 2 }dr,d{ 2 }dr. 


^32 ^ 23 ” ^ 3 *' 3 ^ d{ 2 }dr2d{ 3 ** }dr3„ 


t C 3 C^ 


^ 33 ” ^ 3 *'l ^ 13 ^ d{ 3 **} dr3 „ d{l}dr^ 


+ C3C2 


% 3 " ^ 3"2 ^21 ^ 3 «' «i{ 2 }dr. 


+ c: 


53311 ^ 3 ** 3 ^^' ^3 ^ ^ ' 3 ^ d{ 3 '’} dr3„ d{ 3 ^^^} dr3/,. 


*^31 ^11 ^13' ‘i{i)dri<a{i}dr3^= 


d{l}dr 3 q 33 


^11 ^ 13 ' d{l}dr 3 



* <f>^^ in 4.3 above. 

(5£h) 2" '3 "3' * ^ (jxh) 22 ^ ^ 13 ^ 23^ * 23 ' 33^^^3’*3^ are evaluated 

the same way as in 4.3 above. 

The calculation repeats itself till convergence is achieved. 
The final result is g as a function of r and angular variables. To 
obtain g(r) irrespective of angle one integrates over the angular 
variables (dT = sin^ d/3 dy da) . 


4.5 Calculation of q for a mixture of ions only from the 
equations derived above: Reduction to the Mayer formula 
A function with a positive ion at both the fixed terminal 
points is given by 


q++(r) = 


0 0 0 

0 0 r 


4 


4 

16Tr r 


J 


++ o 


(n=0) tsinrtdt 


C I exp (-kr) 

(the value of the integral is given in equation (115) in section 
4.2. Also the values of c and k are given there. Calculation of 
q(r) from q(r) and g(r) from q(t) is also given in section 4.2). 


4 

lerr r 


++ 


Thus, 2 

3(32TrVkT) (1 t 

^ ~ ~ 2 3 

^ 2 Vm (327r-'/ekT) . 


3(Z C.q|)(lg ) + (Z C.q=)C„4=(32.rVc)cT)2 

± 

3 + 2 C (327rVckT) 

mm 


The values of q's and u used in section 4.2 are the actual value 
of the charge and dipole moment divided by e, the dielectric 
permittivity of the medium. Hence, we have a in the denominator 



here and the q's and n are the actual charge and dipole moment. 


Let us set Mjjj = 0, to obtain a formula valid for a mixture of 
ions. Then, 


32n ^ 
kT ' 



Z 

i 


^i 


32n' 


ckT 


The concentration used in this method are 

chemical concentrations, in order to 
integration over angular coordinates. Thus k 

we are using actual chemical concentrations, 
Mayer's work (5) . 


of the actual 


871 

take 
2 


into 


fA] 


account 
47T 


if 


ekT ' 

as has been done in 





exp (-kr) 


This is identical with Mayer's formula (5) for q function in a 
mixture of ions derived by a different . method, in particular by 
using e as the convergence factor and then taking the limit 
a >0. 


4.6 Problem of Convergence of the Cluster Expansion of Angle 
Dependent q(t) 

The condition of validity of Eq. 83 is the condition of 
convergence of the power series of matrices 

I + A + + a” = (I - A)”^ 

We have considered specific elements of the matrix sum on the 
L.H.S. ■ and found, by explicit expansion, that they can be 
expressed as the product of appropriate elements of the 

transpose of the cofactor matrix of A multiplied by a power 



series, which if it converges becomes the inverse of det (I-A) , 

i.e., I+A+A^+ — +A^ can be equated to (I-A)^ _ /det (I-A), i.e. 

—1 

(I-A) only if this power series converges. 

NOW det (1-A) = 1 - + a^^ - a^^ a^^ + a^^ a^^) , for a 

2x2 matrix. 

For the matrix under consideration 


aa 


X V r. 

"2 ? ‘^i ^i 
t^ i ^ ^ 


®a|S 


TSt f ^i^i 


a„.. = 




^ 


|S^ 


IX „ 2 

‘=m ^m 

- c 

3 m '^m 


(Having taken the limit , all the convergence factors a 


oo 


etc. going to 0.) 


We now call 2c. q. = a 
i ^ 


Vm = 


Then, the condition 
necessary to be able to write the equality 


I + A +. 


+ A^ = (I - A)“^ is 


a • + - a a^^ + a a,.., < 1 

I aa /S|3 aa ^jS ap * 


or 


^ a - |S g - ^ ^ 

t^ 3t^ 3t^ 


a^ 


< 1 


or + oc^<l 

t^ 3t'^ 


The well known condition for the'" convergence of a power series of 
matrices, i.e. to be able to write I + + ....+ A^ = (I-A)"”^ is 
that the absolute value of the lasrgest eigenvalue of A has to be 
less than unity. The eigenvalues of A are 



X, t, a, ^ are all positive. The second term in curly bracket 
within the square bracket is positive. Simple algorithm 



manipulation shows that the condition that the mod of largest 
eigenvalue is <1 reduces to 


.2 « + P 


< 1 , 


t‘ - 3 t' 

the same condition stated earlier. The more well known condition 

being the same as the condition we wprked out ourselves, by 

considering the convergence of a power series, makes us reach the 

following conclusion. 

The power series that must converge for our formulae to be 
valid is the expansion of 

-1 




. (- { 

, ( 1 - { T - D } )'\ 


determinant. (T - D) in our case is - 


or, I 1 - •{ T - D J- I , where T is the trace and D the 

2 x 

a - a p; 

t‘ ^ 3t^ 

X, a, ^ being positive, T - D is negative, i.e., the power series 

X^ — 2 . —1 

= (1+z) 


is the expansion of (1 + 


^ a + ^ + 


3 t‘ 


where z = 


X 

.2 


a + ^ ^ + 


rOC^ . 


By method of analytic 


t*" 3 t‘‘ 

continuation, the validity of the expansion can be extended to z>l 

1 12 2x 

on the positive axis, i.e., for 5- (xa + r x a/S) + — iS > 1, 

fZ J 3 


i.e., for all t. In case of a system of pure dipoles (c^ = 0 for 
all i) , the same statement holds. Jepsen and Friedman ( 1 ) state 
that their theory holds only at lower dipole density e.g. that of 
supercritical steam rather than liquid densities. Friedman in his 
book on Ionic Solution Theory ( 11 ) is also hesitant about the 
validity of the argument base(J on analytic continuation. It is 
because of this, that we have taken the conservative stand and 
stated in various parts of this thesis that for dipoles the theory 
is valid only at low densities of solutes in a dilute solution. 



We however do not see any reason why it should not be valid over 
the whole range of concentration as is true of mixtures of ions in 
Mayer's theory of ionic solution. We are studying this aspect 
more thoroughly. 

4.7 The Validity of Allnatt Equation for Angle-dependent 
Potential 

In Chapter III, we solved Allnatt' s HNC equation to obtain 
correlation function in ionic solution. Briefly, recapitulating, 
Allnatt (3) uses Meeron's results (6) on the calculation of 
potential of average force or equivalently (3^) from 

their diagrammatic expansion. The formula is 
g.^(r) = exp (qy - p u*. + «.^) 

•A 

where q. . is the sum of g-bond chains between i and j, u. . is the 
hard sphere potential and are defined as 

” m 

“in = I “St- S ©(ij;m) dm 

e diagrams are made up of ^ bonds (<p = e^^-l) and q bonds, with 
only isolated q bonds. Details are given in Chapter III, 
section 7. Jepsen ' and Friedman in their paper (1) use an 
identical equation, except that q bond is different and is angle 
dependent (Eq. 5. 5-5.7 and Eq. 5.12 of Jepsen and Friedman (1)). 
Since their q bond is different, their ip bond is also different 

Allnatt classified the a., diagram into T..and 7). . on the 
basis of their topology and is set equal to zero in the HNC 

approximation, x is further classified into A and B (details in 
Chapter III, section 7) . These steps also remain unchanged in 
systems with angle-dependent potential, because the diagrams are 
the same, only the bonds are different. One then obtains Allnatt 
HNC equation for angle dependent potential. 
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1. Bessel function : 
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(Ref. 7) 
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3j 

C is the Clebsch-Gordon coefficient. The values of C are obtained 


from Tinkham (Ref. 9) 








3. Rotation Matrices (Ref . i and 81 ; 
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f(t) = —5 — 5- an even function 


f(t) e"^^^ dt 

^ —CO 


rO 


“irt 

f(t) e dt + 


f(t) 


e-i^t dt 






f(t) e 


-irt 


dt + 


f(t) e 


-ir 


dt 




f(-t) d(-t) + 




f(t) e 


-irt 


irt 

f(t) e^^ dt + 




f(t) e"^^ dt 


00 

r*" 


f(t) 


irt ^ ^-irtl 


dt 


fX> 


f(t) cos(rt)dt 


Elements of the H-matrix 
Let us define a quantity x = 



dt 
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since —= — =■ is an even function 
t^+k"^ 


" ei^t dt = 
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k^+t^ 
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,00 
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(The proof of (2) is given later) 
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Proof of (2) 



In this chapter, we describe the computational aspects of 
the solution of the integral equation and discuss the 
implications of the numerical results obtained. The single most 
important result is that Allnatt's HNC equation converges at 
particle charges and packing fractions much larger than reported 
in recent literature. 

5.1 Calculation of Convolution integrals a*b: 

In Chapter III (Section 8) we have described the method used 
by Rasaiah and Friedman (1) to solve HNC equation of Allnatt (2) . 

An examination of this method shows that we need to 
calculate several convolution integrals a*b (a and b can be 
q,h,x). The same is needed in the solution of angle-dependent HNC 
equation described in Chapter IV. This is done by fourier 
transformation technique, as described below. The integrals 
present as a*b are of the kind 


- J a (?.^) b<?^.) d(k) 

= J a (?,,^) (1) 

Fourier Transform of is I(k). Then, 

I(#) = IJ b(#,^j) exp[-2ail?.?. .] d(?^j) 


We now transform variables of integration; r^^ > r^^j^ 

d(^ik) = lJ| 


-4 -> 


|J| = The Jacobian of co-ordinate transformation = 1 



Then, 


lit) = 


J exp [-27ri)t.?.J 

J b(?j^.) exp[-2Trilt.^j^j] dit^.) 

a (t) . b (i!) 


( 3 ) 


where , 


a(k) = 


ik 


I exp 

J ^ cosej r?j^ sine de ^^ijc 


(where 6, ^ specify the orientation of with respect to 5c) 
271 CO 

- J d# |J dr.,^ I “ =^''® exp[-2nir^^.Kcose]} 


== 2n 


{J ^"1 


Ik "^ik 


)W 


where 


J exp j^-27rir^j^ K cosejsine de 
o 

J exp |^-27Tirj^j^ K cosej d{-cose) 


exp[-27rirj^j^K cose] -,^1 


-2ki r .^K 
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+ 1 


( 4 ) 


exp (27rir^j^K) - exp(-27ri 2i sin (277 


2Srr^ 


Irflr^ 



We rewrite Eq. (4 ) , using Eq. (5) 


• A . r" 5 sin(2Tr r..K) 

. . a()t) =271 a(?.. )rt ^ d 

i 

= 2| r.^ sln(2n r.,^K) dr 


ik 


2 

ic 


r 




ik 


sin (271 




( 6 ) 


o 

00 

similarly b(]t) = | J b rj^j sin(27T r^^jK) drj^^ 


o 



A f\ 

In the calculation of a(K) and b(K) we see that we have to do 
the sine transformation of the corresponding quantities. We have 
done this with the help of a subroutine for calculation of the 
FFT by NAG Library (C06FJF) . The method of calculation of the 
sine transform using the FFT algorithm is shown below. 


(.« *00 

(b) Calculation of the integral f(r)sinkr dr or f(r)cos kr dr 


for all k using an FFT algorithm; 

An FFT algorithm accomplishes the following transformation 

of a set of N numbers, f • ( j=0. . .N-1) to a set of N number f. : 

j ^ 


^k “ I 

J=0 

Let us consider a set fj (j = 0;...N) obtained by symmetrizing 
(or antisymmetrizing) a set fj'* Then the N numbers f^ can be 



subdivided into two groups f ^ , and f ^ „ such that j ' 

f . , = ± f>„ . Then, we obtain, with j” = 5 , 

J J ^ 



j =0 j =0 


N-1 


+ ^ if N is even and 

j=(N/2)+l 


N - j ” and 


( 8 a) 


with J" 


(N-1) 

2 


N-1 (N-l)/2 N -1 

\ \ ^ if N is odd. 

j=0 j=0 j=(N+l)/2 


( 8 b) 


In both cases (N even or odd) f^ = ± f (+ for symmetrized set, - 
for antisymmetrized set) but f^j is not a member of the set f ^ 
(j=O...N-l). Thus in this set, there is a small asymmetry 
present in the midst of symmetry and antisymmetry; otherwise 
the last number f„ , = ±f , , which is the second member of the set 
(f^ being the first) and fj^ does not appear, making f^ without its 
counterpart. If N is even, the symmetry or antisymmetry is around 
^N/2' which acts as the center of symmetry. Thus, we have a mid 
point of the set. If N is odd, no point can be identified as 
the midpoint; the change over to the symmetrized or the 
antisymmetrized set takes place in going from 

^(N+l)/2' ^(N-l )/2 ^ ■ ^(N+l)/2* 

Let us take N to be even. Let us write the expression of 



j=0 j=(N/2)+l 



(Combining terms with j' = j”) 


= 2 2^ fj,cos — (if the set is symmetrized) 

j'=l 


(N-l)/2 

V I *j 

j=2 


2711 k 


(if the set is antisymmetrized) 


In this case it is not necessary to set fjjy2 “ 

Hence to obtain sine transform we antisymmetrize our data 
set and call the Fourier transforaation subroutine from the NAG 


library, (C^6FJF) . When we obtain the transformed values we 


discard the real part which is equivalent to f^ described above 
and we take the imaginary part into consideration and divide it 
by -2. Also we multiply this by -iN and T/N, where T is the total 
range of the value which is Fourier transformed. Then each value 


is multiplied by corresponding value of 2/K (Eg. 6) . We thus 
obtain a (it) and b(lt) . The two sets are multiplied (for the same 
it) to obtain I (it) (Eg. 3). Once we get I (it), we carry out 
inverse Fourier transformation to get the value of the integral 
as a function of ^ . . . 
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27rr£j 


f I (It) K sin (2TrK r. . ) dk 
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f I (It) K sin(27Tk r. . ) dk 

4 J J 


ID 

v./ 

Hence the inverse Fourier Transformation is also a sine 

transformation. After getting the transformed values, we multiply 
T 1 2 

them by -JN, - r and — rr-* Thus we get the value of the integral 
N 2 r.j 

a*b. 


In a nutshell, the procedure of calculating a*b is: Take 
a(rij) (i) multiply by j / (ii) antisymmetrize, (iii) FT, (iv) 
multiply imaginary part by -iN, ^ and now we have a(k), 

A A A 

(v) do the same to obtain b(k) , (vi) multiply a(k) by b(k) for 

same k; obtain I(l^) multiply by k, (vii) antisymmetyrize 

T 1 2 

(viii) FT, (ix) multiply imaginary part by 4 n, ^ and 
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In the discussion that follows we use the following 
abbreviations . 

= Concentration of macroion (M) , 

= Macroion radius , ( A°) , 

c- = Concentration of univalent negative ion (M) , 
cdnst = Charge density on macroion surface as one electronic 
charge per so many A 
IS = Ionic strength of the solution. 

Reduced distance d^ = actual distance/macroion radius. 

The same abbreviations have been used in the graphs. 

5.2 Number of Points in F.T. Operations 

To begin with we used 1400 points in Fourier Transformation. 
This seems to give correct values of transformation both in the 

forward (r->t) and backward (t->r) direction. Correctness has been 

00 

verified by calculating the integral g(t) = X f(r) sin tr dr (and 

o 

00 

its inverse f(r) = S g(t) sin tr dt) by direct numerical 

o 

integration using a NAG subroutine and by Fourier Transformation 
method described above and then comparing the values. The error 
increases as the function becomes more steep. The solution of 
the problem is to increase the number of points in the steep part 
of the function. The ideal way to handle it is to have a larger 
density of points in the steep part and a smaller density of 
points in the not so steep part of the function. This has been 
done by Rossky and Friedman (1) using an algorithm by Talman (2) . 
We have not used this algorithm even though we perhaps 
should have. We now plan to use Talman 's algorithm and verify 
that the results remain unchanged. However being conscious of 


OQO 



this problem we have carried out the Fourier transformation at 

two different values of the number of points (1400, 5200) used to 

cover the same range in r-space (1000 A°) . The results have not 

changed at cdnst = 19200, 4800 and 1200 at r = 200 and 300. 

m 

The results change marginally near the hard sphere radius for 
cdnst = 300 and 600 at r^ = 200. At cdnst = 100, the change is 
larger, once again near the hard sphere radii. This is why we 
have not reported these values. In several systems studied, the 
correlation function did not level off to l even at r = lOOOA*^. 
Quite obviously these systems require a larger range and a larger 
nximber of points to acquire correct results . The reason why 
larger number of points (> 5200) could not be used in this work 
is very easily rectifiable. We used NAG software which has been 
implemented only in our HP-9000 supermini systems. The programme 
was originally developed using NAG in HP. It was not anticipated 
that a larger number of points will become crucial. We can 
without much difficulty upgrade our programme to the Convex-220 
mini super system. The software library changes to VECLIB, a 
small alteration. 

Two purposes are served by increasing the number of points 

in F.T. operations. The first is to scan the r-space more 

properly. The second is that as the number of points to 

represent the function in r-space is increased, the range covered 

N — 1 

in t-space (t_,„ = where N is the total number of 

points used in representing the function in r-space) increases. 
For a system with a large value of kappa i.e. systems with high 
packing fraction and high charge density (viz. r^ = 200 A° or 300 
A°, cjjjj = Ixio”^, cdnst = 100) , the function in r-space has a 



short range (functional form being e *^^/r) , This means that the 
function spreads out in t-space. If increasing the number of 
points did not alter the results, it must mean that we have 

adecpaately covered the function in t-space. It is therefore 
understandable that we obtain changes (when we change number of 
points) in numerical results only for systems with high charge 
and high packing fraction. We note that there are several recent 
literature reports (3, 4) on highly charged asymmetric polyionic 
system where no change in numerical results were obtained by 
^ carrying out F.T. operations using the Talman algorithm of using 
■ : unevenly spaced data samples . The particle charges studied in our 
work is however higher than those in Refs. 3 and 4. This aspect 
i ||i needs more careful investigation. 

.3 The Problem of Nonconvergent Iterations in Solution of HNC 
Equation 

We now discuss the problem, already known in the literature 

5-8) , of not obtaining convergence of the iterative procedure 

sed in solving the HNC ec[ution. Our experience is as follows: 

. We have not been able to run systems with macroion radius 

(r^) = 400 A° and above, at cdnst = 4800 and several ionic 
in 

strengths. Since systems with this charge density have been 
run successfully with lower (200 A°, 300 A*^) , we 

decided not to investigate other parameters at r^ = 400. 
Macroion radii larger than 400 A° were also tried, but 
without success. 

At macroion concentrations 5xlo”^M and above, we did not 
convergent solutions over a wide range of parameters. 
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The most thoroughly investigated systems are with macroion 
concentration 1x10 At this concentration with 200 A° 

macroion radii and at all charge densities studied we could 
not obtain convergent solutions above a c- value greater 
than 0.001 M. The same is true with 300 A° macroion radius 
except for the cdnst = 4800, where the system with c- = 
0.001 did not converge. 

4. At macroion radius 20 A°, there is virtually no problem in 

obtaining convergent solutions. However, quite 

surprisingly at 50 A° radius we had problem with systems 
having cdnst = 100, 300 at all ionic strength. The macroion 
concentration is IxlO ^M. But at a cdnst = 600, we are able 
to get convergence. We did not investigate lower charge 
density. We note that, contrary to our expectation there is 
no problem in obtaining the convergence at higher charge 
densities for a macroion radius of 200 A°, whereas at r = 

lU 

50 A°, we had difficulties. 

. . -7 

5. At macroion concentration of 1x10 M, systems with c- = 
O.OIM and higher values did not converge. In general we did 
not have problem at other values of parameters here, as well 
as at lower macroion concentration. However, the variation 
of parameters at these macroion concentration is less 
extensive. 

6. The calculation of the total volume occupied by the small 
ions of the background electrolyte shows that they 
contribute to the packing fraction (fraction of the total 
volume occupied by the hard sphere) by about 0.003. Since 
HNC theory is known to handle solutions of electrolytes of 
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symmetrical small ions upto molar concentrations, the 
failure to obtain convergence at 0.01 M concentration of the 
background electrolyte of the macroionic solution studied is 
not related to high packing fraction. 

The major contributor to packing fraction is the macroion. 
A 1x10 ^ M solution of 200 A° macroion radius has a packing 
fraction contribution from macroions of about 0.0192. The 
maximum charge studied at c- = 0.0 M (two component system) 
and cdnst = 100 is 5024 electronic charge. Because of the 
difficulties discussed in section 5.2, our results at cdnst 
= 100 may not be fully reliable, yet we think the 

convergence problems will not be there even when these 
difficulties were removed. However the convergence obtained 
with systems having cdnst = 300 is reliable. The total 
particle charge is about 1700 electronic charge. 

8. Numerical experiments on systems with r^^ = 300, show that 

convergence is not obtained at cdnst = 300, 600, but is 

. —6 —5 

obtained at cdnst = 1200 at c = 1x10 and c- = 0, 10 , 

in 

—4 —3 

10 , 10 . The packing fraction of this system is 0.064. 

The total particle charge studied at this packing fraction 
is 900e. 

Recent application of HNC theory to macroion solution with 
high asymmetry of charge and size has found it difficult to 
obtain solution for particle charges greater than lOOe at a 
lower packing fraction of 0.04 (6), in spite of considerably 
modified numerical technique . The only paper that reports a 
study of colloids of higher particle charge is due to Khan 
et al (7) . They treat macroion-macroion correlation by HNC 
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and macroion-small ion correlation by MSA. They have 

studied larger macroion radii than we could study viz. 

radius of 436 A°, but at considerably lower packing 

fraction (.0002), with particle charges upto 450. Particle 

radius of 1170 A°, particle charge of 432 e, and radius 436 

A°, charge 500 e and 11000 e, have been studied but at a 

particle density two orders of magnitude less than that in 

our study. The maximum packing fraction they study is in 

the system with Z = 432e and r = 1170 A°. The value is ~ 

in 

0.01, significantly less than that in the r^ = 300 A*^ system 

studied by us, where Z = 900 e is studied at a packing 

fraction of 0.064. The 11000 e particle charge studied by 

Khan et al (7) is at a packing fraction of 0.001. The other 

recent reports (8-16) study particle charge below 100 e. 

10. It is therefore a fair claim that the use of Allnatt's HNC 

equation considerably improves the situation regarding the 

difficulty of obtaining convergent solution of the HNC 

equation. This must be due to the use of a different closure 

than used by other workers. They use the usual HNC closure 

(Eq. 5.19 of Ref. 17) which can be written as 

c(r) = -/3 u(r) + h(r) - log (h(r) + 1) 

q/r)+r(r) 

Now x(r) = h(r) - c(r).A Hence h(r) = e^^ * ' ' where 

^ 1^2 

g(r) = -p u(r) = - - . The closure used in Allnatt 

equation is 

h(r) = 

where q(r) = (e”^^/r) ^ 2 .^ 2 ' ^ g-bond chains 

and its range is considerably less than a g(r) bond- 



a certain particle number density (c- < 10 however, this 

number density does not affect the graphs. (Figs. 5.1 and 5.2). 

This is expected because then even Belloni's k is affected to a 

smaller extent. As one goes to c- = lxlo“^ (Fig. 5.4) at r^^^ = 

300 and cdnst = 4800, we obtain a g(r) vs. r graph that shows 

substantial attraction (g(r) > 1) almost all over, if c = 

m 

“7 • —8 

1x10 , in sharp contrast to c^ = IxlO which remains repulsive 

althrough and shows no feature of attractive correlation at 

all. The system at c^ = ixio ^ fails to converge. The large 

attraction (cdnst = 4800, r^ = 300) at d^. - 2.66 is a significant 

change in going from c- = lxl0*~^ to c- = lxl0~^. Of course, the 

increase in small ion concentration (c-) in going from 1x1 to 
—3 

1x10 IS also more significant in absolute terms than an 
. —5 —4 

increase from 1x10 to 1x10 even though it is ten fold in both 

—7 —Q 

cases. Even though in both c^ = 1x10 and ixlO , features of 

attractive correlation increase with rise in c-, at c = lxl0~^, 

m 
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attractive features diminish in going from c- = 1x10 to ixio 

The iteration gives nonadmissible numbers and fails to converge 

at c- = 1x10 (c^ = 1x10 ) . Thus the increase in features of 

attractive interaction with increase in c- is not always seen. 

Thus, it is a complicated effect and cannot be always understood 

in terms of a simple model of interaction between dressed 

macroions whose effective charge decreases as c- increases with 

increased counterion condensation. Effective charge of a dressed 

macroion is a complicated quantity involving both the counterion 

and the coion distribution. One more point about the graph at c- 
—3 

= 1x10 : The scale used to accommodate a large value of g(r) 

at its maximum hides the fact that the curve starts being 
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repulsive, becomes attractive to level off to g = 1 at large d^. 

We note that a value of g = 88, in terms of energy is not as 

large, w = -kT In g gives w per mole to be -2.76 k cal mole~^, 

whereas g = 10 would give half as much. The graphs in Figs. 5.1, 

5.4 are given at a fixed c- as a function of c . Turned around 

m 

they are shown at a fixed c^ as a function of c- in Figs. 5.5 

m ^ 

and 5.6. 

(ii) = 300, cdnst = 19200 (Figs. 5.7-5-11) 

The trends discussed above are now studied at cdnst = 19200. 

The graphs at c- = 0 (Fig. 5.7) and lxlo“^ (Fig. 5.8) are nearly 

superimposable, but those at c- = Ixio”*^ (Fig. 5.9) once again 

differ from those at c- = 1x10 (Fig. 5.8). Whereas at c- = 0 
—5 —8 

and 1x10 , the c^ = 1x10 graphs are highly repulsive such 

that even at r = 1000 A°, they do not level off to g(r) = 1 and 

remain fixed to the x-axis; they observably rise towards g(r) = 1 
-4 -6 

at c- = 1x10 . The graph at c^^^ = 1x10 although repulsive 

—5 —4 

(g(r)<l) at all r at both c- = IxlO and 1x10 shows visible 
difference in shape. In contrast to c^ = Ixio”^ graphs at cdnst 
= 4800 (at all c- values) , which show predominantly attractive 
g(r), the corresponding graphs at cdnst = 19200 are repulsive 
althrough. The extent of repulsive effects is smaller at higher 
C-. The graphs in Figs.5-7 to 5.9 are at fixed c- as a function 
of c . The same graphs at a fixed c^ as a function of c- are 
shown in Figs. 5.10 and 5.11. Figure 5.11 shows a progressively 
decreasing repulsive feature of the graphs as c- goes from 0, 
lo”^, 10~^ to 10~^ (Cj^ = Ixio”^, cdnst = 19200) , the last graph 
shows an attractive peak. This last graph is not shown in Figs. 



5.7 to 5.9 because at c- = Ixio"^, systems with c = lxlo“^ did 

HI 

not converge. 

(iii) = 200, cdnst = 4800 (Figs. 5.12-5.18) 

Once again c- = ixio"^ graphs (Fig. 5.13) are 

superimposable on c- = 0 graphs (Fig. 5.12) but differ from 

those at 1x10 ^ (Fig. 5.14) and lxl0~^ (Fig. 5.15) significantly 

at all values of c^. Once again c^ = Ixio”^ graphs show peaks. 

They are repulsive at lower d^, become attractive at larger d^, 

show a peak, only to level off to g(r) = l at d^ - 5.0, i.e. r = 

1000 A°. The peak becomes more intense and shifts to larger d^ 

—3 —4 — S 

as c- decreases from 1x10 to ixio to ixlO . This is 

reminiscent of shorter bond distance in diatomic molecules with 
larger electron density in between them. In this case larger c- 
means larger counterion condensation and therefore the 
equivalence to larger electron density. However, as the peak 
shifts to shorter f, the g value at the peak becomes smaller. At 
shorter distances increase in the magnitude of repulsion is 

responsible for making the g-value smaller. In agreement with 
the trend discussed above, the decreased repulsion at higher 

—7 —g 

ionic strength the graphs at c^ = 10 and 10 are less 

—3 —4 —5 

repulsive at c- = 10 compared to those at c- = 10 and 10 

The more attractive g(r) vs. r graphs at higher c^ values also 

corroborate the trend seen at r^ = 300, which we may call, 

effective shielding of macroion-macroion correlation due to 

macroions. The graphs in Figs. 5.12-5.15 are at fixed c- as a 

function of c_. The same graphs at a fixed c as a function of 

c- are shown in Figs. 5.16-5.18. 



(iv) TC^ = 200, cdnst = 19200 (Fig. 5.19-5.25) 

At c- = 0 (Fig. 5.19) and c- = lo“^ (Fig. 5.20), graphs of 

this system for = ixlO ^ and IxlO ® differ from each other to 

some extent in sharp contrast to similar pairs of systems (at r^^ 

= 300, cdnst = 4800, 19200 and r = 200, cdnst = 19200) 

m 

considered earlier, where virtually no difference existed and 
graphs were nearly superimposable . This has its origin perhaps 
in the fact that the change in ionic strength is not 
insignificant (for c^ = lxlo“’ and lxlo“®) in going from c- = 0 

-5 

to c- = 10 whereas the corresponding change is comparatively 
much less (-3% compared to 30% and 400%) in c^ = ixio”^ graph, 
which does not change significantly, c- = 0 to lo""^ changes not 
only, K but also particle density in HNC equation. However, the 
change in particle density is small since 10 is on an absolute 
scale small. We recall that in the system r 300, cdnst = 

ID 

4800 particle density change had an observable effect in going 
—5 —4 

from c- = 10 to 10 , the ionic strength did not change 

significantly. Similar ionic strength effect actually exists in 
= 300, cdnst = 19200 system also, but shows up insignificantly 
on the graphs. At c^^^ = 1x10 , the graph shows some change, hard 

to see on the scale used in the graph, as one goes from c- = 0 to 

-5 . -7 

c- = 1x10 , but absolutely no change is seen at c^^ = 1x10 and 

Ixio”®. This is connected with the fact that c- = 0 to c- = 
—5 

1x10 introduces more significant ionic strength change only at 
= Ixio"® (-50%) than at c_ = lxl0~® (-5%) and lxlo“’ (- 2%) - 
On going to c- = Ixio”^ (Fig. 5.21) and Ixio”^ (Fig. 5.22) all 
the graphs show progressive decrease in features of repulsive 
correlation. The graphs seen in Fig. 5.19-5.22 are at a fixed 
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c- as a function of c^. The same graphs at a fixed as a 

function of c- are shown in Figs. 5.23-5.25. 

(v) Higher cdnst, 600 and 1200 (Fig. 5.26-5.29) 

We now examine graphs in Figs. 5.26, 5.27 and 5.28. At 

cdnst = 600 and c^ = ixio”^, r^ = 200 (Fig. 5.26), c- = 0 and 
-5 

10 graphs are indistinguishable, both showing a peak in the 

—4 

graph. At c- = 10 , the peak increases in magnitude and shifts 

towards lower d^, both shifts are small. At c- = lo“^, 

significantly more change is seen, the peak shifts much closer to 
dj. = 2, and increases in amplitude significantly. At cdnst = 

1200, Cj^ = lxlo“® (Fig. 5.27), = 200, c- = 0, lo“^, lo”'^ are 

* —3 

superimposable but the graph corresponding to c- = 10 changes 

significantly. However the feature of attractive correlation 

_3 

decreases at c- = 10 . All the graphs show attraction at hard 

— •7 

sphere contact. Fig. 5.28 (cdnst = 600, c^ = 1x10 , = 300) 

shows identical features as Fig. 5.27, only the numbers change a 
little bit. 

We have seen earlier in Figs. 5.12-5.18 that at r = 200, 

la 

cdnst = 4800, c^ = Ixio”^, the g(r) vs. r plot shows a peak that 
shifts towards smaller d^ and the magnitude of g at the peak 
decreases monotonically as c- increases. Fig. 5.27 shows systems 
with Cj^ = Ixio”^ and show the same trend; since all the graphs 
show attraction at hard sphere contact, we do not see any shift, 

-3 

but the magnitude of g at d^ = 2 falls at c- = 10 from those at 
—5 —4 

c- = 0, 10 ,10 . The trend in Fig. 5.26 is the same as 

that discussed above as far as shift is concerned, but the change 

in magnitude shows opposite trend. We note that these figures are 

—7 

obtained at c = 1x10 . When r^ is increased to 300 at the same 

m m 
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cdnst as shown in Fig. 5.28, the trends shift over to that seen 
in Fig. 5.27 where cdnst is larger (1200 instead of 600) but size 
is smaller (r = 200) . We note that the net charge on r^ = 300 
particle is 943 e, and that on r^ = 200 particle is 838 e. The 

features of g(r) vs. r graphs seem to depend only on the total 

charge, in these cases. 

Figure 5.29 is the graph of a system with = 300, = 

“"8 I ^ 

1x10 , cdnst = 600, c- = 1x10 . It shows a sharp peak at very 

close to hard sphere contact, which falls off rapidly to unity at 

d^ ~ 2.05. In Fig. 5.28, we studied r_ = 300, cdnst = 600, c_ = 
r ■' m m 

“7 -3 

1x10 systems. The c- = 10 plot shows an attraction at hard 

sphere conatct, but a g-value which is smaller, yet attractive. 

The change is due to change in c . Increase in c causes 

m m 

shielding of macroion-macroion repulsive interaction, because at 

—8 “7 

c = 1x10 , g - 1 at hard sphere contact, but at c = 1x10 , 

m ^ 'm 

—8 

g-5. The peak in g(r) vs. r graph that we see at c^ = 1x10 

. —7 

(Fig. 5.29) IS however larger than that at c^^^ = 1x10 (Fig. 5. 28) 

seen at hard sphere contact. 

(vi) r^ = 20 (Fig. 5.30-5.35) 

—8 

Figures 5.30 and 5.31 show graphs at r^^^ = 20, “ 1x10 

and cdnst = 300 and 600 respectively as a function of c-. In 
both figures, we observe a progressive shielding of repulsive 
interaction as c- increases. The repulsive correlation is less 
for cdnst = 600 compared to that at cdnst = 300 at low c-. The 
difference disappears at high c-. All this is anticipated 
according to classical models of colloidal interaction. The same 
comments hold for Figs. 5.32 and 5.33 which are for systems at 
c = 1x10 but are otherwise identical to those in Figs. 5.30 





and 5.31. Comparison between these two pairs show that repulsive 

correlation is less severe (both at cdnst = 600 and 300) at 

higher macroion concentration, at low c- (0, lo”^) . This effect 

has been seen earlier. The shielding by macroions disappears at 

higher c-. A look at graphs with r =20, and c = lxl0~® 

(Figs. 5.34-5.35), show that shielding of macroion-macroion 

correlation by macroions increases at higher c and the 

m 

difference is visible even at higher c- values, e.g. , cdnst = 600 

graphs show considerably less repulsive correlation (difference 

. —3 —2 —1 

exists even for c- = 10 and 10 , but very little for 10 ) . 

We note that ionic strength differs significantly (- 10%) at c- = 

10~^, less so at c- = 10~^ and 10~^(- 1%) . 

Effect of Charge: The effect of cdnst alone is brought out in 
Figs. 5.37 to 5,39. These graphs are all at c = 1x10 and r = 
200 at different c-values. The cdnst = 1200 is the least 
repulsive graph. cdnst = 4800 is more repulsive than the lower 
cdnst = 19200 in Fig. 5.38 nearly over all r values. In Fig. 5.37 
and 5.39 these two plots cross each other. There is clearly a 
balance between their larger intrinsic charge, which increases 
repulsion and their increased ability to condense counterions 
which decreases repulsion. In Figs. 5.40 to 5.42, are shown 

—7 

systems with r = 200, c_ = 1x10 at different c- values. The 
cdnst = 1200 is once again the least repulsive graph. cdnst = 
4800 is clearly the least repulsive and cdnst = 19200 lies in 
between. The factors responsible for this relative ordering are 
the same as those in Figs. 5.37-5.39. The relative ordering of 
4800 and 19200 change as one goes to r^^^ = 300, = 1x10 at 



different c- values (Figs. 5. 43-5. 44) . This is a result of 
increased particle charge (even though cdnst values are the 
same) , which affect both intrinsic repulsion and increased 
counterion condensation and resulting shielding. In Fig. 5.45 
and Fig. 5.46 (r^ = 300, c^ = Ixio”^, c- = 0) , we find cdnst = 
600 to be least repulsive of all three graphs, cdnst = 4800 being 
most repulsive, whereas cdnst = 19200 lies in between. 

In Fig. 5.47 (r^ij = 300, c^ = lxl0~^, c- = lxl0~^) cdnst = 

600 is least repulsive, cdnst = 4800 is most repulsive, cdnst = 

19200 lies in between. In Fig. 5.48 (r = 300, c = Ixio”^, c- = 

IQ IQ 

-3 

1x10 ) there is a cross-over between cdnst = 600 and cdnst = 

19200 graphs, but it is fair to say that cdnst = 600 is less 

repulsive over a wide range of r values. cdnst = 4800 (Fig. 

5.6(b)) shows a significant attractive peak in contrast to that 
. -4 

seen in c- = 1x10 graph (Fig. 5.47). 

Figs. 5.49-5.57 show g(r) vs. r graphs at r^ = 20 at c^ = 
—6 “"7 

1x10 and 1x10 . Each graph is shown as a function of cdnst and 

c- is varied from one graph to another. In all of them, 
shielding is more at lower cdnst (600) than at higher (300). As 
c- increases, keeping c^ constant (Figs. 5.49-5.52), shielding 

_7 

increases. The same is true with c^^^ = 1x10 system (Figs. 
5.53-5.57) . 

Effect of Size: An examination of Figs. 5.58 to 5.60 show three 

— g 

graphs at cdnst = 4800, c^^ = 1x10 at varying values of c- =0, 
—5 —4 

1x10 , 1x10 . The graph of r^ = 300 shows attractive 

correlation at hard sphere contact, but shows features of 





The shielding due to macroions increases at a given charge 
density with size. This is visibly clear on comparing say Figs. 
5.9 and 5.21. However, this may be purely an effect of 
increasing total particle charge. A comparison of shielding by 
macroions of r^^^ = 200, cdnst = 4800 (Fig. 5.14) with that of r^^^ 
= 300, cdnst = 19200 (Fig. 5.8) shows that the former is more 
efficient in screening. In this case the total particle charge is 
larger for r^^^ = 200 system. It would be of some interest to 
compare two systems with identical total charge, but different 
size, to fish out size effect alone. 

The attractive peak in g(r) versus r graphs: This aspect is 
discussed in Chapter I . We discuss it here in connection with 
our results. Patey (18) observed strongly attractive forces 
between a pair of similarly charged macroions in his HNC 
calculation on an infinitely dilute macroion solution. This 
observation is contrary to classical ideas on colloids, which are 
believed to have repulsive interactions at all distances. 
Teubner (19) pointed out that this attraction may be an artifact 
of the HNC theory and suggested that the inclusion of the highly 
connected bridge diagrams neglected in the HNC approximation will 
lead to the disappearance of the peak in g(r) versus r graphs 
discovered by Patey (18). The calculation of g(r) of macroionic 
particles by the three point extension (TPE) of HNC theory by 
Sanchez and Lozada-Cassou (20) show no peak. The proponents of 
TPE of HNC theory believe that the bridge diagrams of interaction 
of two particles held by a dumbell in this calculation get 
included in the two particle correlation function eventually 



calculated. Sanchez and Lozada-Cassou (20) clai«. that the 

TPE-HNC results which show no peak in the g{r) versus r graphs 

prove Teubner's contention (19) that the peak in g(r) vs. r graph 

is an artifact of the neglect of bridge diagrams in HNC theory, 

since TPE-HNC introduce the effect of bridge diagrams. However, 

in the investigations carried out on application of the HNC 

theory to macroionic solution in the 1980 's and early 1990 's, 

show these attractive features over and over again. Bratko et al 

(4) observe an attractive maximum in the g^^ (macroion-macroion) 

vs. r graphs at a distance of 5.1 A° (reduced distance d^ = 3.0), 

(macroion charge) = -40 with HNC (for all ion pairs) and 

HNC-Py (HNC for macroion-macroion and PY for macroion-ion, 

ion-ion) closures. A similar attractive maximum is seen in 

systems with = -60 at a distance -5 A° (d =5.0), where 

solutions are obtained from integral equations (HNC and HNC-PY, 

as above) and Monte-Carlo calculations. The magnitude of g at 

its maximum is -1.2. Macroion-ion g(r) values are also highly 

attractive indicating that the attractive maxima in g^^ - r 

graphs results from piling up of counterions near macroion 

surface. Linse (15) observed an attractive maximum in g^^ vs. r 

graph at a value r = 65 nm (d^ » 4.0) by HNC and RHNC theory and 

Molecular Dynamics simulation. The value of g at the maximum is 

-1.2. Attractive maxima are seen in g^^^ (macroion-ion) and g^^ 

(ion-ion) vs. r graphs. Linse (16) also observes a very similar 

maximum. Khan et al (7) observe an attractive maximum in g(r) 

vs. r graph for a system of colloidal particles of 872 A° 

12 —3 

diameter, particle density 2.56x10 cm , a total particle 
charge of ll,000e. The height of the peak for macroion-macroion 
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correlation is 22.3 at a point close to the distance of closest 
hard sphere contact (not explicitly shown in the published 
graph) and that for macroion-counterion is 104 . 3 . Linse and 
Jonsson (14) observe an attractive maximum in the 
(macroion-macroion) vs. r plot obtained from Monte-Carlo 
calculation at a distance of 50 A° (r = 10, d » 5) . A similar 
maximum is obtained in (ion-ion) vs. r plot. Patey (18) 

obtains attractive minima in his gw (r) vs. r plot, where gw(r) = 
- In g(r) . The minima would correspond to maxima in g(r) vs. r 
graph. Patey calculates at infinite dilution, i.e., he has only 
two macroions with electrolytes in a continuous dielectric in 
between. The values of In g(r) are 200 (particle charge = 
5000e) , 100 (4400e) , 70 (~ 4000e) , 25 (- 3600 e) . Similar .large 
values are obtained in calculations done on system with different 
parameters but similar values of charge. These values are 
exceptionally large and are not seen in the calculations done at 
finite macroion concentrations, in the papers discussed above. 
The values of g at the attractive maxima are usually 1.2 to 1.4 
but then the particle charges at which these calculations are 
done are very low (< lOOe) , whereas Patey 's calculations are done 
at values of particle charge that are more than an order of 
magnitude larger. Linse (16) reports a small maximum (g value 
-1.4) in the vs. r plot. Beresford-Smith et al (21) 

obtain macroion-macroion correlation function using V (r) 
calculated in the OCM using an approximate model and obtain an 
attractive maximum. The value of g at the maximum is -2 (at r = 
500 A°, r = 160 A°, d_ » 3.1; Z„, particle charge = 300e) . Once 
again, we have, a small g at maximum for a small charge. 



In the systems studied by us, we have not found values of w 

as large as those found by Patey (18) . The maximum g we have 

found is of the order of 10^, i.e., w = -4.606 kT, in contrast to 

w « -200 kT (in one case, even larger negative values) . A value 

of -4.606 kT for w means a ratio of (e^ : 1 or -lOO : 1 

probability of finding the two particles together at that r where 

g vs. r graph has an attractive maximum compared to that at a 

larger r where g s i. More commonly, the value of g at the 

(sometimes at the hard sphere contact) are -10, i.e., w equals 

-2.303 kT. This means a ratio of -10:1 instead of -100:1. A ratio 

of 100:1 can perhaps be described as formation of a dimer. A 

ratio of 10:1 indicates a weak dimer. Patey 's values (18) of 

-200 kT, were almost as strong as that of formation of a 

diatomic molecule. We may point out that Patey also observed 

stronger "bond", i.e., more negative w as the macroionic charge 

increased. We have also observed this trend. Detailed 

comparison of our results with Patey 's cannot be made because the 

values of macroionic particle charges studied by him are much 

larger than those used by us. Also he studies a system at 

infinite dilution. Patey studied three different sized systems, 

d = 100 d (d = diameter of the colloid, d = diameter of the 
c c 

counterion) , d = 50 d, d = 200 d. The lowest particle charge 
c c 

studied at which attraction is seen in the first family is -1200 

e (in his notation cr = 0.044, particle charge (in units of e) = 
^c 2 * 

w O' ) / a little less than the maximvim charge studied by us 

at r = 200 (~1700e) and a little more than that at r^ = 300 (- 
900e) . Patey finds in this system, w(r) at the minimtim = -50 kT. 
We find much less attractive force at higher packing fraction. 



The lowest charge studied in the second family (d /d = 50) is 
~150e (a = 0.021), but at this value of particle charge, 
repulsive interaction is obtained. Attractive minima in the plot 
of w(r) versus r is obtained at a particle charge of ~375e (cr* = 
0.050) and the value at the minimum is w(r) = -30 kT. We obtain 
considerably less attractive correlation in a system of similar 
charge but at higher packing fraction. The lowest charge studied 
in the third family (d /d = 200) at which attractive interaction 
is seen is quite high (15600e) . We have not studied any system at 
this charge. We also note that in Patey's results as salt 
concentration changes, the value at the minimum of w(r) vs. r 
graph changes, e.g. at 0.1 M. Salt concentration w(r) (at 
minimum) = -200 kT at a particle charge of -5000e, whereas at 
O.OIM salt concentration, w(r) at minimum = -400 kT at a particle 
charge of -1900e. This is qualitatively the effect of decreased 
particle charge, which even at low ionic strength (i.e., in a 
less shielded condition) show stronger attractive forces than a 
particle with larger charge at higher ionic strength (i.e., more 
shielded) . At much larger packing fraction, we find that w(r) 
becomes less negative, i.e., more repulsive. This is not 
unreasonable. But in the range studied by us, we have also 
observed decrease of repulsive correlation with increase in 
macroion concentration, i.e., if we combine Patey's results with 
ours, the repulsive correlation, first increases and then 
decreases as macroion concentration increases. The matter needs 
closer scrutiny. 



5.5 Calculation of transform of Coulomb Potential for systems 
with distance-dependent screening constant 

In Chapter II, we conclude that the effects of polarization 
of macroionic dielectric by ions in solution become significant 
for non-spherical particles. In such a case, screening constant 
of Coulombic interaction becomes a function of distance. In 
Chapter III, section 9, we derive an expression of q bond in 
t-space (q(t)) for such a system. In order to calculate q(t) , we 
require an expression of g(t) , the transform of the Coulomb 
potential — y- . We multiply it by e to handle the 

problem of divergence 

g(t) = |^Xg(r) r sintrdr=X°+/®^^+ S 

o o r r 

o max 

where r^ is the macroion radius and r is the distance at which 

o max 

the e (r) effectively becomes equal to the bulk dielectric 
constant of the solvent. Between O to r^, we assume that 
e(r) = c and between r__„ and w c(r) once nagain equals e . 

S luclX S 

First of all, let us comment on why e(r) = e between O and r . 
In the treatment of small ions (Mayer-Meeron theory) the 

potential energy is broken into a hard sphere part and a 
Coulombic part, the latter extends from zero to infinity. 
Obviously, the Coulomb potential between r=0 to hard sphere 
radius adds to hard sphere potential to give hard sphere 

potential again. So, strictly, for the part other than the hard 
sphere part (which we call g-bond) , it makes no difference what 
we set it to be within the hard sphere. It is set equal to 

Coulomb potential from 0 to «, to make it possible to carry out 

g-bond summation by analytical means. We also do the same, but 



not with the objective of using analytical methods, because the 
problem with distance dependent screening constant has to be 
handled numerically. However setting c(r) = c within the hard 
sphere allows us to check the limitting case where macroion 


permittivity equals that of the solvent. The X integral can be 

o 

done analytically 
r 


X 

o 


e j._^2 sin tr j 4tt ,.0 _-Xr 

47rr dr = ^ X e sxn tr dr 

s so 
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The same integral is to be evaluated between r_^„ and ». This 
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calculation yields. 
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The integral within bracket equals J f 

o 

The integral between r„,„ and » has to be handled 

max 

analytically, because the range of the potential is too large to 
allow handling by numerical method. 

The transform of the Coulomb potential with distance 
dependent screening constant is used in the calculation of q(r) 
(Chapter III, Section 9). A programme was written to calculate 
correlation function of such systems. Having arrived at the 
conclusion in Chapter II, that the effects of polarization will 
be significant in nonspherical macroions only, we have postponed 
numerical calculation till an expression of e(r) for such a 
system is worked out. However to verify the programme, we have 
calculated g(r) for a system with c (macroion) = e (solvent) . 
This system should be identical to the usual systems considered 
in Chapter 3, where macroions and ions all interact through the 
usual Coulomb potential, with a screening constant equal to the 
dielectric permittivity of the solvent. The g(r) so calculated 
is exactly the same as that calculated by the method described in 
Chapter III. The agreement is shown in Fig. 5.74. 

5.6 Systems with angle-dependent interaction: 

Figure 5.75 shows that the program for calculation of g(r) 
for angle dependent potential gives nearly the same result as 
that calculated by the method of Chapter III when is set 
equal to zero (both for one iteration) . A system with = 
“>0,0000 (again with one iteration only) shows a significant 
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APPENDIX- 1 


c The system is a 3-component system. The particles are 
c l=Na+,2=Cl-, 3=A macroion with negative charge density. 


integer ndim,lwork,l,m,n, j,ni 

parameter (ndim=l, 1=3 ,m=3,n=1400,nn=n/2 ,lwork=4*n) 
integer nphi,nq,nh,nx, ifail ,ntaol,ntao2, ntao 

double precision work(lwork) ,xq(l,m,n) ,yq(l,m,n) ,xh(l,m,n) ,yh(l, 

1 m,n) ,xx{l,m,n) ,yx(l,m,n) ,xtaol (l,m,n) ,ytaol(l,m,n) ,xtao2 (l,m,n) , 
1 ytao2 (l,m,n) ,xtao(l,m,n) ,ytao(l,m,n) 
integer ndq(ndim) ,ndh(ndim) ,ndx(ndim) ,ndtaol (ndim) ,ndtao2 (ndim) 

1 ,ndtao(ndim) 

double precision v(nn) ,r(l,m,n) ,q(l ,m,n) ,h(l,m,n) ,x(l,m,n) 

double precision ansd(l,m) ,ansq(l,m) ,ansh(l,m) ,ansx(l,m) ,g(l,m,n) 
double precision xphi(l,m,n) ,yphi(l,m,n) , error, rng,tbn,tbnl,kp 
integer ndphi(ndim) 

dotible precision phi(l,m,n) ,yp(nn) , 2 ( 1 ) ,xa(l,m,n) 
doiible precision xb(n) ,yb(n) ,ad,hh(nn) ,xxd(nn) ,rd(nn) 

doiible precision resl(l,m) ,res2(l,m) , res3 (l,m) ,res4 (l,m) ,res5(l,m) 
1 ,res6(l,m) ,res7 (l,m) ,res8(l,m) ,res9(l,m) ,reslO(l,m) ,mat3 (l,m) , is 
do\:ible precision a(l,mi,n) ,e(l) ,c(m, 1) ,mat(l,m) ,matl(l,m) ,mat2(l,m) 
external c06f jf ,d01gaf , fun, fOlckf 
common e,dc,bc,temp,c,kp 
open ( unit=3 5 , f ile= ' value .in') 
open (unit=42 , f ile=' tao2 . out ' ) 
open(unit=43 , f ile='graph' ) 
read (35, *)dc, be, temp 
read(35,*) (e(i) ,i=l,l) 
read(35,*) ( (c(i, j) , i=l,m) , j=l,l) 
read ( 35 , * ) rm , rl , r2 , dnst , tmax , tmin 
read ( 35 , * ) el , e2 , ni 
e(l)=el*e(l) 
e(2)=e2*e(2) 

e3=(4.0*3.14*(rm**2) )/dnst 
e(3)=e3*e(3) 
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if ( (i.eq.3) .and. (j.eq.i)) then 
if (r(i, j ,k) .le. (rl+nn) )then 
phi(i, j,k)=-l.o 
else 

phi(i,j,k)==dexp(q(i,j,k))-l.OdO 

endif 

endif 

if (r(i,j,k) .le. (r2+nn))then 

phi(i, j,k)=-l.o 

else 

phi(i,j,k)=dexp(q{i,j,k))- 1 . 0 d 0 

endif 

endif 

xphi(i, j,k)=phi(i,j,k)*r(i,j,k) 

yphi ( i , j , k) =0 . OdO 

r(i, j,k+l)=r(i, j,k)+tbn 

end do 

end do 

end do 

do k=nnn,n 

do i=l,l 

do j=l,m 

xphi(i,j,k)=-xphi(i,j, ( (n+2)-k)) 
yphi(i, j ,k)=0.0d0 
c r(i+l)=r(i)+tbn 
end do 
end do 
end do 

c************************************************************* 

C CALCULATION OF INITIAL VALUE OF tao 

C* ********************************** **************Tfc *********** 
o************ ******************************************* ****** 

C CALCULATION OF THE CONVOLUTION INTEGRAL phi*phi 
c************************************************************* 
ifail=l 
do i=l,l 
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do j=l,m 
do k=l,nn 

yp(k)=phi{i,j,k)*(r(i, j,k)** 2 ) 

rd(k)=r(i, j,k) 
end do 

call dOlgaf (rd,yp,nn,ad,error,ifail) 

ansd ( i , j ) =ad 

end do 

end do 

do i=l,l 

do j=l/ia 

ndphi(l)=n 

nphi=ndphi(l) 

do k=l,n 

xb (k) =xphi { i , j , k) 
yb(k)=yphi(i, j,k) 
end do 
ifail=0 

call cO 6 f j f ( ndim , ndphi , nphi , xb , yb , work , Iwork , i f a i 1 ) 
yphi ( i , j , 1) =ansd ( i , j ) *4 . 0d0*3 . 14d0 
do k=2,n 
xk=dfloat (k) 

yphi ( i , j , k) =-yb (k) * (rng/ (xk-1 . OdO) ) *tbn*sqrt ( xn) 
end do 
end do 
end do 


do i=l,l 
do j=l,ia 

mat(i,j)=yphi(i,j,k) 
end do 
end do 

call fOlckf (resl, mat, c, 1,1,111, z, 1,1, if ail) 
call f Olckf (res2 , resl ,mat , l,m,l,z,l,l, if ail ) 
do ii=l,l 
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do jj=l,in 

ytaol(ii, jj,k)=res2(ii, jj) 

end do 

end do 

end do 

do i=l,l 

do j=l,m 

do k=l,nn 

xk=float (k) 

xtaol ( i , j , k) =ytaol ( i , j , k) * ( (xk-l . OdO ) /rng) 

ytaol(i, j ,k)=0.0 

end do 

end do 

end do 

do i=l,l 

do j=l,ni 

do k=nnn,n 

xtaol(i, j ,k)=-xtaol(i, j , ( (n+2)-k) ) 

ytaol ( i , j , k) =0 . 0 

end do 

end do 

end do 

tbnl= (xn-1 . OdO) / (rng*xn) 
do i=l,l 
do j=l,m 
ndtaol(l)=n 
ntaol=ndtaol (1) 
do k=l,n 

xb (k) =xtaol ( i , j , k) 
yb(k)=ytaol(i, j,k) 
end do 
ifail=0 

call c06f j f (ndim, ndtaol , ntaol , xb , yb , work, Iwork, if ail ) 

do k=l,nn 

xk=dfloat(k) 

ytaol(i,j,k)=-( 1 . 0 d 0 /r(i,j,k))*yb(k) *tbnl*sqrt(xn) 
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end do 
end do 
end do 

c************************************************* ************ 

C CALCULATION OF THE CONVOLUTION INTEGRAL q*q 

c*** ********************************************** ************ 
do i=l,l 
do j=l,m 
do lc=l,nn 

xq(i,j,k)=q(i, j,k)*r{i, j,k) 
yq(i/ j/k)=0.0 

v(k)=q(i, j,k)*(r(i, j,k)**2) 

rd(k)=r(i, j ,k) 

ifail=l 

call dOlgaf (rd,v,nn, ad, error, ifail) 

ansq ( i , j ) ==ad 

end do 

end do 

do k-nnn,n 

do i*=l,l 

do j=l,m 

xq(i, j,k)=-xq(i, j, (n+2-k)) 

yq(i, j,k)=0.0 

end do 

end do 

end do 

do i=l,l 

do j=l,m 

ndq(l)=n 

nq=ndq(l) 

do k=l,n 

xb(k)=xq(i,j,k) 

yb(k)=yq(i, j,k) 

end do 

ifail=:0 

call cO 6 f j f ( ndim , ndq , nq , xb , yb , work , Iwork , i f a i 1 ) 
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yq(i, j,l)=ansq(i, j)*4.0d0*3.14d0 
do k=2,nn 
xk=dflQat (k) 

yq ( i , j , k) =-yb (k) * { rng/ (xk-l . OdO) ) *tbn*sqrt (xn) 

end do 

end do 

end do 

do k=l,nn 

do i=l,l 

do 

mat(i, j)=yq(i, j,k) 
end do 
end do 

call fOlckf (resl,iiiat,c,l,l,m, 2 ,l,l,ifail) 
call fOlckf (res2,resl, mat,!, m, 1,2,1, 1, if ail) 
do ii=l,l 
do jj=l,m 

ytao2(ii, jj,k)=res2(ii,jj) 

end do 

end do 

end do 

do i=l,l 

do j=l,in 

do k=l,nn 

xk=float (k) 

xtao2 ( i , j , k) =ytao2 ( i , j , k) * ( (xk-l . OdO ) /rng) 

ytao2 (i, j ,k)=0.0 

end do 

end do 

end do 


do i=l,l 
do j=l,ia 
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xtao2(i, j/k)=-xtao 2 (i, j, ((n+2)-k) ) 

ytao2(i, j,k)=0.0 
end do 
end do 
end do 
do i=l,l 
do j=l,m 
ndtao2 (l)=n 
ntao2=ndtao2 (1) 
do k=l,n 

xb (k) =xtao2 ( i , j , k) 
yb(k)=ytao2(i, j ,k) 
end do 
ifail=0 

call c06f jf (ndiia,ndtao2,ntao2,xb,yb,work,lwork, if ail) 

do k=l,nn 

xk=dfloat(k) 

ytao2 ( i , j , k) =- ( 1 , OdO/r ( i , j , k) ) *yb (k) *tbnl*sqrt ( xn) 

ytao(i, j,k)=ytaol(i, j,k) “ytao2(i, j,k) 

end do 

end do 

end do 

c INITIAL VALUE OF tao IS CALCULATED 

c******************* ************************************** 

c 

rml=rm*1.0e08 
cn=c(2,2)/6.023e20 
cp=c(l,l)/6.023e20 
cinn=c (3 , 3 ) /6 . 023e20 
ed3=dnst*1.0el6 

is=(cp* (el**2) ) + (cn*(e2**2) ) + (cinn*(e3**2) ) 
write (43/11) ed3 , rml , cn , cmn , is , cp 
11 format ('The charge density on the Macroion: one electron per', 

1 fl 0.2, 'angstrom square' , /'The radius of the Macroion=' , f8.2, 'A' 
1 /'The concentration of the univalent negative ion=' ,el0.4, 'M' 
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1 /'The concentration of the Macroion=' ,el0.4, 'M'/'Ionic Strength 
1 ='fl2.8, 

1 /'The concentration of the univalent positive ion=' , f 6 . 5 , 'M' ) 



jd=0 

(;;***************************************************** 
c CALCULATION OF FINAL VALUE OF tao 

Q* ***************************** *********************** 

Q* *************** ************************************* 

C CALCULATION OF h AND X FUNCTION 

Q***************************************************** 

300 do i=l,l 
do j=l,ia 
do k=l,nn 

' if ((i.ne.3) .and. (j.ne.3))then 
if (i.ne. j ) then 
if (r(i, j,k) .le. (rl+r2))then 
h(i,j,k)=-1.0 
else 
end if 
else 

if {(i.ne. 2) .and. (j .ne.2) ) then 
if (r(i, j,k) .le. (2.0*rl) )then 
h(i,j,k)=-1.0 
else 

h(i, j ,k) =exp(q(i, j,k)+ytao(i, j ,k) )-1.0d0 

end if 
else 

if (r(i,j,k) .le. ( 2 . 0 *r 2 ) )then 

h(i,j,k)=-1.0 

else 

h(i, j ,k) =exp(q(i, j ,k)+ytao(i, j ,k) ) -l.OdO 

end if 

end if 

end if 

else 
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if (r(i, j,k) .le. (2.0*nn) )then 

h(i,j,k)=-1.0 

else 

h(i, j,k)=exp(q(i, j,k) +ytao(i, j ,k) )-1.0d0 

endif 

endif 

if ( (i.eq.l) .and. (j .eq.3) ) then 
if (r(i, j,k) .le. {rl+rm))then 
h(i,j,k)— 1.0 
else 

h(i, j,k)=exp(q(i,j,k) +ytao(i, j,k) )-1.0d0 

endif 

endif 

if ( (i.eq.2) .and. (j .eq.3) ) then 
if (r(i, j ,k) .le. (r2+rm) ) then 
h(i, j/k)=-1.0 
else 

li(i, j,k)=exp(q(i, j ,k)+ytao(i, j,k))-1.0d0 

endif 

endif 

if ((i.eq.3) .and. (j.eq.l)) then 
if(r(i,j,k) .le. (rl+rm))then 

else 

h(i, j,k)=exp{q(i,j,k)+ytao(i,j,k))-l.OdO 

endif 

endif 

if((i.eq.3) .and. (j.eq.2)) then 
if(r(i,j,k) .le. (r 2 +nii) ) then 
h(i,j,k)=-1.0 
else 

h(i/ jfJ^)=exp(q(i/ j/3«^)+ytao(i, j,k))“i*0‘50 

endif 

endif 

x(i,j,k)=h(i,j,k)-q(i,j,k)-ytao{i,j,k) 

end do 
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call fOlckf (res4,res3,inat2,l,in,l,z,l,l,ifail) 
call fOlckf (res5,matl,c, 1,1, in,z, 1 , 1 , ifail) 
call fOlckf (res6,res5, mats, l,in,l,z, 1 , 1 , if ail) 
call fOlckf (res7,matl,c,l,l,m,z,l,l,ifail) 
call fOlckf (res8,res7, mats, l,m,l,z, 1 , 1 , ifail) 
call fOlckf (res9,res8,c, 1,1, m,z, 1,1, if ail) 
call fOlckf (resl0,res9,mat2,l,m,l,z, 1, 1, ifail) 
do ii=l,l 
do jj=l,m 

ytao(ii, j j ,k)=res4 (ii, j j)+res6{ii, j j)+reslO(ii, j j ) 

end do 

end do 

end do 

do k=l,nn 

xk=dfloat(k) 

do i=l,l 

do j=l,m 

xtao ( i , j , k) =ytao ( i , j , k) * ( (xk-1 . OdO ) /rng) 

ytao ( i , j , k) =0 . OdO 

end do 

end do 

end do 

do k=nnn,n 

do i=l,l 

do j=l,m 

xtao(i, j , k) =--xtao ( i , j , ( (n+2)-k) ) 

ytao ( i , j , k) =0 . OdO 

end do 

end do 

end do 

do i=l,l 

do 3 = 1 , m 

ndtao(l)=n 

ntao=ndtao(l) 

do k=l,n 

xb (k) =xtao ( i , j , Ic) 
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yb(k)=ytao(i, j,k) 

end do 

ifail=0 

call c 06 f j f (ndiiti,ndtao,ntao,xb,yb,work, Iwork, ifail) 

do k=l,nn 

xk=dfloat(k) 

ytao ( i , j , k) =- ( 1 . OdO/r ( i , j , k) ) *yb (k) *tbnl*sqrt (xn) 
end do 
end do 
end do 

C FINAL VALUE OF tao IS CALCULATED. THIS tao VALUE IS USED 
C IN THE CALCULATION OF h AND X VAIAJES FOR THE CALCULATION OF 
C IMPROVED VALUE OF tao BY MEANS OF A go to LOOP GIWEN BELOW. 

Q 4: A 4r til; :1b :lle 4; 4r 4; ^ * 4; 4r * ^ ^ if 4r :jlr 

if ( jd.eq.ni)then 
go to 5 
else 

go to 300 
endif 

0**********ir*******************:fc******************************* 

C CALCULATION OF g FUNCTION-THE CORRELATION FUNCTION 

Q*** *************************************************** *****•*;** 

5 do i=l,l 
do j=l,m 
do k=l,nn 
xk=dfloat(k) 

if ( (i.ne.3) .and. (j .ne.3) )then 

if (i.ne. j) then 

if (r(i, j,k) .le. (rl+r2) )then 

h(i, j ,k) =“1.0d0 

else 

h(i, j ,k)=exp(q(i, j ,k)+ytao(i, j,k) )-1.0d0 

end if 
else 

if ((i.ne.2) .and. ( j .ne.2) )then 
if (r(i,j,k) .le. (2.0*rl) )then 
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h(i, j ,k;)=-l.OdO 
else 

h(i, j,k)=exp(q(i,j,k)+ytao(i, j,k))-1.0d0 

end if 
else 

if (r(i, j,k) .le. (2.0*r2) )then 

h(i, j ,k)=“1.0d0 

else 

h(i, j,k)=exp(q(i,j,k)+ytao(i, j,k))- 1 . 0 d 0 

end if 
end if 
end if 
else 

if (r(i, j,k) .le. (2.0*rm) ) then 

h(i, j ,k) =-1.0d0 

else 

h(i, j,k) =exp(q(i,j,k)+ytao(i, j,k))-1.0d0 

endif 

endif 

if ( (i.eq.l) .and. (j.eq.3) ) then 
if(r(i,j,k).le. (rl+rm) ) then 
h(i, j ,k)=-1.0d0 
else 

h(i, j,k)=exp(q(i, j,k) +ytao{i, j ,k) ) -l.OdO 

endif 

endif 

if ( (i.eq.2) .and. (j.eq.3) ) then 
if (r(i, j,k) .le. (r2+na) )then 
h(i,j,k)=-1.0d0 
else 

h(i,j,k)=exp(q(i,j,k)+ytao(i,j/k))-1.0d0 

endif 

if ((i.eq.3) .and. (j.eq.l) ) then 
if (r(i,j,k) .le. (rl+rm)) then 
h(i,j,k)=“1.0d0 
else 
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h(i, j ,k)-exp(q(i, j ,k)+ytao(i, j ,1c) )-l.OdO 

endif 

endif 

if ((i.eq.3) .and. (j.eq. 2 )) then 
if (r(i,j,lc) .le. (r2+rni) ) then 
h(i, j ,k)=-1.0d0 
else 

h(i,j,k)=exp(q(i,j,k)+ytao(i,j,k))-1.0d0 

endif 

endif 

g(i/j,k)=h(i,j,k)+l.o 

end do 

end do 

end do 

do i=l,l 

do k=l,nn 

if (g(i,3,k) .ne.O.O)then 
r ( i , 3 , k) =r ( i , 3 , k) /rm 
write(43,10)r(i,3,k) ,g(i,3,k) 
else 

continue 
end if 
end do 
write (43,1) 
end do 

write (42, *)jd 

1 format (' ') 

10 format(fl2.8,3x,fl2.8) 
stop 
end 


412 



APPENDIX-2 


c CALCULATION OF THE CORRELATION FUNCTION 


c The system is a 3-component system. The particles are 
c l=Na+ , 2=Cl- , 3=A macroion with negative charge density. 



integer ndim,lwork,l,m,n, j ,ni,np 

parameter (ndim=l , 1=3 , m=3 , n=5200 , nn=n/2 , lwork=4*n) 

integer nphi , nq, nh, nx, if ail , ntaol , ntao2 , ntao 

double precision gb(nn) ,ygb(nn) , ad, delta, qlt(nn) ,q2t(nn) , 

1 q3t(nn) ,qllt(nn) ,q21t(nn) ,q31t{nn) ,xqlt(nn) ,xq2t(nn) 

1 ,xq3t(nn) ,yqlt(nn) ,yq2t(nn) ,yq3t{nn) ,xqllt(nn) ,xq21t 
1 (nn) ,xq31t(nn) ,yqllt(nn) ,yq21t(nn) ,yq31t(nn) ,tm, 

1 det(nn) ,dbts(nn) ,ktinv,td(nn+l) 
double precision work(lwork) ,xq(l,m,n) ,yq(l,m,n) ,xh(l,m,n) ,yh{l, 

1 m,n) ,xx(l,m,n) ,yx(l,m,n) ,xtaol(l,m,n) ,ytaol(l,m,n) ,xtao2 (l,m,n) , 
1 ytao2 (l,m,n) ,xtao(l,m,n) ,ytao(l,m,n) ,dO(nn) ,epsln(nn) ,kp 
integer ndq(ndim) ,ndh(ndim) ,ndx(ndim) ,ndtaol(ndim) ,ndtao2 (ndim) 

1 ,ndtao(ndim) 

double precision v(nn) ,r(l,m,n) ,q(l,m,n) ,h(l,m,n) ,x(l,m,n) 

double precision ansd{l,m) ,ansq(l,m) ,ansh(l,m) ,ansx(l,m) ,g{l,m,n) 
doxible precision xphi (l,m,n) ,yphi {l,m,n) , error, rng,tbn,tbnl 
integer ndphi(ndim) 

double precision phi(l,m,n) ,yp{nn) , 2 ( 1 ) ,xa(l,m,n) 
double precision xb(n) ,yb(n) ,hh(nn) ,xxd(nn) ,rd(nn) 

double precision resl(l,m) ,res2(l,m) ,res3(l,m) ,res4(l,m) ,res5(l,m) 
1 ,res6(l,m) ,res7(l,m) ,res8(l,m) ,res9(l,m) ,reslO(l,m) ,mat3(l,m) ,is 
double precision a(l,m,n) ,e(l) ,c(m,l) ,mat(l,ra) ,matl(l,in) ,mat2(l,m) 
external c06f j f , dOlgaf , fun, f Olckf 

open(unit=35,file=' value. in' ) 

open (unit=42 , f ile='tao2 . out' ) 
open (unit=4 3 , f ile= ' graph ' ) 
read(35,*)dc,bc,temp,em 
read(35,*} (e(i) ,i=l,l) 
read(35,*) ( (c(i, j) ,i=l,m) , j=l/l} 
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read ( 3 5 , * ) rm , r 1 , r2 , dnst , tmax , tmin 
read (35,*) el, e2,ni, alpha, tm 
pi=22 . 0/7 . 0 
f p=4 . 0*pi 

epc=l . 0/ (8 . 0* (pi**3) ) 
ktinv=l . 0/ (bc*temp) 
delta=fp*ktinv 
e(l)=el*e{l) 
e(2)=e2*e(2) 

e3=(4 . 0*pi* (rm**2) )/dnst 
e(3)=e3*e(3) 

c{l,l)=(e2/el)*c(2,2)+(e3/el)*c(3,3) 

nnn=nn+l 

xn=dfloat(n) 

S11BI=0 . 0 

do i=l,m 
do j=l,l 

suin=sum+ (c (i, j ) * (e ( j ) **2) ) 
end do 
end do 

kp=sqrt ( (4 . 0 d 0 *pi*sim)/ (dc*bc*temp) ) 

write(6,*)kp 

rng=2 . OdO* (tmax-tmin) 

tbn=rng/xn 

tbnl= (xn-1 . OdO)/ (rng*xn) 

xnp= ( ( 2 . 0*rm) -tmin) /tbn 

np=if ix (xnp) +1 

do i=l,l 

do j=l,m 

r(i, j ,l)=tmin 

end do 

end do 

do i=l,l 

do j=l,ni 

do k=l,nn 

r(i,j,k+l)=r(i,j,k)+tbn 
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end do 
end do 
end do 

tbn2=tin/df loat (nn) 
td(l)=0.0 
do i=l,nn 
td(i+l)=td(i)+tbn2 
end do 

c****************************************************** 

C CALCULATION OF SCREENING CONSTANT AS A FUNCTION 
c OF DISTANCE. 

c******************************************************* 

call eps(rm,dc,em,nn,l,m,r,epsln,dO,np) 
do i=l,nn 
write(*,*)epsln(i) 
end do 

c****************************************************** 

c SCREENING CONSTANT AS A FUNCTION OF DISTANCE 
C IS CALCULATED. 

C***’^*^:************************************* ************ 

C 

o** **************************************** ************* 

C CALCULATION OF q{t) BY NUMERICAL INTEGRATION 
c********************************* ************ ********** 
do j=2,nn 
do i=l,nn“np 

gb(i) = (dexp(-alpha*dO(i) ) )/epsln(i) 
v(i)=gb(i) *sin(dO(i)*td(j) ) 
end do 
ifail=l 

call dOlgaf (dO,v, (nn-np) , ad, error, if ail) 

ygb ( j ) =ad+ ( (cos (tmax*td ( j ) ) -cos (2 . 0*rm*td ( j ) ) +1 . 0) / (dc*td ( j ) ) ) 
end do 
do i=2,nn 

ygb ( i ) =f p*kt inv*ygb ( i ) * ( 1 . 0/td ( i ) ) 
end do 
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qlt(l)=0.0 

q2t(l)=0.0 

q3t(l)=0.0 

qllt{l)=0.0 

q21t(l)=0.0 

q31t(l)=0.0 

do i=2,nn 

dbts ( i ) =del ta/ (dc*(td(i)**2)) 
al=c(l,l)*(e(l)**2)*dbts(i) 
a2=c(2,2)*(e(2)**2)*dbts(i) 
a3=c(3,3)*(e(3)**2)*dbts(i) 

a4=c(2,2)*c(3,3)*(e(2)**2)*(e(3)**2)*dbts(i)*ygb(i) 

a5=c(2,2)*C(3,3)*(e(2)**2)*(e(3)**2)*(dbts(i)**2) 

a6=c(l,l)*c(3,3)*(e(l)**2)*(e(3)**2)*dbts(i)*ygb(i) 

a7=c(l,l)*c(3,3)*(e(l)**2)*(e(3)**2)*(dbts(i)**2) 

a8=c(3,3)*(e(3)**2)*ygb(i) 

det ( i) =1 . 0+al+a2+a3+a4-a5+a6-a7 

cll=l. 0+a2+a8+a4-a5 

cl2*-al-a6+a7 

cl3=-al 

c21=“a2-a4+a5 

c22=l. 0+al+a8+a6-a7 

c23=-a2 

c31=-a3 

c32=-a3 

c33=l+al+a2 

qlt (i) =- (dbts (i) * (cll+c21+c31) ) /det (i) 

q2 1 { i) =- (dbts ( i ) * ( C12+C2 2+c3 2 ) ) /det ( i ) 

q3t ( i) =- (dbts (i) * (cl3+c23+c33 ) ) /det ( i) 

qllt(i)=-((dbts(i)*(cll+c21))+(ygb(i)*c31) )/det(i) 

q21t(i)=-((dbts(i)*(cl2+c22))+(ygb(i)*c32))/det(i) 

q31t(i)=-((dbts(i)*(cl3+c23))+(ygb(i)*c33))/det(i) 

end do 
do j=l,nn 
do i=l,nn 

xqlt(i)=qlt(i)*td(i)*sin(r(l,l,j)*td(i)) 
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phi(i,j,k)=dexp(q(i,j,k))-i.odO 

endif 

endif 

if((i.eq.l) .and. (j.eq.3)) then 
if (r(i, j,k) .le. (rl+rm))then 
phi(i, j,k)=-1.0 
else 

phi(i, j,k) =dexp(q(i, j,k))-i. 0 d 0 

endif 

endif 

if ((i.eq. 2) .and. (j.eq.3)) then 
if (r (i, j ,k) .le. (r2+nn) )then 
phi(i, j,k)=-1.0 
else 

phi(i, j,k) =dexp(q(i, j ,k) ) -l.OdO 

endif 

endif 

if ( (i.eq.3) .and. (j .eq.l) ) then 
if (r(i, j,k) .le. (rl+rm) ) then 
phi(i,j,k)=-1.0 
else 

phi(i, j,k)=dexp(q(i, j ,k) )-1.0dO 

endif 

endif 

if ( (i.eq.3) .and. (j .eq.2) ) then 
if (r(i,j,k) .le. (r2+nn))then 
phi(i,j,k)=-1.0 
else 

phi(i, j,k) =dexp(q(i, j ,k) ) -l.OdO 

endif 

endif 

xphi ( i , j # k) =phi ( i , j / k) *r ( i , j , k) 

yphi(i, j,k)=O.OdO 

end do 



C***********************************************^***J^^ 

c CALCULATION OF INITIAL VALUE OF tao 

c** ********************************************* ****** 

C********************************************^^^^^^^^^ 

C CALCULATION OF THE CONVOLUTION INTEGRAL phi*phi 

C***************************************************** 

do k=iinn,n 
do i=l,l 
do 

xphi(i, j,k) =“xphi(i,j, ((n+ 2 )-k)) 
yphi ( i , j , k) =0 . OdO 
c r (i+l)=r(i)+tbn 
end do 
end do 
end do 
ifail=l 
do i=l,l 
do j=l,m 
do k=l,nn 

yp(k)=phi(i,j,k)*(r(i,j,k)**2) 

rd(k)=r(i, j,k) 

end do 

call do igaf ( rd , yp , nn , ad , error , if ail ) 

ansd ( i / j ) =ad 

end do 

end do 

do i=l,l 

do j=l,ia 

ndphi{l)=n 

nphi=ndphi(l) 

do k=l,n 

xb (k) =xphi ( i , j # k) 
yb(k)=yphi(i, j,k) 
end do 
ifail=0 

call c06fjf(ndim, ndphi , nphi , xb , yb , work , Iwork , i f a i 1 ) 
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yphi(i, j,l)=ansd(i, j)*4.0d0*pi 
do k=2,n 
xk=dfloat (k) 

yphi (i, j ,k)=-yb(k) * (rng/ (xk-l.OdO) ) *tbn*sgrt (xn) 

end do 

end do 

end do 

do k=l,nn 

do i=l,l 

do j=l,ni 

xnat{i, j)=yphi(i, j,k) 
end do 
end do 

call fOlckf (reel, mat, c, 1,1, m,z, 1,1, ifail) 
call f Olckf (res2 , resl , mat, l,m,l,z,l,l, if ail ) 
do ii=l,l 
do jj=l,m 

ytaol(ii, jj,k)=res2(ii, jj) 

end do 

end do 

end do 

do i=l,l 

do j=l,m 

do k=l,nn 

xk=float (k) 

xtaol ( i , j , k) =ytaol ( i , j , k) * ( (xk-1 . OdO) /rng) 

ytaol ( i , j , k) =0 . 0 

end do 

end do 

end do 

do i=l,l 

do j=l,m 

do k=nnn,n 

xtaol ( i , j , k) =-xtaol ( i , j , ( ( n+2 ) -k) ) 

ytaol(i, j ,k)=0.0 

end do 


421 



end do 
end do 
do i=l,l 
do j=l,in 
ndtaol(l)=n 
ntaol=ndtaol (1) 
do k*l,n 

xb(k) =xtaol ( i , j , k) 
yb(k) =ytaol(i, j,k) 
end do 
ifail=0 

call c06f jf (ndim,ndtaol,ntaol^xb,yb,work,lwork,ifail) 

do k*=l,nn 

xk=dfloat(k) 

ytaol ( i , j , k) =- ( 1 . OdO/r ( i , j , k) ) *yb (k) *tbnl*sqrt (xn) 
end do 
end do 
end do 

c***************************************************** 
c CALCULATION OF THE CONVOLUTION INTEGRAL q*q 
c***************************************************** 

do i=l,l 
do j=l,in 
do k=l,nn 

xq(i, j,k)=q(i,j,k)*r(i, j,k) 
yq(i, j,k)=0.0 

v(k)=q(i,j,k)*(r(i,j,k)**2) 

rd(k) =r(i, j ,k) 
end do 
ifail=l 

call dOlgaf (rd, V, nn, ad, error , if ail) 

ansq ( i , j ) =ad 

end do 

end do 

do k=nnn,n 

do i=l,l 
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do j=l,in 

xq(i, j ,k)=-xq(i, j, (n+2-k) ) 

yq(i, j ,k)=0.0 

end do 

end do 

end do 

do i=l,l 

do j=l,ni 

ndq(l)=n 

nq=ndq(l) 

do k=l,n 

xb(k)=xq(i, j,k) 

yb(k)=yq(i,j,k) 

end do 

ifail=0 

call c06f jf (ndim,ndq,nq,xb,yb,work,lwork, ifail) 
yq(i/ j /l)=ansq(i, j) *4.0d0*pi 
do k=2,nn 
xk=dfloat (k) 

yq(i / j f =“yb (k) * (mg/ (xk-1 . OdO) ) *tbn*sqrt (xn) 

end do 

end do 

end do 

do k=l,nn 

do i=l,l 

do j=l,m 

inat(i,j)=yq(i, j,k) 
end do 
end do 

call fOlckf (reel, mat, c, 1,1, m,z, 1,1, ifail) 
call f 0 Ickf ( res2 , resl , mat ,l,m,l,z, 1,1, ifail) 
do ii=l,l 
do jj=l,m 

ytao2 ( ii , j j , k) =res2 ( ii , j j ) 
end do 
end do 
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end do 
do i=l/l 
do j=l,m 
do k=l,nn 
xk=float(k) 

xtao2 ( i , j , k) =ytao2 ( i , j , k) * ( (xk-l . OdO ) /rng) 

ytao2(i, j,k)=0.0 

end do 
end do 
end do 
do k=nnn,n 
do i=l/l 
do j=l,ni 

xtao2 ( i , j , k) =-xtao2 ( i , j , ( (n+2 ) -k) ) 

ytao2 (i, j ,k)=0.0 

end do 

end do 

end do 

do i=l,l 

do 

ndtao2 (l)=n 
ntao2=ndtao2 (1) 
do k=l,n 

xb (k) =xtao2 ( i , j , k) 
yb (k) =ytao2 ( i , j , k) 
end do 
ifail=0 

call c06f j f (ndim,ndtao2 , ntao 2 ,xb,yb,work, Iwork, ifail ) 

do k=l,nn 
xk=dfloat(k) 

ytao2 ( i , j , k) =- ( 1 . oao/r ( i , j , k) ) ‘yb (k) *tbnl*sgrt (xn) 
ytao(i, j ,k)*ytaol(i, j »k)-ytao 2 (i, j ,k) 

end do 
end do 
end do 

o****.**...**.*.***************-*********************** 
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c INITIAL VALUE OF tao IS CALCULATED. 

nnl=nn*l. 0e08 
cn=c(2,2)/6.023e20 
cp=c(l,l)/6.023e20 
cinn=c(3 ,3)/6. 023e20 
ed3=dnst*1.0el6 

is=(cp*(el**2) ) + (cn*(e2**2)) + (cian*(e3**2)) 
write (43 , 11) ed3 , rml , cn, cmn, is, cp,ein 

11 format ('The charge density on the Macroion; one electron per', 

1 f 10 . 2 ,' angstrom square' ,/ 'The radius of the Macroion=' ,f8.2, 'A' 
1 /'The concentration of the univalent negative ion=' ,el0.4, 'M' 

1 /'The concentration of the Macroion=' ,el0.4, 'M'/'Ionic Strength 
1 ='fl2.8, 

1 /'The concentration of the univalent positive ion=' , f6.5, 'M' , 

1 /'The dielectric constant of the Bilayer='fl0.5) 


jd=0 

c***************************************************** 
c CALCULATION OF FINAL VALUE OF tao 

c***************************************************** 

c***************************************************** 

c CALCULATION OF h AND X FUNCTION 

C***************************************************** 

300 do i=l,l 
do j=l,m 
do k=l,nn 

if ( (i.ne.3) .and. (j.ne.3) )then 

if (i.ne. j) then 

if (r(i, j ,k) .le. (rl+r2) )then 

h(i,j,k)=-1.0 

else 

h(i, j ,k) =exp(q(i, j,k)+ytao(i, j,k) )-1.0d0 

end if 
else 
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if ( (i.ne.2) .and. (j .ne.2) )then 
if (r(i, j,k) .le. (2.0*rl) )then 
h(i, j,k)=-1.0 
else 

h(i,j,k)=exp(q(i,j,k)+ytao(i,j,k))-i.odO 

end if 
else 

if (r(i, j,k) .le. (2.o*r2) )then 

h(i,j,k)=-1.0 

else 

h(i, j,k)=exp(q(i,j,k)+ytao(i,j,k))-l.OdO 

end if 
end if 
end if 
else 

if (r (i, j ,k) .le. (2.0*nn) ) then 

h(i, j,k) =-1.0 

else 

h(i, j,k)=exp(q(i,j,k)+ytao(i,j,k))-1.0d0 

endif 

endif 

if ( (i.eq. 1) .and. (j .eq.3) ) then 
if (r(i, j,k) .le. (rl+rm))then 
h(i, j,k)=-1.0 
else 

h(i, j ,k) =exp(q(i, j,k) +ytao(i, j ,k) )-1.0d0 

endif 

endif 

if((i.eq.2) .and. (j. eq.3)) then 
if (r(i,j,k) .le. (r2+nn))then 
h(i,j,k)=-1.0 
else 

endif 

endif 

if((i.eq.3) .and. (j.eq.l)) then 
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call c06fjf(ndim,ndx,nx,xb,yb,work,lworlc,ifail) 

yx ( i , j , 1 ) =ansx ( i , j ) *4 . OdO*pi 

do k=2,nn 

xk=dfloat(k) 

yx ( i , j , k) =-yb (k) * (rng/ (xk-1 . OdO) ) *tbn*sqrt (xn) 

end do 

end do 

end do 

do k=l,nn 

do i=l,l 

do j=l/in 

iiiatl(i,j)=yq(i,j,k) 
inat2(i, j)=yh(i, j,k) 
inat3(i, j)=yx(i, j,k) 
end do 
end do 

call fOlckf (res3, mats, c, 1,1, 1,1, ifail) 
call fOlckf (res4,res3,mat2,l,m,l,z,l,l, ifail) 
call fOlckf (res5,matl,c, 1,1, in,z, 1,1, ifail) 
call fOlckf (res6,res5,jnat3,l,m,l,z,l, 1, ifail) 
call fOlckf (res7,matl,c, 1,1, m,z, 1, 1, ifail) 
call fOlckf (res8 , res7,niat3, l,m, 1 , z, 1, 1, ifail) 
call fOlckf (res9,res8,c, 1,1, m,z, 1,1, if ail) 
cal 1 fOlckf ( reslO , res9 , mat2 ,l,m,l,z,l,l, ifail ) 
do ii=l,l 
do jj=l,m 

ytao ( ii , j j , k) =res4 ( ii , j j ) +res6 ( ii , j j ) +reslO { ii , j j ) 

end do 

end do 

end do 

do k=l,nn 

xk=df loat (k) 

do i=l,l 

do j=l,m 

xtao ( i , j , k) =ytao ( i , j , k) * ( (xk-1 . OdO) /mg) 
ytao ( i , j , k) =0 . OdO 
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end do 
end do 
end do 
do k=nnn,n 
do i=l,l 
do j=l,in 

xtao(i, j,k)=-xtao(i, j, ((n+2)-k)) 

ytao ( i , j , k) =0 . OdO 

end do 

end do 

end do 

do i=l,l 

do j=l,in 

ndtao(l) =n 

ntao=ndtao ( 1 ) 

do k=l,n 

xb (k) =xtao ( i , j , k) 
yb(k)=ytao(i,j,k) 
end do 
ifail=0 

call c06f jf (ndim,ndtao,ntao,xb,yb,work,lwork,ifail) 

do k=l,nn 

xk=dfloat(k) 

ytao ( i , j , k) =- ( 1 . OdO/r ( i , j , k) ) *yb (k) *tbnl*sqrt (xn) 
end do 
end do 
end do 

C****************************************************************’ 

C FINAL VALUE OF tao IS CALCULATED. THIS tao VALUE IS USED 
C IN THE CALCULATION OF h AND X VAIIJES FOR THE CALCULATION OF 
c IMPROVED VALUE OF tao BY MEANS OF A go to LOOP GIWEN BEIDW. 
c****************************************************************’ 
if ( jd.eq.ni)then 
go to 5 
else 

go to 300 
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end if 

C******************************************i,*^^,^,^^^,^^^,^^^^^,^^^^, 

C CALCULATION OF g FUNCTION-THE CORRELATION FUNCTION 

c************************************************************** 

5 do i=l f 1 
do j=l,in 
do k=l,nn 
xk=dfloat (k) 

if ( (i.ne.3) .and. (j .ne.3) )then 

if (i.ne. j)then 

if (r(i, j ,k) .le. (rl+r2) )then 

h(i, j,k)=-1.0d0 

else 

h{i, j,k)=exp(q(i, j,k) +ytao{i, j ,k) )- 1 . 0 d 0 

end if 

else 

if ( (i.ne. 2) .and. (j .ne.2) )then 
if (r(i, j,k) .le. (2.0*rl) )then 
h(i, j ,k)=-1.0d0 
else 

h(i, j,k)=exp(q(i, j ,k)+ytao(i,j,k))-1.0d0 

end if 

else 

if (r(i, j ,k) .le. (2.0*r2) )then 

h(i,j,k)=-1.0d0 

else 

h(i, j ,k)=exp(q(i, j ,k)+ytao(i, j,k) )-1.0d0 

end if 
end if 
end if 
else 

if (r(i, j,k) .le. ( 2 . 0 *rm) )then 

h(i, j ,k)=-1.0d0 

else 

h(i, j ,k)=exp(q(i, j ,k)+ytao(i, j ,k) )-1.0d0 

endif 
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endif 

if((i.eq.l) .and. (j.eq.3)) then 
if(r(i, j,k) .le. (rl+na))then 
h(i, j ,)c)=-l. OdO 
else 

h(i, j,3c)=exp(q(i, j,k)+ytao(i, j,k))-l.odO 

endif 

endif 

if ((i.eq. 2) .and. (j.eq.3)) then 
if (r(i, j,k) .le. (r2+rm))then 
h(i, j ,k)=-1.0d0 
else 

h(i, j,k)=exp(q(i, j,k)+ytao(i, j,k))-l.OdO 

endif 

endif 

if ( (i.eq.3) .and. (j .eq.l) ) then 
if (r(i, j ,k) .le. (rl+rm) )then 
h(i, j,k)=-1.0d0 
else 

h(i, j,k)=exp(q(i,j,k)+ytao(i,j,k))-1.0d0 

endif 

endif 

if ((i.eq.3) .and. (j.eq. 2)) then 
if (r(i, j ,k) .le. (r2+nn) )then 
h(i, j,k)=-1.0d0 
else 

h(i, j,k)=exp(q(i, j,k)+ytao(i,j,k))-1.0d0 

endif 

endif 

g(i, j^k)==h(i, j ,k)+1.0 

end do 
end do 
end do 
do i=l,l 
do k=l,nh 

if (g(i,3,k) .ne.O.O)then 
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r(i,3,k)=r(i,3,k)/ntt 
write(43,l0)r(i,3,k) ,g(i,3,k) 
else 

continue 
end if 
end do 
write (43, 1) 
end do 

write(42, *) jd 

1 format (' /j 

10 format(fl2.8,3x,fl2.8) 
stop 
end 

c** ************************************************************ 
C SUBROUTINE FOR THE CALCULATION OF THE SCREENING CONSTANT 

Q*it’kic4ciciiieiciciciciiiciti(ieicic*ic'kic‘kic‘k'kie’kic**‘kic'k'k’k'k'k'k'kic'k*-k*-kitit*’kik'kiticic’k'kiit*’kic 

subroutine eps ( rO , es , el , nn, 1 , m, r , epsln , dO , np) 
integer nt 
parameter ( nt=3 6 ) 

double precision dO(nn) , epsln (nn) ,r(l,m,nn) 

do i=l,nn 

d0(i)=r(l,l,i) 

end do 

do j=l,nn 

if (d0(j) .le. (2.0*r0) )then 

epsln(j)=0.0 

else 

al=l . 0/es 

a2=l . 0/ (1 . 0+ (2 . 0* (es/el) ) ) 

a3=((r0/d0(j))**3) 

a4=(es-el) -1. 0 

epsln (j ) =al* (1 . 0 + (a2*a3*a4) ) 

end if 

end do 

do i=np+l,nn 
d0(i~np)=d0(i) 
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epsln ( i-np) =epsln ( i ) 

end do 

return 

end 
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APPENDIX-3 


c CALCULATION OF THE CORRELATION FUNCTION 



c The system is a 3-coinponent system. The particles are 
c l=Na+, 2=C1-, 3=A macroion with negative charge density 
c as well as dipole moment. The convolution integral is 
c calculted along with the angular integration. 


c 


external sine, cosine, c06fjf 

integer m,mm, Iwork, i,ndim,n,nd, jd,md,mmd, Iw, j ,kk,l, Iwl, id 
1 , ifail,nitr,nu 

parameter ( ndim=l , m=1000 , n=9 , nd=18 , mm=m/2 , lwork=4 *m , mmd=mm 
1 , md=2 *mmd , lw=4 *md , lwl=4 *nd , np=1000 ) 
double precision t(np) ,fl,f2,f3,detl,det2,k(mm+l) ,wl(lwl) 

1 ,pllnO,qllb(mm) ,ql2b(mm) ,ql30b(mmd) ,ql31b(mmd) ,q22b(mm) 

1 ,g230b(mmd) ,q231b(mmd) ,q311b(mmd) ,q312b(mmd) ,q3030b(mmd) , 
1 q3031b(mmd) ,q3130b(mmd) ,q31312b(mmd) ,q31310b(mmd) ,r{mm+l) 
double precision p22n01(mm) ,p22n02(mm) ,p22n03 (mm) ,rr(mm+l) 

1 , work (Iwork) ,w(lw) 

double precision pllO(mm) ,pl2n0(mm) ,p22n0t(np) 

double precision f 33 (mmd,n,n) ,q33 (mmd,n,n,nd) ,phi33 (mmd,n,n,nd) 

double precision qll(md) ,ql 2 (md) ,q22 (md) 


double precision yqlll(md) ,yql21(md) 


double precision yqll 2 (md) ,yql22 (md) 

double precision phill(mmd) ,phil 2 (mmd) ,phi 22 (mmd) 

double precision yphlll (md) ,yphll2 (md) ,yphl21 (md) ,yphl22 (md) 

double precision yq 211 (md) ,yq 221 (md) ,yq222(md) 

double precision yph211(md) ,yph 221 (md) ,yph222 (md) 

double precision ytempl(md) ,ytemp2 (md) ,yxij (md) ,yxjk{md) 

1 ,xijkdd(md) ,yxijkd(mmd,n) ,xijkd(mmd,n,n) 

double precision tmp(n) ,ans,error,yphl31(mmd) ,yphl32 (mmd) , 


1 yph231(mmd) ,yph232(mmd) ,xx(nd/2) 
double precision y,131(im>d) ,yql32(BMd) ,yq231(md) ,yq232 (md) 

double precision ql3(iMd,n),q23(irimd,n),q31(raid,n),q32(Mid, ) 

double precision yqll 3 C».d,o) -^9^3 (nnd.n) ,yq213 (md.n) , 
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1 yq223 (inmd,n) ,yq311(imnd,n) ,yq321(inmd,n) ,yq312 (nund,n) ,yq 322 (mind, n) 
double precision yphll3(inind,n} ,yphl23(iiund,n) , 

1 yph213(inind,n) ,yph223(mmd,n) 
double precision yph31l (mind, n) ,yph312(nand,n) ,xl (mind, nd) , 

1 yph321(mmd,n) ,yph322(mmd,n) ,x2(inmd,nd) 
double precision phil3 (itimd,n) ,phi23(mmd,n) ,phi31(mmd,n) , 

1 phi32 (inmd,n) 

double precision xtmprl(nd) ,ytmprl(nd) ,xtmpr2 (nd) ,ytmpr2 (nd) 

1 , xtmpr 3 ( nd ) , y tmpr 3 ( nd ) , al (nd) 

double precision yphl33(mmd,n) ,yph233(mmd,n) ,yph331(mmd,n) 

1 ,yph332 (mffid,n) 

double precision yql33 (mmd,n) ,yq233(mmd,n) ,yq331 (mmd,n) 


1 ,yq332(inmd,n) 

double precision yq313 (inmd,n,n) , 

1 yq323 (ramd,n,n) ,yph313 (mmd,n,n) ,yph323 (mmd,n,n) 

double precision xtempl(md) 
double precision yq333 (inmd,n,n,nd) , 


1 yl(inmd,n,n,nd) ,yph333 (inmd,n,n,nd) 
double precision betamin,betamax,alphainin,alphamax, tbnl 
1 ,tbn 2 ,rngbeta,mgalpha,beta{n) ,alpha(nd+l) 
double precision mu3,bc,temp,ql,q2,q3,cl,c2,c3,r3,dnst,nne,npe 

1 ,eln,tmin,tmax,rng,tbn,ktinv,pi,x,kppsq, jml, jl, jO,dpn 

double precision a,b,c,d,e,f,g,cd,rl,r 2 ,fps,epc,fp,tp,ps,is 

double precision rrng,krng,tbn3,tbn4,templ,temp2,temp3 ,temp4 

c********************************************************************** 


double precision qxll(inmd) ,qxl2(inmd) ,qxl3 (mmd,n) ,qx21(miad) , 

1 qx22(inmd) ,qx23 (inmd,n) ,qx31(inmd,n) ,qx 32 (mind,n) ,qx33 (mmd,n) 
double precision hll(itmd) ,hl 2 (inmd) ,h 21 (inind) ,h 22 (mmd) 
double precision xll(iiand) ,xl 2 (inmd) ,x 21 (nand) ,x22(imiid) 
double precision hl 3 (mmd,n) ,h31(inmd,n) ,h23(mmd,n) ,h32{mmd,n) 
double precision xl 3 (mmd,n) ,x31(inind,n} ,x23 (mmd,n) ,x32 (mmd,n) 
double precision h 33 (inmd,n,n,nd) ,x33(mBid,n,n,nd) 

equivalence (phill,hll) , (phil2,hl2) , (phi22,h22) , (phil3,hl3) , 

1 (phi23,h23) , (phi31,h31) , (phi32,h32) , (yphl31,h21) , 

1 (yql31,Xll),(yql32.Xl2),(yq231,x21),(yq232,x22) 

equivalence (Xl3,yql33) , (X31,yq331) , (X23,yq233) , (X32,yq332) 
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********'ff***ici(icic-ki(iciticie-k'kic*icicick’kie'k'k-k-k'k-k'iticik‘kicic*ie*‘k 


double precision taoll,taol2,tao21,tao22,taol3,tao3l,tao23 , 

1 tao32,tao33,t33(itiiad,n,n,nd) 
double precision hl3d(inmd) ,h23d(inmd) ,h31d(Kmd) ,h32d(inmd) , 

1 h33d(jmd) 

equivalence (qxll,hl3d) , (qxl2,h23d) , (qx2l,h31d) , (qx22,h32d) , 
1 (xll,h33d) 


double precision gll(iimd) ,gl2(inmd) ,gl3(nand) ,g21(Mnd) ,g 22 (itmd) , 
1 g23 (mmd) ,g31(inmd) ,g32(mind) ,g33{]imd) 

real *4 CPUTIME, btzero,btime 
open ( unit=3 3 , f ile= ' input ' ) 
open ( unit=3 4 , f ile= ' output ' ) 
read (33,*) bc,temp,mu3,dpn 
read ( 3 3 , * ) ql , q2 , q3 , nne , npe 
read (33 , *)cl,c2,c3 
read(33,*)r3,dnst,rl,r2 
read (33,*) rmin , rmax 
read ( 3 3 , * ) train , traax 
read(33,*)nu 
pi=22. 0/7.0 
fps=4.0*(pi**2) 


epc=8.0*(pi**3) 
eps=8 . 0* (pi**2) 


ps=pi**2 
fp=4.0*pi 
tp=2 . 0*pi 

eln=(4 . 0*pi* (r3**2) )/dnst 
ql=(ql*npe)/(sqrt(78.45) ) 
q2=(q2*nne)/(sqrt(78.45) ) 
rau3=(mu3*dpn)/(sqrt(78.45) ) 
q3=(eln*q3)/(sqrt(78.45) ) 
cl= (nne/npe) *c2+ (eln/npe) *c3 


c 


rral=r3*1.0e08 
cn=c2/6 . 023e20 
cp=cl/6.023e20 
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cinn=c3/6 . 023e20 
ed3=dnst*l . 0el6 


is= (cp* (npe**2) ) + (cn* (nne**2) ) + (cinn* (eln**2) ) 

wr i t e ( 3 4 , 1 1 ) ed3 , nal , cn , cum , is , cp , dpn 

11 format ('The charge density on the Macroionione electron per', 

1 f 10. 2, 'angstrom square' , /'The radius of the Macroion=' ,f8.2, 'A' 
1 / The concentration of the univalent negative ion=' ,el0.4, 'M' 

1 /'The concentration of the Macroion=' ,el0.4, 'M'/'lonic Strength 
1 ='fl2.8, 

1 /'The concentration of the univalent positive ion=' , f6. 5, 'M' , 

1 /'The dipole moment of the macroion='fl0.3, 'Debye') 


c***********************************************^j^***^^^^^^^^ 

c CALCULATION OF q-tilde(t) 

C***** ******* ************11*********** ************** ********** 

Cl=Cl/ (8.0* (pi**2 ) ) 

C2=C2/ (8 . 0* (pi**2) ) 

C3=C3/ (8 . 0* (pi**2) ) 
rng=2 . 0* (tmax-tmin) 
tbn=rng/df loat (np) 
t (l)=tmin 
do i=2,np 
t(i)=t(i-l)+tbn 
end do 

rrng=2 . 0* (rmax-rmin) 
tbn3=rrng/df loat (m) 
r(l)=rmin 
do i=2,mm 
r(i)=r(i-l)+tbn3 
end do 
do i=l,mm 

k ( i ) = (df loat ( i) -1 . 0 ) /rrng 
end do 

krng=2. 0*(k(mm)-k(l) ) 
tbn4=krng/df loat (m) 
ktinv=l . 0/ (bc*temp) 
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x=ktinv*32 ♦ 0* (pi**3 ) 

kppsq=(cl*(ql**2) ) + (c2*(q2**2)) + (c3*(q3**2) ) 

a=c3* (inu3**2) 

b=(2.0/3.0)*x 

d=(3.0+(2.0*a*x) ) 

c=-(3.0*x*(1.0+((a*b)/2.0)))/d 

e=( (3. 0*kppsq*x) + (kppsq*a*(x**2) ) ) /d 

f=(sqrt(3.0)*x)/d 

g=-(kppsq*(x**2) )/(3.0*d) 

do i=l,inin 

do j=l,np 

p 22 n 0 t(j) = ( 1 . 0 /(t(j)*((t(j)** 2 )+e)) )*(sin(r(i)*t(j))) 
end do 

call d 01 gaf(t,p 22 n 0 t,n,ans, error, ifail) 
p22n01 (i) =3 . o*g*ans 
end do 
do i=l,inm 

pll 0 (i)=c*(pi/ 2 . 0 )*dexp(-sqrt(e)*r(i)) 
pl 2 n 0 (i)=f*(pi/ 2 . 0 )*dexp(“sqrt(e)*r(i)) 
p22n02 (i) =g* (pi/2 . 0) *dexp(-sqrt(e) *r (i) ) 

p22n03 (i) =3 . 0*g* (pi/2 . 0) * (1 . 0/sqrt (e) ) *dexp (-sqrt (e) *r ( i> ) 
end do 

C****.***»*******‘***********‘“******““******************* 

c CALCULATION OF q-bar(r) 

o***....*..*******************‘****************************** 


do i=l,inm 

ql 2 b(i) = (l. 0/(16. 0*(pi**4)))*(ql*q2)*PllO<i)*(l-0^''‘^>> 

ql 30 b(i)=( 1 . 0 /( 16 . 0 *(pi** 4 )))‘(ql*g 3 )*pll 0 (i)*(l- 0 /r(l)) 

q 22 b(i) = (l. 0/(16. 0*(pi**4)))*(q2*92)*P“‘><^>*'^-°^’''^V 

q230b(i)-(l. 0/(16. 0*(pi‘*4)))*(92*'l3)*Pll<><i>*fl-“/’'<^>. 
q 3030 b(i)-( 1 . 0 /( 16 . 0 *(pi« 4 )))*(g 3 * 93 )*Pll'>( 4 )*tl- 0 /r(l)) 
c q 21 b(i)=ql 2 b(i) 
c q301b(i)=ql30b(i) 

\i3ib a)- (3- ‘ ^ 
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1 ))) 

q231b(i)=-(3.0/(16.0*{pi**4) ) ) *q2*mu3*(pi2n0(i)*(1.0/(r (i)**2 
1 )}) 

q3031b(i)=-(3.0/ (16.0* (pi**4) ) ) *q3*mu3* {pl2n0{i) * (1. 0/ (r (i) **2 
1 ))) 

q3 lib ( i ) = ( 3 . 0/ ( 16 . 0* (pi**4 ) ) ) *ql*niu3 * (pl2n0 (i)*(1.0/(r(i)**2 
1 ))) 

q312b(i) = (3.0/(16.0*(pi**4)))*q2*inu3*(pl2n0(i)*(1.0/(r(i)**2 
1 ))) 

q3130b(i)*(3.0/(16.0*(pi**4)))*q3*mu3*(pl2n0(i)*(1.0/(r(i)**2 
1 ))) 

q31312b(i) = (-(sqrt(30.0)/(16.0*(pi**4)))*{mu3**2)*(((3.0/(r(i) 

1 **3))*p22n01(i))-((1.0/r(i))*p22n02(i))-((3.0/(r(i)**2)) 

1 *p22n03(i)))) 

C q31311b(i)=0.0 

q31310b(i) = (-(sqrt(3.0)/(16.0*(pi**4)))*{mu3**2)*((1.0/r(i) )* 

1 p22n02(i))) 

end do 
betamin=0 . 0 


betaiaax*3 . 14 
alphamin=-6 . 28 
alphamax=6 . 28 
mqbeta=betaiiiax”betai[iin 
tbnl=mgbeta/df loat ( n) 

rngalpha^alphamax-alphamin 
tbn 2 =rngalpha/df loat (nd) 
beta ( 1 ) =betamin+tbnl 
do i=l,n-l 

beta ( i+1 ) “beta ( i ) +tbnl 
end do 

alpha (l)=alphamin 

do i=l,nd 

alpha ( i+ 1 ) =alpha ( i ) +tbn2 


end do 

c**************************** 


******************************** 


C CALCULATION OF q AND phi FUNCTION. 
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do i=l,iMnd 
id=i* (inin/inind) 
r (i)=r (id) 
qll(i)=qllb(id) 
ql2(i)=ql2b(id) 
c q21(i)=q21b(id) 
q22 (i)=q22b(id) 
if (r(i) .le. (rl*2.0) ) then 
phill(i)=-1.0 
else 

phill(i)=dexp(qll(i) )-l.0d0 
end if 

if (r (i) . le. (rl+r2) ) then 
phil2(i)=-1.0 
c phi21(i)=-1.0 
else 

phil2 (i)=dexp(ql2 (i) )-1.0d0 
c phi21(i)=dexp(q21(i) )-1.0d0 
end if 

if (r(i) .le. (2.0*r2)) then 

phi22 (i)=-1.0 

else 

phi22 ( i) =dexp (q22 ( i) ) -1 . OdO 

end if 

end do 

do i=l,inmd 

id=i* (mm/mind) 

do j=l,n 

ql3 (i, j)=ql30b(id)-(sqrt(1.0/3.0)*ql31b(id)*cos(beta{j) ) ) 

q3 1 ( i , j ) =ql30b ( id) - (sqrt (1.0/3 . 0) *q311b ( id) *cos (beta ( j ) ) ) 

q23(i,j)=q230b(id)-(sgrt(1.0/3.0)*q231b(id)*cos(beta(j))) 

q32(i,J)=q230b(id)-(sqrt(1.0/3.0)‘q312b(id)*cos(beta(j))) 

if (r(i) .le. (rl+r3)) then 
phil3(i, j)=’-1.0 
phi31(i, j)=“l.O 
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else 

phil3(i,j)=dexp(ql3(i,j))-i.odO 
phi31(i, j)=dexp(q31(i, j))-i.odo 

end if 

if (r(i) .le. (r2+r3)) then 
phi23 (i, j)=-i.o 
phi32 (i, j)=-i.o 
else 

phi23 (i, j)=dexp(q23(i, j) )-i.odO 
phi32(i, j)=dexp(q32(i, j))-i.odO 

end if 
end do 
end do 
do i=l,nimd 
do j=l,n 
do kk=l,n 
do 1=1, nd 

q33(i, j,kk,l)=q3030b(i)-((1.0/sqrt(3.0))*q3031b(i)* 

1 cos(beta(kk) ) )-( (1.0/sqrt(3.0) )*q3130b{i)*cos{beta(j) ) ) + 

1 (q31312b(i) *( ( (sqrt (2 .0/15.0) ) *cos(beta( j) ) *cos(beta(kk) ) ) - 
1 ( ( sqrt (1.0/30.0)) *sin (beta ( j ) ) *sin (beta (kk) ) *cos (alpha ( 1 ) ) ) ) ) - 

1 ( (1. 0/sqrt(3.0) ) *q31310b(i) *( (cos(beta(j) ) *cos(beta(kk) ) ) + 

1 (sin(beta(j) ) *sin(beta(kk) )*cos (alpha (1) ) ) ) ) 
if (r(i) .le. (2.0*r3) ) then 
phi33 (i, j ,kk,l)=-1.0 
else 

phi33 (i, j,kk,l)=dexp(q33(i, j,kk,l))-1.0d0 

end if 

end do 

end do 

end do 

end do 



c*** ************************************************* ******** 

C CALCULATION OF INITIAL VAIUE OF tao 

c************************************************************ 
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c IN THE FOLLOWING, SUBROUTINES ARE CALLED FOR THE CALCULATION 
C OF THE CONVOLUTION INTEGRAL. 

call Ill(qll,qll,yqlll,yxlj,yxjk,r,k,tbn3,tbn4.ind,lnlna,w,lw 

1 ,xteinpl,eps) 

call i ii ( ql2 , ql2 , yql2 1 , yxi j , yxj k, r , k, tbn3 , tbn4 , md , inmd , w , Iw 
1 ,xtempl,eps) 

call Iii(qll,ql2,yqll2,yxij,yxjk,r,k,tbn3,tbn4,md,injnd,w,lw 
1 ,xteitipl,eps) 

call iii (ql2,q22,yql22,yxij /yxjk,r,k,tbn3,tbn4,md,innid,w, Iw 
1 ,xteinpl,eps) 

call iii ( ql2 , qll , yq2 11 , yxi j , yx j k, r , k , tbn3 , tbn4 , md , imnd , w , Iw 
1 ,xteiiipl,eps) 

call iii ( q2 2 , ql2 , yq22 1 , yxi j , yx j k, r , k, tbn3 , tbn4 , md , mmd , w , Iw 
1 ,xtempl,eps) 
c yq212=yql21 

call iii(q22,q22,yq222,yxij ,yxjk,r,k,tbn3,tbn4,md,iiund,w,lw 
1 ,xtempl,eps) 


call iii(phill,phill,yphlll,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw , xtempl , eps ) 

call iii (phil2 , phil2 , yphl2 1 , yxij , yx jk, r , k, tbn3 , tbn4 , md ,mmd , w , 
1 Iw , xtempl , eps ) 

call iii (phill,phil2,yphll2, yxij, yxjk,r,k,tbn3,tbn4,md, mmd, w, 
1 Iw , xtempl , eps) 

call iii(phil2,phi22,yphl22,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw , xtempl , eps ) 

call iii (phil2 , phill , yph211 , yxij , yxjk, r , k, tbn3 , tbn4 , md , mmd , w , 
1 Iw , xtempl , eps ) 

call iii (phi22 ,phil 2 ,yph 221 , yxij , yxjk, r,k,tbn3 , tbn4 ,md,mmd,w, 
1 Iw , xtempl , eps ) 
c yph212==yphl21 

call iii (phi22 , phi22 , yph222 , yxij , yx jk, r , k, tbn3 , tbn4 , md , mmd , w , 
1 Iw, xtempl, eps) 

c 

call 
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1 xteinpl,ytempl,ytemp2 ,xijkdd,yxijkd,tmp,ans, error) 
call imi (q23, q31,yq231, beta, r,k,tbn3,tbn4,w,lw, mind, n,ind, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error) 
call imi(ql3,q32,yql32,beta,r,k,tbn3 ,tbn 4 ,w,lv?,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi jkd , tmp , ans , error ) 

call imi{q23,q32,yq232,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl, ytempl, ytemp 2 ,xijkdd,yxijkd, tmp, ans, error) 
call imi(phil3,phi31,yphl31,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl, ytempl, ytemp 2 ,xijkdd,yxijkd, tmp, ans, error) 
call imi(phi23,phi31,yph231,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl, ytempl, ytemp 2 ,xijkdd,yxijkd, tmp, ans, error) 

call imi (phil3 , phi3 2 , yphl32 , beta , r , k , tbn3 , tbn4 , w , Iw , mmd , n , md , 
1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error) 

call imi (phi23,phi32,yph232, beta, r,k,tbn3,tbn4,w,lw, mmd, n,md, 

1 xtempl , ytempl , ytemp2 , xi jkdd , yxi jkd , tmp , ans, error) 


c — 


call iim(ql3,qll,yqll3,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl, ytempl, ytemp 2 ,xijkdd,eps) 

call iim(q23,ql2,yql23,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , y temp2 , xi j kdd , eps ) 

call iim(ql3,ql2,yq213,r,k,tbn3,tbn4,w,lw,»md.n,>na, 

1 Xtempl , ytempl , ytemp2 , xi j kdd , eps ) 

call iiB(q23,q22,yq223,r,k,tbn3,tbn4,w,lw,«na,n,ma, 

1 Xtempl , ytempl , ytemp2 , xi j kdd , eps ) 

call iim(q31,qll,yq311.k,k,tbn3,tbn4,w,lw,w.a,n,aa, 

1 xtempl,ytempl,ytei«p 2 ,xijkaa,eps) 

call iim(q32,ql2,yq321,r,k,ttn3,tbn4,w,lw,ama,n,ma, 

1 Xtempl, y tempi, ytemp2,xi jkdd, eps) 

call iim(q31,ql2,yq312,r,k,tbn3,tbn4,w,lw,-na.n,ma, 

1 xt«apl,yteinpl,ytemp 2 ,xilkaa,eps) 

call Iim(q32,q22,yq322,r,k,tbn3,tbn4,w,lw,ai. , , , 

X xte.pi,yte»pi.yt^a 

call ll«(phil3,P>'ill,yphlW,k,k,tbn3,w 

call ii:(Phi33,pkil3.yP-3,k,k ^m3^n4,w.lw,mma,„,ma, 

1 xtemplyyte®Pl'y^®”P2'^^^^ * ^ ^ 
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if (r(i) .le. (rl+r2)) then 

hl2(i)=-1.0 

else 

hl2 ( i ) =dexp (ql2 { i) +taol2 ) ~1 . OdO 
end if 

xl 2 (i)=hl 2 {i)-ql 2 (i)-taol 2 

teinpl=fps*yq231(i) 
temp2=f ps*yph2 3 1 ( i ) 

teiiip3=( (cl*yph211(i) ) + (c2*yph221(i) ) + (c3*temp2) ) 

t emp4 = ((cl*yq211(i)) + (c2 *y q2 2 1 ( i ) ) + ( c3 * tempi ) ) 

tao2 l=temp3 -temp4 

if (r(i) .le. (rl+r2) ) then 

h21(i)=-1.0 

else 

h21(i)=dexp(ql2 (i)+tao21) -l.OdO 
end if 

x 21 (i)=h 21 (i)-ql 2 (i)-tao 21 
templ*=f ps *yq2 3 2 ( i ) 
temp2=fps*yph232 (i) 

temp3= ( ( cl*yphl2 1 ( i ) ) + (c2 *yph22 2 ( i ) ) + (c3 *temp2 ) ) 

temp4=( (cl*yql21(i) ) + (c2*yq222(i) ) + (c3*templ) ) 

tao2 2=temp3 “temp4 

if (r(i) .le. (2.0*r2) ) then 

h22(i)=-l.O 

else 

h2 2 ( i ) =dexp ( q2 2 ( i ) +tao2 2 ) - 1 . OdO 
end if 

x22 (i)*h22 (i) -q 22 (i)-tao22 
end do 


do i=l,mmd 
do 3 = 1/11 

templ=tp*yphl3 3 ( i / j ) 
temp2=tp*yql3 3 ( i / j ) 

temp3= (ol*yphll3 ( i , j ) ) + (c2*yphl23 (i- 3 ) )+ (c3*templ) 
teMp4=(cl.y9ll3 (i, j) ) + (c2*y9l23 (i, j) ) + (c3.teBp2) 


449 



taol3=teinp3-teinp4 
if (r(i) .le. (rl+r3)) then 
hl3 (i, j)=-i.o 
else 

hl3 ( i , j ) =dexp (ql3 ( i , j ) +taol3 ) -l . odo 
end if 

xl3(i,j)=hl3(i,j)-qi3(i,j)-taol3 
templ=tp*yph2 3 3 ( i , j ) 
teitip2=tp*yq2 3 3 ( i , j ) 

temp3*= ( cl*yph2 13 ( i , j ) ) + (c2*yph223 ( i , j ) ) + (c3*teinpl ) 

teinp4= ( cl*yq2 13 ( i , j ) ) + (c2*yq223 ( i , j ) ) + (c3 *temp2 ) 

tao2 3=temp3 “teiap4 

if (r(i) .le. (r2+r3)) then 

h23 (i, j)=-1.0 

else 

h23 (i, j)=dexp(q23(i, j)+tao23)-1.0d0 
end if 

x23 (i, j)=h23 (i, j)-q23(i, j)-tao23 
teinpl=tp *yph3 3 1 ( i , j ) 
temp2=tp*yq3 3 1 ( i , j ) 

teinp3= (cl*yph311 (i, j ) ) + (c2*yph321 (i , j ) ) + (c3*templ) 

temp4=(cl*yq311(i,j))+(c2*yq321(i, j))+{c3*temp2) 

tao3 l=teinp3 -tenip4 

if (r(i) .le. (rl+r3)) then 

h31(i, j)=-1.0 

else 

h31(i, j)=dexp(q31(i/ j)+tao31)-1.0d0 

end if 

x31(i, j)=h31(i,j)-q31(i,j)-tao31 
templ=tp*yph3 3 2 ( i , j ) 
t emp2 - tp *y q3 3 2 ( i , j ) 

temp3= (cl*yph312 (i / j ) ) + (c2*yph322 ( i , j ) ) + (c3* tempi) 
temp4=(cl*yq312 (i, j) ) + (c2*yq322 (i J ) ) + {c3*temp2) 
t ao 3 2 =temp3 -t emp4 
if (r(i) .le. (r2+r3)) then 
h32(i, j)=-1.0 


450 



else 


h32(i,j)=dexp(q32(i,j)+tao32)-1.0d0 

end if 

x32(i,j)=h32(i,j,-,32(l,j)-tao32 

end do 
end do 

do i=i , itund 
do j=l,n 
do jd=l,n 
do 1=1, nd 

teBip2= (Cl*yq313 (i, j , jd) ) + (c2*yq323 (i, j , jd) ) + (c3*tp* 

1 yq333(i,j,jd,l)) 

temp3=(cl*yph313(i,j,jd)) + (c2*yph323(i,j,jd)) + (c3*tp* 

1 yph333(i,j,jd,l)) 

tao3 3=teinp3 -tenip2 
if (r(i) .le. (2.0*r3)) then 
h33(i,j,jd,l)=-i.o 
else 

*i33(i, j, jd,l)=dexp(q33Ci,j,jd,l)+tao33)-1.0d0 
end if 

X33(i,j,jd,l)=h33(i,j,jd,l)-q33(i,j,jd,l)-tao33 

end do 

end do 

end do 

end do 

c**** ************************************************* ******* 

c INITIAL VALUE OF tao ,h AND x FUNCTIONS ARE CALCULATED 
nitr=0 

btzero = CPUTIME (O.OdO) 

c 

c CALCULATION OF FINAL VALUE OF tao 

c************************************************************ 
300 nitr=nitr+l 
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call i“(‘3ll.>'ll,yqxui,yxij,yxjk,r,k,tbn3,tl.n4,ina,mnd,w, 

1 Iw, xteinpl, eps) 

call iii(912-«l,yqxl21,yklj,yxjk,r,k,tbn3,tba4,»a,™d,w, 

1 lw,xteinpl,eps) 

call i”i(9l3,x31,yqxl31,beta,r,k,tbn3,tbn4,w,lv,inmd,n,md, 
1 =‘’'e“Pl.ytffl»pl,yteinp2,xijkad,yxijkd, tap, ans, error) 

do i=l,iiatid 

qxll(i) = (cl*yqxlll(i)) + (c2*yqxl21(i)) + (c3*fps*yqxl31(i)) 

end do 




call Iii(qll/Xl2,yqxll2,yxij,yxjkyr,kytbn3,tbn4,ind,niind,w, 

1 lw,xtempl,eps) 

call iii (ql2 ,x22,yqxl22,yxij ,yxjk,r,k,tbn 3 ,tbn 4 ,ind,iamd,w, 

1 IWyXtemplyeps) 

call imi (ql3 , x32 , yqxl32 ,beta, r,k, tbn3 ,tbn4 , w, lw,iiund, n,md, 
1 xtempl , y tempi , y temp2 , xi j kdd , yxi j kd , tmp , ans , error) 
do i=lyinmd 

qxl2 (i) = (cl*yqxll2 (i) ) + (c2*yqxl22 (i) ) + {c3*fps*yqxl32 (i) ) 
end do 




call iim(xl3,qll,yqxll3,r,kytbn3,tbn4,w,lw,mmdyn,mdy 
1 xtempl , ytempl , ytemp2 , xi jkdd, eps) 
call iim (x2 3 , ql2 , yqxl2 3 , r , k, tbn3 , tbn4 ,\i, Iw, mmd , n , md , 

1 xtempl , ytempl , ytemp2 , xi jkdd, eps) 
call xint 2 ( x3 3 , alpha , mmd , n , nd , f 3 3 , xx , ans , error , al ) 
call imm ( ql3 , f 33 , yqxl33 , beta , r , k, tbn3 , tbn4 , w, Iw, mmd , n , md , 
1 xtempl , ytempl , ytemp2 , xi j kdd, xi jkd , tmp , ans , error) 
do i=l,mmd 
do j=l,n 

qxl3(i,j) = (cl*yqxll3(i,j)) + (c2*yqxl23(i,j)) + (c3*tp* 

1 yqxl33(i,j)) 
end do 
end do 

c 

call iii(qi2,xll,yqx21l,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw, xtempl, eps) 
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call iii(q22,x21,yqx221,yxij,yxjk,r,k,tbn3,tbn4,Tnd,innid,w, 
1 lw,xtempl,eps) 

call iini(q23,x31,yqx231,beta,r,k, tbn3,tbn4,w,lw,inind,n,nid, 
1 xtempl , y tempi , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 
do i=l,mmd 

qx21 ( i) = (cl*yqx211 ( i) ) + (c2*yqx221 (i) ) + (c3*fps*yqx231 ( i) ) 
end do 


call iii(ql2,xl2,yqx212,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw, xtempl, eps) 

call iii(q22,x22,yqx222,yxij ,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw, xtempl, eps) 

call imi(q23,x32,yqx232,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , y tempi , y temp2 , xi j kdd , yxi j kd , tmp , ans , error ) 
do i=l,mmd 

qx22 (i) = (cl*yqx212 (i) ) + (c2*yqx222 (i) ) + {c3*fps*yqx232 (i) ) 
end do 


call iim(xl3,ql2,yqx213,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi jkdd , eps) 

call iim(x23,q22,yqx223,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , eps ) 
call xint2 ( x3 3 , alpha , mmd , n , nd , f 3 3 , xx , ans , error , al ) 
call iitan ( q2 3 , f 3 3 , y qx2 3 3 , beta , r , k , tbn3 , tbn4 , w , Iw , mmd , n , md , 
1 xtempl , ytempl , ytemp2 , xi jkdd , xi jkd, tmp , ans , error) 


do i=l,mmd 
do j=l,n 

qx23(i,j)=(cl*yqx213(i,j)) 
1 yqx233(i,j)) 


+ (C2*yqx22 3 ( i , j ) ) + (c3*tp* 


end do 
end do 


c 


call Um(q31,xll,yq><na,r,k,tbn3,tbn4,w,lw,»rf,n."a> 
1 Xtempl , ytempl , ytemp2 , xi jkdd , eps) 

Call.ii»(q33,x21,yqx321,r,k,tbn3,tbn4,w,lw,».a,n,»j, 

1 xtempl,ytempl,ytemp2,xiJKddi,eps) 
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call xintl (q33 , alpha, iMnd,n, nd, f 33 ,xx,ans, error, al) 
call iiMn(5£31, f 33, yqx331, beta, r,k,tbn3 ,tbn4,w,lw, mind, n,ind, 
1 xtempl , ytempl , ytemp2 , xi jkdd , xi j kd , tmp ,ans, error) 
do i=l,inmd 
do j=l,n 

qx31(i, j) = (cl*yqx311(i, j)) + (c2*yqx321(i,j)) + (c3*tp* 

1 yqx331(i,j)) 

end do 
end do 

c 

call iim(q31,xl2,yqx312,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi jkdd , eps ) 
call iim(q32,x22,yqx322,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl, ytempl, ytemp2,xijkdd, eps) 
call xintl ( q3 3 , alpha , mmd , n , nd , f 33 , xx, ans , error , al ) 

call imm(x32,f33,yqx332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi jkdd , xi j kd , tmp , ans , error) 
do i=l,mmd 
do j=l,n 

qx32(i,j) = (cl*yqx312(i,j)) + (c2*yqx322(i,j)) + (c3*tp* 

1 yqx332(i,j)) 

end do 
end do 


c 


call mim(q31,xl3,yqx313,r,k,tbn3,tbn4,w,lw,mmd,n,md, xtempl, 

1 ytempl , ytemp2 , xi jkdd, eps) 

call mim(q32,x23,yqx323,r,k,tbn3,tbn4,w,lw,mmd,n,md, xtempl, 

1 ytempl, ytemp 2 ,xijkdd, eps) 

call ™»(q«,x33,yqx333,bata,r,K,tbn3,tbn4.w,lw,wl,lwl,™^ 

1 n , Bd , nd , xtenpl , ytenpl ,ytaw2 , xtmprl , ytmprl , xtmpr2 , ytmpr2 , 
1 Xtmpr3 , ytBpr3 , xl , x2 , yl , tmp, ans , error, alpha) 


c 

do i=l,inmd 
do j=l,n 
do jd=l,n 
do 1=1, nd 
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t33(i, j,jd,l) = (cl*yqx313(i,j,jd)) + (c2*yqx323(i, j,jd)) + 

1 (c3*tp*yqx333(i,j,jd,l)) 

end do 
end do 
end do 
end do 


c 


call iii (xll,hll,yxhlll,yxij ,yxjk,r,k,tbn3,tbn4,ind,imnd,w, 
1 lw,xtempl,eps) 

call iii (xl2,h21,yxhl21,yxij ,yxjk,r,k,tbn3, tbn4,ind,inind,w, 
1 lw,xtempl,eps) 

call imi(xl3,h31,yxhl31,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 

call iii(xll,hl2,yxhll2,yxij,yxjk,r,k»tbn3,tbn4,md,nund,w. 


1 Iw, xtempl, eps) 

call iii(xl2,h22,yxhl22,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw, xtempl, eps) 


call imi(xl3,h32,yxhl32,beta,r,k,tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi jkd , tmp , ans , error ) 

call iim(hl3,xll,yxhll3,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , y temp2 , xi j kdd , eps ) 

call iim(h23,xl2,yxhl23,r,k,tbn3,tbn4,w,lw,mmd,n,md. 


1 xtempl, ytempl, ytemp 2 ,xij kdd, eps) 
call xint2(h33,alpha,iBnd,n,na, 133, XX, ans, error, al) 

call imm(xl3,f33,yxhl33,beta,r,k,tbn3,tbn4,w,lw,iiMd,n,]iua, 

1 xtempl, yteBpl,ytemp 2 ,xijka(l,xijM,tii!p,ans,error) 

call iii(x21,hll,yxb211,yxij,yxik,r,lc,tbn3,tbn4,md,mmd,«. 


1 Iw, Xtempl, eps) 

call iii(x22,h21,yxh221,yxlJ,yxjb,r,k,tbn3,tbn4,Bd,mma,», 

1 Iw, xtempl, eps) ^ 

call imi(x23,h31,yxh231,beta,r,k,tbn3,tbn4 w ' 

1 xtempl,ytempl,ytemp 2 Xl 3 ^^,yxil a -p - 

call iii(x21,hl2,yxh212,yKil.y>0>'.'^'*^-“''^' 

1 Iw, xtempl, eps) tbn 3 ,tbn 4 ,ma,mmd,w, 

call ■iii(x22,h22,yxh222,yxi3,yKlk.x,R,to 

1 Iw , xtempl , eps ) 
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call I”>i(*23-h32,yxh232,beta,r,k,tbn3,tbn4,w,lv,m»d,ii,j,d, 
1 xtempl,ytempl,ytei.p 2 ,xljkda,yxljkd,tBp,ans,error) 
call 3i"'(l'13,x21,yxh213,r,k,tbn3,tbn4,w,lw,iniiid,n,md, 

1 xtempi , ytempl , ytenip2 , xijkdd, eps) 

call ii™(ii23,x22,yxh223,r,k,tbn3,tbn4,w,lw,Biind,n,md, 


1 xtempl , ytempl , ytemp2 , xi jkddi , eps) 
call xint 2 ( h3 3 , alpha , mmd , n , nd , f 3 3 , xx , ans , error , al ) 

call i™“(x23,f33,yxh233,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 ,xi jkdd, xi jkd, tmp, ans, error) 
call ii™(5f31,hll,yxh311,r,k,tbn3,tbn4,w,lw,mmd,n,md, 


1 xtempl , ytempl , ytemp2 , xijkdd, eps) 

(^32 , h21 , yxh321, r , k, tbn3 ,tbn4 , w, lw,mmd, n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , eps) 
call xintl (x33 , alpha, mmd, n,nd, f 33, xx, ans, error, al) 

^^11 iinm (h3 1 , f 3 3 , yxh331 , beta , r , k, tbn3 , tbn4 , w, lw,mmd, n, md , 
1 xtempl , ytempl , ytemp2 , xi j kdd, xi j kd , tmp , ans , error) 
call iim(x31,hl2,yxh312,r,k,tbn3,tbn4,w,lw,mmd,n,ffid, 

1 xtempl, ytempl, ytemp2, xijkdd, eps) 
call iim(x32,h22,yxh322,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , eps) 
call xintl ( x3 3 , alpha , mmd , n , nd, f 3 3 , xx , ans , error , al ) 
call imm(h32, f33,yxh332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl, ytempl, ytemp2 ,xijkdd,xijkd, tmp, ans, error) 


call iii(qll,yxhlll,yllll,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw , xtempl , eps ) 

call iii(qll,yxhl21,yll21,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 Iw, xtempl, eps) 

call iii(qil,yxhl31,yll31,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw , xtempl , eps ) 

call iii(ql2,yxh211,yl211,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw, xtempl, eps) 

call iii(qi2,yxh221,yl221,yxij,yxjk,r,k,tbn3,tbn4,md,mmd,w, 

1 Iw, xtempl, eps) 

call iii(qi 2 ,yxh 231 ,yl 231 ,yxij,yxjk,r,k,tbn 3 ,tbn 4 ,md,mmd,w, 

1 Iw, xtempl, eps) 
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1 (i,j)) 

teinp3=(cl*cl*ylll3(i, j)) + (cl*c2*yll23(i, j) ) + (cl* 

1 c3*tp*yll33(i, j))+(c2*cl*yl213(i, j))+(c 2 *c 2 * 

1 yl223(i, j) )+(c2*c3*tp*yl233(i, j) ) 

qxl3 ( i , j ) =qxl3 ( i , j ) +teinpl+teinp3 
end do 
end do 



call iii(ql2,yxhlll,y2111,yxij,yxjk;,r,k,tbn3,tbn4,ind,itmid,w, 

1 lw,xteniipl,eps) 

call iii(ql2 ,yxhl21,y2121,yxij ,yxjk,r,k, tbn3 ,tbn4 ,iiid,itund,w, 

1 lw,xteinpl,eps) 

call iii (ql2 ,yxhl31,y2131,yxij ,yxjk,r,k, tbn3 , tbn4 ,ind,inind, w, 

1 lw,xteitipl,eps) 

call iii(q22,yxh211,y2211,yxij ,yxjk,r,k,tbn3 ,tbn4 ,md,mmd,w, 

1 lw,xteicipl,eps) 

call iii (q22,yxh221,y2221,yxij ,yxjk,r ,k, tbn3 ,tbn4 ,itid,itimd,w, 

1 lw,xteinpl,eps) 

call iii(q22,yxh231,y2231,yxij ,yxjk,r,k,tbn3 ,tbn4 ,nid,inind,w, 

1 Iw , xtempl , eps ) 

call iini(q23,yxh311,y2311,beta,r,k,tbn3,tbn4,w,lw,inmd,n,md, 

1 xtempl , y tempi , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 
call imi(q23,yxh321,y2321,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , y tempi , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 

call imi(q23,yxh331,y2331,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , y tempi , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 

c 

do i=l,mmd 

tempi* (cl*yxh211 ( i) ) + (c2*yxh221 (i ) ) + (c3*fps*yxh231 ( i) ) 
temp3* (cl*cl*y2111 (i) ) + (cl*c2*y2121 (i) ) + (cl*c3* 

1 fps*y2131(i) )+(c2*cl*y2211(i))+(c2*c2*y222l 

1 (i) ) +(c2*c3*fps*y2231 (i) )+ (c3*cl*fps*y2311 (i) ) + (c3*c2* 

1 fps*y2321(i) )+(c3*c3*epc*y2331(i) ) 

tao2 l=templ+qx2 1 ( i ) +temp3 
if (r(i) .le. (rl+r2) ) then 
h2l(i)*-1.0 
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else 

h21(i)=dexp(ql2 (i)+tao21)“1.0d0 
end if 

x21(i)=h21(i)-ql2(i)-tao21 
end do 


call iii(ql2 ,yxhll2 ,y2112 ,yxij ,yxjk,r,k,tbn3 ,tbn4, rod, mind, w, 
1 lw,xtempl,eps) 

call iii{ql2,yxhl22,y2122,yxij ,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 lw,xtempl,eps) 

call iii(ql2,yxhl32 ,y2132,yxij ,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 lw,xtempl,eps) 

call iii(q22,yxh212,y2212,yxij ,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 lw,xtempl,eps) 

call iii(q22,yxh222,y2222,yxiy,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 lw,xtempl,eps) 

call iii(q22,yxh232,y2232,yxij ,yxjk,r,k,tbn3,tbn4,md,mmd,w, 
1 lw,xtempl,eps) 

call imi(q23,yxh312,y2312,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , y tempi , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 

call imi(q23,yxh322,y2322,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 

call imi(q23,yxh332,y2332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error) 


do i=l,mmd 

templ=(cl*yxh212 (i) ) + (c2*yxh222 (i) ) + (c3*fps*yxh232 (i) ) 

temp3=(cl*cl*y2112(i)) + (cl*c2*y2122(i)) + (cl*c3* 

1 fps*y2132 (i) )+(c2*cl*y2212 (i) )+(c2*c2*y2222 

1 (i) ) + (C2*c3*fps*y2232 (i) )+ (c3*cl*fps*y2312 ( i) ) + (c3*c2* 

1 fps*y2322(i))+(c3*c3*epc*y2332(i)) 

tao22=templ+qx22 ( i) +temp3 
if (r(i) .le. (r2+r2)) then 
h22(i)=“1.0 
else 

h22 (i) =dexp(q22 ( i) +tao22 ) -1 . OdO 
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end if 

x 22 (i)=h 22 (i)~q 22 {i ^ _tao 22 
end do 



call iiin(yxhll3,ql2 , y2113,r,k,tbn3,tbn4,w,lw,mmd,n,ind, 
1 xtempl , ytemp 3 ^ ^ ytemp 2 , xi jkdd, eps) 
call ii™(y^h^23,ql2 ^y2i23,r,k,tbn3,tbn4,w,lw,inind,n,md, 
1 xtempl , y temp ^ y temp 2 , xi j kdd , eps ) 

call ..y2l33,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , y temp ^ y temp 2 , xi j kdd , eps ) 
call ii™<y5«h213,q22 ^y22i3,r,k,tbn3,tbn4,w,lw,inmd,n,md, 
1 xtempl , ytempa. ^ ytemp 2 , xijkdd, eps) 

call iiin(yxh223,q22 ,y2223,r,k,tbn3,tbn4,w , Iw , mmd , n , md , 

1 xtempl , y tempi ^ ytemp2 , xijkdd, eps) 

call ii«»{y5«h233,q22,y2233,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi ^ ytemp2 , xijkdd, eps) 

c 

do i=l,mmd 
do j“=lrn 

tempi® (cl*yxh2 13 ( i , j ) ) + (c2*yxh223 (i , j ) ) + (c3*tp*yxh233 

1 (i/j)) 

temp3=(cl*cl*y2113 (i, j) ) + (cl*c2*y2123 (i, j) ) + (cl* 

X C3*tp*y2133 (i^ j J j + (c.2*cl*y2213 (i , j ) ) + (c2*c2* 

1 y2223(i, j) ) + (c2*c3*tp*y2233(i, j) ) 

qx23 ( i r j ) 3 ( i , j ) +templ+temp2 

end do 
end do 

c 

call iim(q31,yxhlll,y3iii^]-^X^ tbn3,tbn4 ,w, lw,mmd,n,md, 
1 xtempl , y tempi ^ ytemp 2 , xijkdd , eps) 
call iim(q3l,yxhl2l,y3i2i,r,k,tbn3,tbn4,w, lw,mmd,n,md, 
1 xtempl , y tempi ^ ytemp 2 , xi j kdd , eps ) 
call i im ( q3 1 , yxhl 3 1 ,y 3 i 3 i,r,k, tbn3 , tbn4 , w , Iw , mmd , n , md , 
1 xtempl/ytempi^yteinp 2 , xijkdd, eps) 
call iim(q32,yxh21i^y32ii^r^k^ tbn3, tbn4,w,lw,mmd,n,md, 
1 xtempl , y tempi ^ y temp 2 , xi j kdd , eps ) 
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call iiin(q32,yxh221,y3221,r,k,tbn3,tbn4,w,lw,inind,n,ind, 

1 xtempl ,y tempi , ytemp2 , xi jkdd, eps) 
call iiJn(q32,yxh23l,y3231,r,k, tbn3, tbn4,w, lw,mmd,n,md, 

1 xtempl, y tempi, ytemp 2 ,xi jkdd, eps) 
call xintl (q33, alpha, mmd,n,nd, f 33, XX, ans, error, al) 
call imm(yxh311 , f 33 ,y3311,beta, r ,k, tbn3 , tbn4 , w, lw,mmd, n,md, 
1 xtempl , y tempi , y temp2 , xi j kdd , xi j kd , tmp , ans , error) 
call imro ( yxh32 1 ,f33,y3321, beta , r , k, tbn3 ^ tbn4 , w , Iw, mmd , n , md , 
1 xtempl , ytempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 
call iimn(yxh331,f33,y3331,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 


call iim(q31,yxhll2,y3112,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , eps ) 
call iiin(q31,yxhl22,y3122,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , eps ) 
call iim(q31,yxhl32,y3132,r,k,tbn3, tbn4,w, lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , eps ) 
call iim(q32,yxh212 ,y3212,r,k,tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl , ytempi , ytemp2 , xi j kdd , eps ) 
call iim(q32,yxh222,y3222,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempi , y temp2 , xi j kdd , eps ) 
call iim(q32,yxh232,y3232,r,k,tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl , ytempi , y temp2 , xi j kdd , eps ) 
call imm(yxh312,f33,y3312,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , ytemp2 , xi jkdd , xi j kd , tmp , ans , error) 
call imm(yxh322,f33,y3322,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , y temp2 , xi j kdd , xi j kd , tmp , ans , error) 
call imm(yxh332,f33,y3332,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 
1 xtempl , ytempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 


call mmm (x3 3 , h3 3 , yxh3 3 3 , beta , r , k , tbn3 , tbn4 , w , Iw , wl , Iwl , mmd , 

1 n , md , nd , xtempl , ytempi , ytemp2 , xtmpr 1 , ytmprl , xtmpr2 , ytmpr2 , 
1 xtmpr 3 , y tmpr 3 , xl , x2 , y l , tmp , ans , error , alpha ) 


call mim(x31,hl3,f33,r,k,tbn3,tbn4,v,lw, mmd, n,md, xtempl. 
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1 yteinpl,yteinp2,xijkdd,eps) 

call imiti (ql3 , f 33 , yl3l3 ,beta, r ,k, tbn3 , tbn4 , w, lw,iiund, n,nid, 
1 xtempl , y tempi ,yteinp2 ,xijkdd, xi jkd, tmp, ans, error) 

call iinin(q23,f33,y2313,beta,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 
do i=l,mmd 
do j=l,n 
do jd==l,n 
do 1=1, nd 

yxh3l3(i, j, jd,l)=f33(i, j, jd) 

end do 

end do 

end do 

end do 

call mim(x32,h23,f33,r,k, tbn3 , tbn4 , w , 1 w , mmd , n , md , xtemp l , 
1 ytempl, ytemp2,xijkdd,eps) 

call imm(ql3 , f 33 ,yl323,beta,r,k, tbn3 , tbn4 , w, lw,mmd,n,md, 
1 xtempl , ytempl , y temp2 , xi j kdd , xi j kd , tmp , ans , error) 
call imm ( q2 3 , f 3 3 , y 2 32 3 , beta , r , k, tbn3 , tbn4 , w , Iw , mmd , n , md , 
1 xtempl , ytempl , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 
do i=l,mmd 
do j=l,n 
do jd=l,n 
do 1=1, nd 

yxh323(i, j , jd,l)=f33(i, j, jd) 

end do 

end do 

end do 

end do 


do i=l,mmd 
do j=l,n 
do jd=l,n 
do 1=1, nd 

t 33 (i, j, jd,l)“t33(i, j, jd,l) + (cl*yxh313(i, j, jd,l) ) + 

1 (c2*yxh323(i, j , jd,l) )+(c3*tp*yxh333 (i, j , jd,l) ) 
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end do 
end do 
end do 
end do 



call xint2 ( yxh3 3 3 , alpha , mmd , n , nd , f 3 3 , xx , ans , error , al ) 
call iinin(ql3,f3 3,yl333,beta,r,k,tbn3,tbn4,w,lw,inind,n,ind, 
1 xtempl , y tempi , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 
call imm(q23,f33,y2333, beta, r,k,tbn3,tbn4,w,lw, mmd, n,md, 
1 xtempl , ytempl , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 


do i=l,mmd 
do j=l,n 

templ=(c3*cl*fps*yl313 (i, j) )+(c3*c2*fps* 

1 yl323(i, j) ) + (c3*c3*fps*yl333(i, j) ) 

taol3=qxl3 ( i , j ) +templ 
if (r(i) .le. (rl+r3) ) then 
hl3(i, j)=-1.0 
else 

hl3 ( i , j ) =*dexp (ql3 ( i , j ) +taol3 ) -I . OdO 
end if 

xl3 ( i , j ) =hl3 ( i , j ) -ql3 ( i , j ) -taol3 
templ=(c3*cl*fps*y2313 (i, j) ) +(c3*c2*fps* 

1 y2323(i, j) ) + (c3*c3*fps*y2333 (i, j) ) 

tao23=qx23 (i, j)+templ 
if (r(i) .le. (r2+r3) ) then 
h23(i, j)=-1.0 
else 

h23 (i, j)®dexp(q23 (i, j)+tao23)-1.0d0 
end if 

X2 3 ( i , j ) =h23 ( i , j ) -q2 3 ( i , j ) -tao2 3 

end do 

end do 

do i=l,mmd 

do j=l,n 

templ=(cl*yxh311(i,j))+(c2*yxh321(i,j))+(c3*tp*yxh331(i,j)) 


464 



teinp3=(cl*cl*y3111(i, j)) + (cl*c2*y3121(i, j) ) + (cl*c3*tp* 

1 y3131(i,j))+(c2*cl*y3211(i,j))+(c2*c2*y3221(i,j))+ 

1 (C2*c3*tp*y3231(i,j))+(c3*cl*fps*y3311(i,j))+(c3*c2*fps* 

1 y3321(i, j) )+(c3*c3*fps*y3331(i, j) ) 

tao3 l=teinpl+qx3 1 ( i , j ) +temp3 
if (r(i) .le. (rl+r3) ) then 
h31(i, j)=~1.0 
else 

h31 ( i , j ) =dexp (g31 ( i , j ) +tao31) -1 . OdO 
end if 

x31(i, j)=h31(i, j)-q31(i, j)-tao31 

end do 

end do 

do i=l,inrod 

do j=l,n 

teinpl=(cl*yxh312(i, j) ) + (c2*yxh322(i, j) ) + (c3*tp*yxh332(i, j) ) 
teinp3=(cl*cl*y3112 (i, j ) ) + (cl*c2*y3122 (i, j ) ) + (cl*c3*tp* 

1 y3132(i, j) )+(c2*cl*y3212(i, j) )+(c2*c2*y3222(i, j) )+ 

1 (C2*c3*tp*y3232 (i, j ) ) + (c3*cl*fps*y3312 (i, j ) ) + (c3*c2*fps* 

1 y3322(i, j) ) + (c3*c3*fps*y3332 (i, j) ) 

tao32=teinpl+qx32 (i , j ) +temp3 
if (r(i) .le. (r2+r3) ) then 
h32(i, j)=-1.0 
else 

h32 ( i , j ) =dexp (q32 ( i , j ) +tao32 ) -1 . OdO 
end if 

x32(i,j)=h32(i,j)-q32(i,j)-tao32 
end do 
end do 


call Jtiim(q31,yxhll3,y3113,r,]c,tbn3,tbn4,w,lw,inmd,n,md,xteinpl, 
1 ytempl , y temp2 , xi j kdd , eps ) 

call mim(q31,yxhl23,y3123,r,k,tbn3,tbn4,w,lw,mind,n,md,xtempl, 
1 y tempi, yteinp2,xij kdd, eps) 

call mim{q31,yxhl33,y3133,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtempl, 

1 ytempl , y temp2 , xi j kdd , eps ) 
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call iniin(q32,yxh213,y3213,r,k,tbn3,tbn4,w,lw,imnd,n,md,xteinpl, 

1 y tempi, yteinp2,xijkdd,eps) 

call mira(g32,yxh223,y3223,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtempl, 

1 y tempi, ytemp2,xijkdd,eps) 

call inim(q32,yxh233,y3233,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtempl, 

1 ytempl,ytemp2,xijkdd,eps) 

call mmm(q33,yxh313,y3313,beta,r,k,tbn3,tbn4,w,lw,wl,lwl,mmd, 

1 n , md , nd , xtempl , ytempl , ytemp2 , xtmpr 1 , ytmprl , xtmpr2 , ytmpr2 , 
1 xtmpr 3 , ytmpr 3 , xl , x2 , y 1 , tmp , ans , error , alpha ) 
call mmm(q33,yxh323,y3323,beta,r,k,tbn3,tbn4,w,lw,wl,lwl,mmd, 

1 n , md , nd , xtemp l , ytempl , y temp2 , xtmpr 1 , ytmprl , xtmpr 2 , ytmpr 2 , 
1 xtmpr 3 , ytmpr 3 , xl , x2 , y 1 , tmp , ans , error , alpha ) 
call mmm(q33 ,yxh333,y3333,beta,r,k,tbn3,tbn4,w,lw,wl,lwl,mmd, 

1 n , md , nd , xtempl , ytempl , ytemp2 , xtmprl , ytmprl , xtmpr2 , ytmpr2 , 
1 xtmpr 3 , ytmpr 3 , xl , x2 , y 1 , tmp , ans , error , alpha ) 


c call flush(34) 
do i=l,inmd 
do j=l,n 
do jd=l,n 
do 1=1, nd 

temp3=(cl*cl*y3113 (i, j , jd) ) + (cl*c2*y3123 (i, j , jd) ) + 

1 (cl*c3*tp*y3133(i, j, jd) )+(c2*cl*y3213(i, j, jd) )+ 

1 (c2*c2*y3223(i, j , jd) )+(c2*c3*tp*y3233 (i, j , jd) )+ 

1 (c3*cl*tp*y3313(i, j, jd,l))+(c3*c2*tp*y3323 (i, j, jd,l) )+ 

1 (C3*c3*fps*y3333 (i, j , jd,l) ) 

t33 (i, j , jd,l)=t33 (i, j , jd,l)+temp3 
if(r(i) .le. (2.0*r3)) then 
h33 (i, j , jd,l)=--l. 0 
else 

h33(i, j, jd,l)=dexp(q33(i,j, jd,l)+t33(i, j,jd,l) )-1.0d0 

end if 

x33(i, j, jd,l)=h33(i, j, jd,l)-q33(i, j, jd,l)-t33(i, j, jd,l) 

end do 
end do 
end do 
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xtmprl(l)=h33(i, j, jd,l) 

end do 

ifail=l 

call dOlga f ( alpha , xtmprl , nd , f 3 3 ( i , j , j d) , error , if ail ) 

f33 (i, j , jd)=f33 (i, j, jd)/(4.0*pi) 

tinp( jd)=f33 (i, j , jd) *sin(beta ( jd) ) 

end do 

ifail=l 

call dOlgaf (beta,tinp,n,yxijkd(i, j) , error, ifail) 
yxi j kd ( i , j ) =yxi j kd ( i , j ) *0 . 5 
trop(j)=yxijkd(i, j)*sin(beta(j) ) 
end do 
ifail=l 

call dOlgaf {beta,tmp,n,h33d(i) , error, ifail) 

h33d(i)=h33d(i)*0.5 

end if 

end do 

Q* ** ************* ifc ***** *****'******★* * 

c CALCULATION OF g-THE CORRELATION FUNCTION 

c**** ********************************** *************** 
do i=l,mind 
gll(i)=hll(i)+l.O 
gl2(i)=hl2(i)+1.0 
gl3(i)=hl3d(i)+1.0 
g21{i)=h21(i)+1.0 
g22(i)=h22(i)+1.0 
g23 (i)=h23d(i)+1.0 
g3l(i)=h3ld(i)+l.O 
g32(i)==h32d(i)+l.O 
g33(i)=h33d(i)+l.o 
end do 
do i==l,mmd 

if (gl3(i) .ne. 0.0) then 
rr(i)=r (i) /r3 
write(34,l)rr(i) ,gl3(i) 
else 
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continue 
end if 
end do 

write (34 ,*) * 

do i=l,inind 

if (g23(i) .ne. 0.0) then 
rr(i)=r (i)/r3 
write (34, 1) rr(i) ,g23 (i) 
else 

continue 
end if 
end do 

write (34 , *) ' 

do i==l,inind 

if (g33(i) .ne.0.0)then 
rr (i)=r (i)/r3 
write{34, 1) rr (i) ,g33 (i) 
else 

continue 
end if 
end do 

write (34 ,*) * 

btime = CPUTIME (btzero) 
write ( 34 , * ) bt ime , btzero 


1 fonnat(fl2.8,3x,fl2.8) 
stop 
end 

c 

c* *************************************************** ********* 
C SUBROUTINE TO INTEGRATE X33 OVER THE ANGLE (alphal-alpha2) 
c BETWEEN -2pi TO 0. 

c********************************************* **************** 
subroutine xintl(x33,alpha,iimid,n,nd,f33,xx,ans,error,al) 
double precision x 33 (mmd,n,n,nd) ,alpha(nd) ,f33(mmd,n,n) , 

1 xx(nd/ 2 ) ,ans, error, al(nd) 
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integer i, j , jd,l,inind,n,nd,ifail 

do i=l,inind 

do j=l,n 

do jd=l,n 

do 1=1, nd/2 

x>c(l)=x33(i, j, jd,l) 

al(l)=alpha(l) 

end do 

ifail=l 

call d01gaf(al, XX, nd/2, f33(i,j,jd) , error, ifail) 

end do 

end do 

end do 

return 

end 

c 

c****** ******************************************************* 

c SUBROUTINE TO INTEGRATE x33 OVER THE ANGLE (alphal~alpha2 ) 

C BETWEEN 0 TO 2pi. 

c******* **************************** ************************** 
subroutine xint2 (x33, alpha, iMnd,n,nd, f 33, xx,ans, error, al) 
double precision x33 (mmd,n,n,nd) ,alpha(nd) , f33 {inmd,n,n) , 

1 XX (nd/2 ) ,ans, error, al (nd) 
integer i, j ,jd,l,nimd, n,nd, ifail 
do i=l,iiand 
do j=l,n 
do jd=l,n 
do 1=1, nd/2 

xx(l)=x33(i, j, jd, (nd/2+1) ) 
al ( 1 ) =alpha ( nd/2+1 ) 
end do 
ifail=l 

call dOlgaf (al , xx, nd/2 , ans , error, ifail ) 
f33(i, j, jd)=ans 
end do 
end do 
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end do 
return 
end 



c** ****************************************** ***************** 
c SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c ion-ion-ion INTERACTION. 

Qie-k'k-kificicit-k’kific’kititifiticieieic-kicicic-k-k'kicie'kicic'kiciticicifieiticicicieic-kicicicic-kic-kicicickicicic 

subroutine iii (xij ,xjk,xijk,yxij ,yxjk,r,k,tbn3,tbn4,ind,inind 
1 ,w,lw,xteinpl,eps) 
integer i,nid,niind,lw 

double precision xij (mmd) ,xjk(mind) ,xijk(ind) ,yxij (md) ,yxjk(md) 

1 , tbn3,tbn4 ,w(lw) ,xtempl(ind) ,r(inmd+l) ,k(mind+l) 

do i=l,inind 
yxij (i)=xij (i) 
end do 
do i=l,inind 
yxjk(i)=xjk(i) 
end do 

call fft(r,k,tbn3,xtempl,yxij ,ind,mind,w, Iw) 

call f f t ( r , k , tbn3 , xteitipl , yx j k , md , inmd , w , Iw) 

call bf t (yxi j , yx j k , r , k, tbn4 , xtempl , xi j k, md , mmd , w, Iw) 

do isslimd 

xijk(i)=xijk(i) *eps 

end do 

return 

end 

c 

C************************************************************* 

c SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c ion-macroion-ion INTERACTION. 

c* ************************************************************ 
subroutine imi (xij , xjk, yxij k, beta, r , k, tbn3 , tbn4 , w, Iw, mmd,n,md, 
1 xtempl , ytempl , ytemp2 , xi j kdd , yxi j kd , tmp , ans , error ) 
integer i, j,mmd,n,md,lw,ifail 

double precision xij (mmd,n) ,xjk(mmd,n) ,r(mmd) ,k(mmd) ,w(lw) 
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1 ,beta(n) ,yxijk(inind) ,tbn3,tbn4 
double precision xtempl (md) ,yteinpl (rod) ,ytemp2 (md) , xijkdd(ind) , 
1 yxijkd(inind,n) , trap (n) ,ans, error 
do j=l,n 
do i=l,inind 
y tempi (i)=xij (i, j) 
end do 

call fft (r,k, tbn3 ,xtempl,ytempl,md,nirad,w, Iw) 
do i=l,mmd 
y temp2 ( i ) =x j k ( i , j ) 
end do 

call f ft (r,k, tbn3 ,xtempl,ytemp2,md,iimid,w, Iw) 

call bf t ( y tempi , y temp2 , r , k , tbn4 , xtempl , xi j kdd , md , mmd , w , Iw) 

do i=l,mmd 

yxijkd(i, j)=xijkdd(i) 
end do 
end do 
do i=l,rorad 
do j®l,n 

tmp(j)=yxijkd(i, j) *sin<beta(j) ) 

end do 

ifail=l 

call dOlgaf (beta , tmp, n, ans , error, if ail ) 

yxijk(i)*ans 

end do 

return 

end 

c 

C************************************************************* 

c SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c ion-ion-macroion INTERACTION . 

c************************************************************* 
subroutine i im ( xl , x 2 , yxi j k , r , k , tbn3 , tbn4 , w , Iw , mmd , n , md , 

1 xtempl , ytempl , ytemp2 , xi j kdd , eps ) 
integer i, j ,mmd,n, lw,md 

double precision xl(mmd,n) ,x 2 (mmd) ,yxijk(mmd,n) ,r (mmd) ,k(mmd) 
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1 ,w(lw) ,tbn3,tbn4,xijkdd(nid) 
double precision ictempl (md) ,yteinpl(ind) ,yteinp 2 (md) 
do i=l,inind 
ytejnp2 {i)=x2 (i) 
end do 

call fft(r,k,tbn3,xteinpl,yteinp2,ind,niind,w,lw) 

do j=l,n 
do i=l,mind 
ytempl ( i ) =xl ( i , j ) 
end do 

call fft(r,k, tbn3 , xtempl , ytempl , md , mmd , w, Iw) 

call bft(ytemp2, y t emp 1 , r , k , tbn4 , xt emp l , xi j kdd , md , mmd , w , 1 w) 

do i=l,mmd 

yxijk{i, j)=xijkdd(i) *eps 

end do 

end do 

return 

end 

c 

Tfr lit Tfc A illf ******* lit * tIIp illp * ifc ************************ * 

C SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c ion-macroion-macroion INTERACTION. 

Q**************** ************* ******************************** 

subroutine imm{xij ,xjk,xijk,beta,r,k, tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , xi j kd , tmp , ans , error) 
integer i, j,kk,mmd,n,md,lw,ifail 

double precision xij (mmd,n) ,xjk(mmd,n,n) ,beta(n) ,r (mmd) ,k(mmd) 
1 ,tbn3,tbn4,w(lw) ,xijk(mmd,n) ,xtempl(md) ,ytempl(md) , 

1 ytemp2(md) ,xijkd(mmd,n,n) , tmp (n) , ans, error, xij kdd (md) 
do kk=l,n 
do j=l,n 
do i»=l,mind 
ytempl (i)=xij(i,j) 
end do 

call f f t (r , k, tbn3 , xtempl , ytempl , md , mmd , w, Iw) 
do is=i,mmd 
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yteinp2 (i)=xjk(i, j ,kk) 
end do 

call fft(r,k, tbn3 , xtempl , y teinp2 , rad , ramd , w , Iw) 

call bf t ( y tcmp2 , y terapl , r , k , tbn4 , xtempl , xi j kdd , md , ramd , w , Iw) 

do i=l,ramd 

xijkd(i, j ,kk)=xijkdd(i) 

end do 

end do 

end do 

do i=l,ramd 

do kk=l,n 

do j=l,n 

tmp( j)=xijkd(i, j ,kk) *sin(beta(j) ) 

end do 

ifail=l 

call dOlgaf (beta, trap, n,ans, err or, ifail) 

xijk{i,kk)*=ans 

end do 

end do 

return 

end 


c 


c*** ************************* ************* 


*********’^********** 


c SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c raacroion-ion-raacroion INTERACTION. 

........ a. ******************* 

c****************************************** 

subroutine miin(xij,xjk,xijk,r,k,tbn3,tbn4,w,lw-™d,n,ina, xtempl 

1 ytempl,ytemp 2 ,xijkdd,eps) 
integer i, j, j(i,inmd,n,lw,md 

double precision xij (ramd,n) ,xjk(mmd,n) ,xijk(iwn^'^'^J ' 

1 k(mmd) ,w(lw) ,tbn3,tbn4, xtempl (md) ,ytempl("»d) ,ytemp2(md) , 

1 xijkdd(rad) 
do j=l,n 
do i*=l,nand 
ytempl{i)»xij(i, j) 
end do 


475 



call fft(r,k, tbn3 , xtempl , y tempi , md , mmd , w , Iw) 

do jd=l,n 

do i=l,inind 

ytemp2 (i)=xjk(i, jd) 

end do 

call fft (r,k,tbn3,xtempl,ytemp2,md,inmd,w,lw) 

call b f t ( y temp2 , y tempi , r , k , tbn4 , xtemp l , x i j kdd , md , mmd , w , Iw) 

do i=l,mmd 

xijk(i, j , jcl)=xijkdd(i) *eps 

end do 

end do 

end do 

return 

end 

c 

Q-k ic “k if ic -k 'k Ik ^ ik ^ ic if "k if ik 4c it ic ie •k ik ic -k ic ic ic ic ie ic -k ic ic rk ic ie ic ic ic ic if ii: ic ic ic ic “k -k ic ic ic ic :k ic ic “k i: ^ 

C SUBROUTINE TO CALCULATE THE CONVOLUTION INTEGRAL WITH 
c macroion-macroion-macroion INTERACTION. 

Qifkififificifkkkkititkkitkkifititifififkififitieitifieitififkieififificifififififififificificifififififkififif 

subroutine mmm ( xi j , x j k , xi j k , beta , r , k , tbn3 , tbn4 , w , Iw , wl , Iwl , mmd , 

1 n , md , nd , xtempl , ytempl , ytemp2 , xtmpr 1 , ytmpr 1 , xtmpr2 , ytmpr 2 , 

1 xtmpr3 , ytmpr3 , xl , x2 , yl , tmp , ans , error , alpha) 
integer ndim 
parameter ( nd im= 1 ) 

integer ndfn(ndim) ,nfn,i, j , jd, jdd,l, lw,lwl,mmd,md,n,nd, ifail 

double precision xij (mmd,n,n,nd) ,xjk(mmd,n,n,nd) ,xijk(mmd,n,n 
1 nd) , beta (n) , r (mmd) , k (mmd) , tbn3 , tbn4 , w ( Iw) , wl ( Iwl) , xtempl (md) , 
1 yl(mmd,n,n,nd) ,ytempl(md) ,ytemp2(ffid) ,xl(mmd,nd) ,x2(mmd,nd) , 

1 xtmprl (nd) ,ytmprl (nd) , xtmpr2 (nd) , ytmpr2 (nd) 

1 , xtmpr3 (nd) , ytmpr3 (nd) , tmp ( n) , ans , error 

do j*=l,n 
do jd=l,n 

do l«l,nd 
do i*=l,mrad 

yterapl(i)-xij (i, j , jd,l) 
end do 
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end do 
end do 
end do 
return 
end 

c 

c* ********** *************** ****** ****** ********* ************** 
C SUBROUTINE TO CALCULATE FORWARD FOURIER TRANSFORM 
c* ************* *********************************************** 

subrout ine f f t ( r , k , tbn3 , xf n , y f n , md , mmd , w , Iw) 
integer »d,iMnd,lw,i 

double precision r (mmd) ,xfn(ind) ,yfn(ind) ,k(inmd) ,w(lw) , tbn3 
1 ,ans, error 
do i=l,mmd 
yfn(i)=yfn(i)*r(i) 
end do 

call sine (md, mmd, w, lw,xfn,yfn,tbn3) 

yfn(l)=0,0 

do i»=2 , mmd 

yfn<i)s=yfn(i) *(2.0/k(i)) 

end do 

return 

end 

c 

^ * ^ ********************** ^ ***************************** * 

C SUBROUTINE TO CALCULATE BACKWARD FOURIER TRANSFORM OF THE 
c PRODUCT OF X AND y. 

c** **************************************** ******************* 

subroutine bf t ( x , y , r , k , tbn4 , xf n , y f n , md ,.mmd , w , Iw) 
integer md,mmd,lw,i 

double precision x(mmd) ,r(mmd) ,xfn(md) ,yfn(md) ,k{mmd) 
double precision w(lw) ,tbn4,y(mmd) 
do i=l,mmd 

yfn(i)=x(i)*y(i)*k(i) 
end do 

call sine (md, mmd, w,lw,xfn,yfn,tbn4) 
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do i=l,inind 

yfn(i)=yfn(i) * (2 .0/r(i) ) 

end do 

return 

end 

c 

Qik i( "k -k it 'k ic i( ic ik it ’k -k ii ic ^ ic ic rk ic ic ic ie •§( -k ^ Ik i( * -k it if “k ic -k "k ic ic ic ic it :k ^ -k i>c ic ic ic 'k ie "k it -k i( 

C SUBROUTINE TO CALCULATE THE SINE TRANSFORM 

C* ************************************************* *****-k*** 

subroutine sine (m, mm , work , Iwork , xf n , yf n , tbn) 
integer ndim, m, mm, i, Iwork 
parameter ( ndim=l ) 
integer ndfn(ndim) ,nfn,ifail,mmm 
double precision xfn(m) ,yfn(m) , work (Iwork) , tbn 
mmm=mm+l 
do i=l,mm 
xfn(i)=yfn(i) 
yfn(i)=0.0 
end do 
xfn(mmm)=0. 0 
do i=mmm,m 
xfn ( i) ==-xfn (m+2-i) 
yfn(i)«o.o 
end do 
ndfn(l)»=m 
nfn=ndfn(l) 
ifail=0 

call cO 6 f j f ( ndim , nd f n , n f n , xf n , y f n , work , Iwork , i f ai 1 ) 
do i=l,m 

yf n ( i) “-0 . 5*yfn ( i) *tbn*sqrt (df loat (m) ) 

end do 

return 

end 
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do 1=1, nd 

xtmpr3 { 1 ) = ( xtmpr 1 ( 1 ) *xtinpr2 ( 1 ) ) - (ytmprl ( 1 ) *ytinpr2 ( 1 ) ) 
ytmprS (1) = (xtinprl (1) *ytmpr2 (1) ) + (ytinprl (1) *xtinpr2 (1) ) 
end do 
ndfn(l)=nd 
nfn=ndfn (1) 
ifail=0 

call c06gcf (ytinpr3,nfn, ifail) 

call c06f jf (ndini,ndfn,nfn,xtinpr3 ,ytinpr3 ,wl, Iwl, ifail) 
call c06gcf (ytmprS ,nfn, ifail) 
do 1=1, nd 

yl(i, jd, jdd,l)=xtinpr3(l) 
end do 
end do 
end do 
do 1=1, nd 
do jdd=l,n 
do i=l,inind 

yteiapl(i)=yl(i, jd, jdd,l) 
end do 

call f f t ( Ic , r , tbn4 , xtempl , y tempi , md , mmd , w , Iw) 
do i=l,mmd 

yl(i,jd,jdd,l)=ytempl(i) 
end do 
end do 

end do 
end do 
do 1=1, nd 
do jdd=l,n 
do i=l,mmd 
do jd=l,n 

tmp(jd)=yl(i, jd, jdd,l)*sin(beta(jd) ) 

end do 

ifail=l 

call dOlgaf (beta , tmp , n , xi j k ( i , j , j dd, 1 ) , error , ifail ) 
end do 
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'11 


ij element of the transposed cofactor matrix 


1 + P_Z? K + P„Z^ A g' + p P^Z^zl -|- X g' 
“ ^2 m m mm “ m — m ^2 ^ 


mm 


- P-P™ Z^ Xg' Xg' ♦ 
—'^m — m “^m— — m 


,2 S 


,2 „2 


Pi 2 ' -p-f 12 - p^PmK 2; ^ ^ 94. Ph.Pb,=:J ^ 5 ;. ^g;+ 


13 


^21 


22 


= -P+ zj + P^-P.z^z? ^ X5:„ - P+P.2J2 ! ^ a5;^ 

- p . z ! ^ - P . P „ z ! z = ^ X + p . zf z = a 5 :^ xi ; 


' m + 


1 + p.z^ ^ + p Xg' + p, p Z^Z^ ^ X g' 

+ ^2 ^m m ^mm ^m + m ^2 ^mm 

-0.0 Z^Z^ Xa' . Xa 


- Pj.P«zfz^ Xg' Xg' 

+ m + m ^m+ ’+m 


23 


- P . z ! ^ - P ^ P . zJz ! ^ xi :^ + P ^ P.zJzf ^ Xi ;^ 


31 


'P_z^ Xg' .+ p p„z^z^ ^ ^5™ - P P„Z^zJ ^ Xg'^ 

mm m+ — m - m ^2 m- — m — m ^2 ^m+ 


32 


Pm^i ^ 5 ™ ” Pj . P ™ Zjz ^ ^ xi ' + p ^ p^zfzj ^ Xg '_^ 
m m m- + m + m ^2 m- '^+'^m + m ^2 ^m+ 


2„2 S 


33 


“ 1 + P+zJ -§- + p.zf 

t t 


. . (-XH') I - Z' (-XH')j 


-1 


169 



REFERENCES 


1. Hill, T.L. , Statistical Mechanics, McGraw Hill Book Company, 
1956. 

2. Friedman, H.L. , Ionic Solution Theory, Wiley Interscience, 
1962. 

3. Mayer, J.E. and Montroll, E. , J. Chem. Phys., 9, 2-16, 1941. 

4. Meeron, E., J. Chem. Phys., 27, 1238-46, 1957. 

5. McMillan, W.G. and Mayer, J.E., J. Chem. Phys., 13, 276-305, 
1945. 

6. Mayer, J.E., J. Chem. Phys., 18, 1426-36, 1950. 

7. Meeron, E. , J. Chem. Phys., 28, 630-643, 1958. 

8. Meeron, E. , Physics of Fluids, 1 , 139-149, 1958. 

9. Meeron, E. and Rodemich, E.R., Physics of Fluids 1, 246-250, 
1958. 

10. Meeron, E. , J. Math. Phys. 1, 192-201, 1960. 

11. Van Leeuwen, J.M.J., Groeneveld and de Boer, J., Physica, 

25, 792-808, 1959. 

12. Alnatt,A.R. , Mol. Phys. 8, 533-539, 1964. 

13 . Meeron, E . , Physico> 44 5"^ l9 60 

14. Rasaiah, J.C. and Friedman, H.L. , J. Chem. Phys. 48, 

2742-2752, 1968. 

15. Jepsen, D.W. and Friedman, H.L., J. Chem. Phys., 38, 

846-864, 1963. 

16. Dennery, P. and Krzywicki, A. Mathematics for Physicists, 
Harper and Row, 1967 (Chapter 1, Section 26) . 


1 ^70 



Let f ^2 ® pairwise invariant function and a function of 
the variables r ^2 / ^ ^ ® ^ 2, S — > ^2.2' orthogonal 
expansion in terms of the complete orthogonal set of D functions 
is given by 

^12 (^12, S -> 1, S -> 2, S -> r^2 ) 



^2 

« (S^l) (S^2) 

m^ni m2n2 




( 22 ) 


F ^2 • A partial transform of f ^2 

1^ , I 2 fl ,m^ ,m 2 , ,n 2 ,and n are the conjugate variables of 

the Euler angle of rotation S — ^^12 

m = 0;' * the y angle of s — > r. ^ rotation has no effect 
on fjj . 

The a and ^ angles correspond to the azimuthal and polar 
angles of r ^2 coordinate system S. 

With the help of eqn. (8) , eqn. (22) is written as 


12 


^ ^12 

' ^1 

^2 


®i 

®2 

^12 

in • in 

1 2 

n , n 

^1 

^2 

n ' 




1 2 


{ I (T^2) (S-T)| j I (T^r ) dJ (S^T)| 

I S 2 “2®2 ®f^2 ; V S 12 sn ; 
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r = 1?| , t = |t|, j^(rt) is the spherical Bessel function 

dr = r^ dr d(L > r) (46) 

From equations (8) and (5) , we get the identity 

(r » t) = S (L — >t) dJ* (L — > r) (47) 

oo _ on ' on ' ' ' 

n 

with the help of equations (44,45,46,47) and equation (9), 
equation (43) is integrated to give 


12 


ll I 2 t Ir- 


->t 


m. 


m 2 n^ n2 


(->"1 I 

l,n 


where 


■ H 

^2 

1 ■ 

(T, 

—it \ f 

' ll 

CM 

H 

1 ' 

."^1 

”2 

n 

on 

^12 


“2 



(48) 


12 


f 1 1 1 1 

il ^2 ^ 

3 

32 n 

. 1 “ 

(-i) r f 

f 1 1 1 ) 

•^1 2 ^ 

^ itli m2 t ^ 

[(213^+1) 

(2V1)]V2 J *12 

. ^2. ^2 ^ ' 


jj^(rt)r dr 
(49) 


Derivation of equation (48) is shown below. With the help of 
equation (43) , (44) , (45) , we carry out the following steps to 

get equation (48) , 


[( 21 ^+ 1 ) ( 212 + 1)3 


1/2 


12 


Bn 


J 


f.o e „ (L (L >2) 

12 m.n- ^0^0 

cube ^ ^ 


X d(L >1) d(L >2)dr 


[(21^+1) ( 2 I 2 +I)] 


1/2 


Bn 


1 1 (1^1) 


1 . 

X (L > 2) d(L >1) d(L )'2)d(L >r) r^dr/27i 

2 2 
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(ii) 


distributions overlap. Because of this we can eliminate 
the convergence difficulties occurring in the cluster 
integral . 

The other is the remainder Uj ^2 = ^12 ' ^12 total 

potential. This is predominant at small separation and is 


of the nature of short range. 

Hence = exp(-^ (u*^ + ^^2^^ " ^ 

= exp(-^u* 2 ) exp (-/S uj,) - 1 


(65) 


12 ' 


= (l+k^2^ ^12^^ ^ ^ 


= (l+k^2> +^12 


21 

+ - 4 -r • • • •) “ 1 


2! 


= (1+k ) + (1 + k ) Z 

nil 


gj2/nl - 1 


“ ki2 + (1 + k^2) 


*12 


Where , 


n^l 


ni 


( 66 ) 


k^2 = ^ 

c 


'12 


= -^ U 


12 


(67) 

( 68 ) 


In Mayer's procedure of summation, g-bond chains of all 
length between two particles are summed which gives the q(g) 
bonds. The parallel combination of q(g) bonds with or without 
k ^2 bonds are further svimmed to sum over the infinite set of 
graphs and this summation is necessary for calculation of 
potential of average force and other properties. These 
properties can also be calculated from the results of graph 
summation with the help of hypernetted chain approximation. This 
requires analytical evaluation of various q-bonds that occur in 
the given problem. This is illustrated below: 

For two fixed charge distribution on molecules 1 and 2, 
expansion of the half transform of potential of interaction is 
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[l-fipo ( * C.q; ^ C^qg)] I (-h„, (C^^^c.gf 


+ C q ) ) 


^10 


1 - Ca^ h-- 
iti m 11 


1-^00 ''i'Ji > 


""^1 n 

10 HI m 


- "oi (f •=191) 

1 - Vm 5ii 


(97) 


For n = 0, the values for h's are taken from the Appendix and 

(I - C.M.H - C M H - C M H) 

+ + — — mm 


^ ^00 ^-1 ^^00 2 
1 + / — (2 C.q?) 


ix jo (a t) 

(2 C.qp 

vT t i ^ 


(98) 


cu2 

^ ^ mm 


2xj (a t) 

1 + ± — ±i C u 

3a^^t m^m 


where x = 32Tr /kT 


Determinant of the above matrix 


(detl) = |l+(2 C^q?) 


■H 


1 

m m 


, „ _2. ^ ®003-l(^00t> 

^o(®oit) (f =19?) cc„ 4 ) 

3t^ 


2x j. (a-.t) 


3aiit / 


(98a) 


* . (I - C.M.H - C M H - c M H) 
+ + — — mm 


-1 


= (detl) 


-1 


1 + C u 
m^m 


2 


3aiit 


lyipCap^t) 

m^m 


1 + 


- (ZC.qJ) i2rjo(aiot) 

^ \/3 t 

(E c.qj) ra„oj_^(aj,(,t) 


^/3 t 


t 



1 


-3 


167T 


y| 2 C q_ 

4 m 




r-jj, -o Jq mm J 




16Tr 


[ ?“ Il ^ f ^ ^ cos(r t)dtl, 

^mm ° Ttm o J 
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4 

167T 


<‘>° [o 0 ojjj 5 ^ (J J 0)32 


dt 


<->^ [-i i ?] 3 , [-%. (J J ^) 3, (r^t,t= 


dt 


<->" [ i -I oljj I 5.m (J J -1) ^2 


dt 
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3 3 

r t 
mm 


sin(r_t) 
inia 

iQia 


3cos(r t) 
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r t 
mm 




00 
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mm 


t^dt- 
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mm 
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^3 ^ 3 ” ^^3 ^ 3 ^ ^3 ^ ^ ^3 ^ ^ 3 '*^ 3 **^ ^^^ 3 ^ ""^ 3 **^ 
o 


Thus 03/311 is numerically integrated over between the 

limits of 0 and 2 n and the result is f3/3„ (3^3,3,,, ^3,, ^311) • 


Hence ^^3, *^3,3,, = 271 
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sin/33, d^3. 


^ 13 ' ^^ 13 '^ 3 ^^ f T / Til 


3'3' 


(^3 / 3 II / ^3 / /^3 It ) ^{ 3 ^} 


At constant ^3, and ^3,, the inner integral is only dependent 
on ^ and is evaluated by the same method as (i). The result is a 
function of ^3^3,,, /S3,, /S3,, and keeping ^2.3» *^3” constant, the 

values of the integral are multiplied by sin/33, and integrated 
over ^3,. Thus 4 > 2 ^ 2 '*^ 3 ' 3 ” t>ecomes a function of r3^3ii and ^311* 


^ 33 '*^ 3'1 


^ 33' ^^3 3 ' ' ^3 


f ^- 3 / r 


^3/l(r3,i,^3,) d{3M da3, sin^^, 
is evaluated as above except for the fact that 


.277 

^33, da , is evaluated in a slightly different way. 


‘'o 

.-277 

*^ 33 ' ^“ 3 "“ 3 '^ d(-(a 3 -a 3 ,)) 
•' o 


--277 

^ 33 '<“ 3 ““ 3 ^> d(« 3 “a 3 /) 
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I *'j3==? aiiXU-idiDdrj 

i, j=l 

■"‘^1=21 ‘ 3 ii=< 12*»23 < 3 {l>drjd< 21 dr 2 

^=2 I 5 i 2 ’‘ 22‘'23 <S<2)ar3d(2)dr2+ C2C3 J gi 2 X 33 ,h 3,3 a (iXJTj d( 3 ')ar 3 , 

^3 J ^13 ^^3 ' 3”^3”3^^ ^ ^ ^ ^^3' d{3”} dT^n 

I ^11^11^13 1^11^13 

= J d{l}drj^g^^(xh) 

I %A2^23^^1>‘^l^<2)dr2 = JdlDdT^^qil ^2 

J d{l}dr^q^^(xh)^23 = ^^^^1123 

J ^12^21^13 .^{2}dr2<^{l}dri = J‘^t2}dr2qj^2 J^21^23 

= J d{ 2 }dr 2 q^ 2(^)213 = <^^^1213 

I *312^22^23 d{2}dr2d{2}dr2 = Jd{2}dr2gi2 d€2Jdr2 

J d{2)dr2qj^2 223 “ ^^^^1223 

(xli)ii3 ,(xh)^23 '(^^)213 '^^^223 evaluated as <f>^^ * 

and(qxh)^^^2 '(‘ 3 P*) 2 i 23 '^*^^1213 '^^^^^1223 evaluated as 

^11 * ^13 above. 

J 'JiA 3'''3'3 <J(i>< 5 rid{ 3 ')ar 3 , = [ddiar^q^^ jxjg.Hj ,,. d{ 3 '> dr 3 . 



d{ 2 )dr 2 q 32 


(qxh) 


323 '» 3 ' 

(xh)^3„3 , (xh) 23113 f are evaluated the same way as in 

4 . 3 above . 

(qxh)3^3„3 , (qxh) 223113 • are evaluated the same way as * ^13 

in 4.3 above. 


% 3 " ^ 3 "! 
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^33*' ^3 "2 ^23^ d{3'*} dP^H d{2}dr2 
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d{3'’} dr3„ q33ii ^^^^^33**23^ 


<1^^, , ,h.^, , ,2/d{3' ' }dr3, ,d{3' ' ' }dr3, , , 


d{ 3 ''}dr 3 ,,q 32 ,. 


^3^'3"' ^ 3 / / /3/d{3 ' ' ' }dr 3 , ^ , 


j d{ 3 ^ ^ }dr2 / / ^23 / / 3 / / 3 / / / 3 / 

= 23 * r^r r ,2* 

(xh)^,,^^, , (xh)2,,23 / evaluated the same way as 
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TlT Tn“ ^N/2 
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1 f . ^ ff 
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g(r) versus r plots as a function of remains unchanged. 

However quantitatively, the graph at c^^ = lxlo“® shows less 

attractive correlation. In contrast to the same system at c- = 

1x10 in which g(r) falls from 8.34 at = 2.0 to a little 

below 0.83 before rising again to 1.00, we have at c- = lxlo“^ a 

similar shaped g(r) versus r graph where g(r) falls from 5.71 at 

dj.= 2.0 to a little below 0.57 before rising again to 1.00. 

However, even though the graphs at c^^^ == Ixio”^ and lxl0~® remain 

repulsive althrough, they start rising to g(r) = 1.00, a little 

earlier on the d^ axis. The rise to g(r) = 1 was not visible 

(Fig. 5.2) at c- = 1x10 and c^ = 1x10 graph in the range 

shown in graphs whereas it is clearlay seen at c- = Ixio”^ and 
“8 

= 1x10 (Fig. 5. 3). Thus, one can say qualitatively that at 

—3 —7 

large d^, repulsion is lowered for = 10 and 10 . The 

nature of graphs at c- = 0 (Fig. 5.1) is superimposable on top of 

*-5 

those at c- = 1x10 , showing that the g(r) versus r graphs, are 

insensitive to the value of c- in the range O to ixlO . The 

ionic strength changes very little (< 0.1% for c^^ = Ixio”^ 

. . -5 -4 

system) in going from c- = 10 to 10 and remains unchanged 

-5 . . . 

between c- = 0 to c- = 10 . Quite clearly, ionic strength, as a 

single quantity does not determine macroion-macroion screening. 
The particle number densities that appear in the expressions of 
the HNC theory do affect, even if their total effect on ionic 
strength is marginal , the ionic strength being dominated by 
macroionic charge. In an expression of to Belloni 

(22), K is calculated by talcing only small ions into account. 
Thus the change in particle density of small ions would modify 
V (r) even if macroion charge dominates ionic strength. Below 



—3 

= 10 . This larger attractive peak is nearly equal to the 
maximum (at hard sphere contact) of = 300, whose maximum value 
of g (at hard sphere contact) falls in magnitude as we go from c- 
= 0 to 10"'^tol0"^. 


Range of Interaction: In systems studied at r^ = 200, the range 
of interaction be it repulsive althrough or attractive over a 
range with a peak in the g(r) versus r graph is about 1000 A°, if 
c = Ixio”® at all values of c- (Figs. 5.18-5.25). At this c 

xll 

the mean interparticle distance is ~ 1,000 A^. At c^ = 1x10 , 

the interparticle distance is about 10,000 A°; the range of 

-3 —4 

interaction increases, but the range at high c- (1x10 , 1x10 ) 

-5 

remains about the same. The values of the range at c- = 1x10 
go beyond 1000 A°, but the graphs are slightly inaccurate because 
maximum range is set at 1000 A . At c^ = 1x10 the graphs at 
lower c- values are progressively more inaccurate but clearly the 
range increases well beyond 1000 A°. The trends in r^ = 300 
systems are qualitatively the same (Figs. 5.10-5.11). The r^^^ = 
20 systems show a progressive decrease in the range as ionic 
strength increases at all values of c^ (Figs. 5. 30-5. 35) . At c- = 
10“^, the range is d^. - 4. At low c- =0, lo'^^io”'^, the range 

exceeds 1000 A°. The lone graph at r^^ = 50 (Fig. 5.36) shows 
progressive decrease in range values with increasing c- , d^ -2 
at c- = Ixio”^ to dj, - 11 at c- = Ixio”^. The central feature is 
that increasing ionic strength leads to increasing condensation 
of counterions and therefore decreases long range interaction, 
i.e. shields the macroions. Increasing macroion concentration 
also gives rise to shielding of macroion— macroion correlation. 
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else 

if((i.ne.2) .and. ( j .ne. 2) ) then 
if (r(i, j,k) .le. {2.0*rl) )then 
phi(i,j,k)=-1.0 
else 

phi(i,j,k)=dexp(q(i, j,k) )-l. 0 d 0 

end if 

else 

if (r(i, j,k) .le. (2.0*r2) )then 

phi(i,j,k)=-1.0 

else 

phi(i,j,k)=dexp(q(i, j,k) )-l. 0 d 0 

end if 

end if 

end if 

else 

if (r(i, j,k) .le. (2.0*rm))then 

phi(i, j,k)=-1.0 

else 

phi(i,j,k)=dexp(q(i, j,k) )-1.0d0 

endif 

endif 

if ( (i.eq.l) .and. (j .eq. 3) ) then 
if (r(i, j ,k) .le. (rl+rm) ) then 
phi(i,j,k)=-1.0 
else 

phi(i, j,k)=dexp(q(i, j ,k) )-1.0d0 

endif 

endif 

if ( (i.eq.2) .and. ( j .eq. 3) ) then 
if (r{i, j ,k) .le. (r2+na) )then 
phi{i, j,k)=-1.0 
else 

phi (i, j , k) =dexp (q ( i , j / k) ) -1. OdO 

endif 

endif 
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ndh ( 1 ) =n 
nh=ndh ( 1 ) 
ndx(l)=n 
nx=ndx(l) 
do k=l,n 
xb(k)=xh(i, j,k) 
yb(k)=yh(i,j,k) 
end do 
ifail=0 

call cO 6f j f ( ndim , ndh , nh , xb , yb , work , Iwork , if ail ) 
yh ( i , j , 1) =ansh (i , j ) *4 . OdO*3 . I4d0 
do k=2,nn 
xk=dfloat (k) 

yh ( i , j , k) =-yb (k) * (mg/ (xk-1 . OdO) ) *tbn*sqrt (xn) 

end do 

do k=l,n 

xb(k) =xx(i, j ,k) 

yb(k)=yx(i,j,k) 

end do 

ifail=0 

call c06f jf (ndim, ndx,nx,xb,yb, work, Iwork, ifail) 
yx ( i , j , 1) =ansx ( i , j ) *4 . 0d0*3 . 14d0 
do k=2,nn 
xk=dfloat(k) 

yx ( i , j , k) =-yb (k) * (rng/ (xk-1 . OdO) ) *tbn*sqrt (xn) 

end do 

end do 

do k=l,nn 

do i=l,l 

do j=l,m 

matl(i, j)=yq(i, j,k) 
mat2(i, j)=yh(i, j ,k) 
mat3(i, j)=yx(i, j ,k) 
end do 
end do 

call fOlckf (res3,mat3,c, 1,1, m,z, 1,1, ifail) 
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q(3,2,i)=e(3)*e(2)*yq21t(i) 
q(3,3,i)=e(3)*e(3)*yq31t(i) 
end do 



c************************************* ****************** 
C CALCULATION OF phi FUNCTION 

c******************************************************* 

do i=l,l 
do j=l,in 
do k=l,nn 

if ( (i.ne.3) .and. (j .ne.3) ) then 

if (i.ne. j)then 

if (r(i, j ,k) .le. (rl+r2) )then 

phi(i, j,k)=-1.0 

else 

phi(i, j,k)=dexp(q(i, j,k))-1.0d0 

end if 

else 

if ( (i.ne. 2) .and. (j .ne.2) )then 
if(r(i,j,k).le. (2. 0*rl) ) then 
phi(i, j ,k)=-1.0 
else 

phi(i, j ,k)=dexp(q(i, j ,k) )-1.0d0 

end if 
else 

if (r(i,j,k) .le. (2.0*r2) )then 

phi(io ,k) =-1.0 

else 

phi(i, j,k)=dexp(q(i, j,k) )-1.0d0 

end if 
end if 
end if 
else 

if (r(i,j,k) .le. ( 2 . 0 *rm) )then 

phi(i, j,k)=-l.O 

else 
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call dOlgaf (rd , xxd , nn , ad, error , if ail ) 

ansx(i, j)=ad 

end do 

end do 

do ]c=nnn,n 

do i=l,l 

do j==l,in 

xh(i, j,k)=-xh(i, j, (n+2-k)) 

yh(i, j ,k)=O.OdO 

xx(i, j,k)=-xx(i, j, (n+ 2 -k)) 

yx(i, j ,k)=O.OdO 

end do 

end do 

end do 

do i=l,l 

do j=l,in 

ndh(l)=n 

nh=ndh(l) 

ndx(l)=n 

nx=ndx(l) 

do k=l,n 

xb(k)=xh(i, j,k) 

yb(k)=yh(i, j,k) 

end do 

ifail=0 

call c06f j f (ndim,ndh,nh,xb,yb, work, Iwork, ifail) 
yh(i, j ,l)=ansh(i, j)*4.0d0*pi 
do k=2,nn 
xk=dfloat (k) 

yh ( i , j , k) =-yb (k) * (rng/ (xk-1 . OdO) ) *tbn*sqrt (xn) 

end do 

do k==l,n 

xb (k) =xx ( i , j , k) 

yb{k)=yx(i, j,k) 

end do 

ifail=0 
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double precision yid>112(md) ,yrhl22(ind) ,yxhl32(»d) ,yqxll2(«.d) , 

1 yqxl22(iiid) ,yqxl32(ind) ,yH12(Bd) ,yll22(md) ,yll32(!i!d) , 

1 y2112 (md) ,y2122 (md) ,y2132 (md) ,y31l2 {nand,n) , 

1 y3122(innid,n) ,y3132(inmd,ii) 

double precision yxhlll(Bid) ,yxhl21(md) ,yxhl31(nmd) ,yqxlll(md) , 

1 yqxl21(md) ,yqxl31(mind) ,yllli(ind) ,yll21(md) ,yll31{nid) , 

1 y21ll(md) ,y2l21(md) ,y2131(md) ,y31li{iiniid,n) , 

1 y3121(inind,n) ,y3131(nffiid,n) 

equivalence (yphlll,yliii) , (yphll2yyll21) , {yphl21,yll31) , 

1 (yphl22,yl211) , (yph211,yl221) , (yph221,yi231) , (yph232,yl311) , 

1 (yphl32,yl321) , (yph231,yl331) 

equivalence (qxl3,yphl33) , (qx23,yph233) , (qx31,yph331) , 

1 (qx32,yph332) 

equivalence (yqxlll,yxhlll) , (yqxl21,yxhl21) , {yqxl31,yxhl31) , 

1 (yqxll2,yxhll2) , (yqxl22,yxhl22) , (yqxl32,yxhl32) , (yqxll3,yxhll3) , 
1 (yqxl23yyxhl23) , (yqxl33,yxhl33) , (yqx211,yxh211) , (yqx221 ,yxh221) , 

1 (yqx231,yxh231) , (yqx212,yxh212) , (yqx222 ,yxh222) , (yqx232 ,yxh232) , 

1 (yqx311,yxh311) , (yqx321,yxh321) , (yqx331,yxh331) , (yqx312 ,yxh312) , 

1 (yqx322,yxh322) , (yqx332,yxh332) 
equivalence (yllll,ylll2) , (yll21,yll22) , {yll31, 

1 yll32) y (yl211,yl212) , (yl221,yl222) , (yl231, 

1 yl232) , (yl311,yl312) , (yl321,yl322) , (yl331,yl332) 

equivalence (yllll,y2111) , (yll21,y2l21) , (yll3l,y2131) , 

1 (yl211,y2211) , (yl221,y2221) , (yl231,y2231) , (yl311,y2311) 

1 , (yl321,y2321) , (yl331,y2331) 

equivalence (yllll,y2112) , (yll21,y2122) , (yll31, 

1 y2132) , (yl211,y2212) , (yl221,y2222) , (yl231y 

1 y2232) , (yl311,y2312) , (yl321yy2322) , {yl331,y2332) 

equivalence (yq313,y3213) , (yq323,y3223) , {yph313, 

1 y3233) , (yph323 ,y3113) > (yqx313,y3123) , (yqx323,y3133) 

equivalence (phi33,h33,yxh313,y3323) , {yq333,x33,yxh323, 

1 y3333) , (yph333,yqx333,yxh333) 

equivalence (ylll3,y2ll3) , (yll23,y2123) , (yll33, 

1 y2133) , (yl213,y2213) , (yl223,y2223) , (yl233,y2233) 

equivalence (qxll(l) ,yqlll(l) ) . (<5^12(1} ,yql21(l)) , (qx21Cl) , 

1 yqll2(l)),(qx22(l),yql22(l)) 
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1 y tempi, yteitip 2 ,xijkdd,eps) 

call «‘i«‘(q32,q23,yq323,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtempl, 

1 y tempi, ytemp 2 ,xijkdd,eps) 

call ®iro(Phi31»Phil3,yph313,r,k,tbn3,tbn4,w,lw,mmd,n,md,xtempl, 
1 y tempi , ytemp2 , xi j kdd , eps ) 

call mim (phi32 ,phi23 ,yph323 , r ,k, tbn3 , tbn4 ,w, lw,mmd,n,md, xtempl , 
1 y temp 1 , y temp2 , xi j kdd , eps ) 


call nimm(q33,q33,yq333,beta,r,k,tbn3,tbn4,w,lw,wl,lwl,mmd, 

1 n , md , nd , xtempl , ytempl , ytemp2 , xtmprl , ytmpr 1 , xtmpr2 , ytmpr 2 , 
1 xtmpr3 , ytmpr3 , xl , x2 , yl , tmp , ans , error , alpha) 


call mmm(phi33,phi33,yph333,beta,r,k,tbn3,tbn4,w,lw,wl,lwl,mmd, 

1 n , md , nd , xtempl , ytempl , ytemp2 , xtmprl , ytmpr 1 , xtmpr2 , ytmpr2 , 

1 xtmpr3 ,ytmpr3,xl,x2, yl, tmp, ans, error, alpha) 

c 

C**** ***************************************************************** 

C CALCULATION OF h AND X FINCTIONS FROM THE CALCULATED VALUE OF tao 

Q***** **************************************************************** 

do i=l,mmd 

templ=fps*yql31(i) 

temp2-fps*yphl31(i) 

temp3=( (cl*yphlll (i) ) + (c2*yphl21(i) ) + (c3*temp2) ) 
temp4=((cl*yqlll(i)) + (c2*yql21(i)) + (c3*templ)) 

tao 1 l=temp3 -temp4 

if (r(i) .le. (2.0*rl)) then 

hll(i)=-1.0 

else 

hll ( i) =dexp (qll ( i) +taoll) -1 . OdO 
end if 

xll ( i) =hll ( i) -qll (i) -taoll 
templ=fps*yql32 (i) 
temp2=f ps*yphl32 ( i) 

temp3=( (cl*yphll2 (i) )+(c 2 *yphl 22 (i) ) + (c3*temp2) ) 
temp4=( (cl*yqll 2 (i)) + (c2*yql22(i) ) + {c3*templ) ) 
taol2=temp3-temp4 
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call imi (ql3 ,yxh322 ,yl322 ,beta , r ,k, tbn3 , tbn4 , w, Iw , mind , n , itid , 

1 xtempl , y tempi , ytemp2 , xi jkdd, yxi jkd, tmp, ans , error) 
call iroi (ql3 ,yxh332 ,yl332 ,beta,r ,k, tbn3, tbn4 ,w, lw,mmd,n,md, 

1 xtempl , y tempi , ytemp2 , xi jkdd , yxi jkd, tmp , ans , error) 



do i=l,mmd 

templ=(cl*yxhll2(i) ) + (c2*yxhl22(i) ) + (c3*fps*yxhl32(i) ) 
temp3=(cl*cl*ylll2 (i) ) + (cl*c2*yll22 (i) )+(cl*c3* 

1 fps*yll32 (i) )+(c2*cl*yl212 (i) )+(c2*c2*yl222 
1 (i) )+(c2*c3*fps*yl232 (i) )+ (c3*cl*fps*yl312 (i) )+(c3*c2* 

1 fps*yl322(i) ) + (c3*c3*epc*yl332 (i) ) 
taol2=templ+qxl2 ( i ) +temp3 
if (r(i) .le. (rl+r2) ) then 
hl2(i)=-1.0 
else 

hl2 ( i ) =dexp (ql2 ( i ) +taol2 ) -1 . OdO 
end if 

xl2 (i)=hl2 (i) -ql2 (i) -taol2 
end do 

c 

call iim(yxhll3,qll,ylll3 ,r,k, tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl , y tempi , y temp2 , xi j kdd , eps ) 
call iim(yxhl23,qll,yll23 ,r,k, tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl, y tempi, ytemp2,xi jkdd, eps) 
call iim{yxhl33,qll,yll33 ,r,k, tbn3,tbn4,w, lw,mmd,n,md, 

1 xtempl , y tempi , y temp2 , xi j kdd , eps ) 
call iim(yxh213,ql2,yl213,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , y temp2 , xi j kdd , eps ) 
call iim(yxh223,ql2,yl223,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , y temp2 , xi j kdd , eps ) 
call iim(yxh233,ql2,yl233,r,k,tbn3,tbn4,w,lw,mmd,n,md, 

1 xtempl , ytempl , ytemp2 , xi j kdd , eps ) 


do i=l,mmd 
do j*l,n 

templ= ( cl*yxhll3 ( i , j ) ) + ( c2 *yxhl2 3 ( i , j ) ) + ( c3 *tp*yxhl3 3 
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ifail=l 

call dOlgaf (beta, tinp,n,h23d(i) , error, ifail) 

h23d(i)=0.5*h23d(i) 

end if 

end do 

do i=l,inmd 

if (r (i) . le. (rl+r3) ) then 

h31d(i)=-1.0 

else 

do j=l,n 

tinp(j)='h31(i, j) *sin(beta(j) ) 

end do 

ifail=l 

call dOlgaf (beta,tmp,n,h31d(i) , error, ifail) 

h3ld(i)=0.5*h31d(i) 

end if 

end do 

do i=l,inind 

if (r(i) .le. (r2+r3) )then 

h32d(i)=-1.0 

else 

do j=l,n 

tinp(j)=h32 (i, j) *sin(beta(j) ) 

end do 

ifail=l 

call dOlgaf (beta, tmp,n,h32d(i) , error, ifail) 

h32d(i)*0.5*h32d(i) 

end if 

end do 

do i=l,iamd 

if(r(i) .le. (r3+r3))then 

h33d(i)=-1.0 

else 

do j=l,n 
do jd=l,n 
do 1=1, nd 
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